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FOREWORD 


This book has developed from the lecture notes of a special war« 
time training course given in the Graduate School of Engineering, 
Harvard University. 

The need for highly trained officers in the new uses of electronics 
was definitely appreciated even in 1941. In July of that year, a 
course for officers of the Signal Corps who were graduate electrical 
engineers was established at Harvard University in the Graduate 
School of Engineering to give intensive training in the fimdamentals 
of electronics and high-frequency circuits. This course served as 
preparation for further training. Immediately after the United 
States declared war, the Navy also sent officers to Harvard for pre- 
radar training. 

The rapid expansion of the course necessitated a greatly 
increased instructional staff. Professors and instructors from many 
educational institutions were invited to Cambridge to aid the 
regular staff at Harvard in the field of communication engineering. 

Although the war-training course was distinct from the regular 
graduate courses in communication engineering which have been 
given for more than two decades in the Cruft Laboratory, it was 
planned originally and patterned to a considerable degree on the 
lines of some of the Cruft Laboratory courses. Since the scope 
and the method of presentation of the material in this volume are 
not on a graduate level, they differ greatly from corresponding 
course work in the Cruft Laboratory. The members of the war- 
time staff have brought to the work many excellent ideas from their 
teaching experience. Frequent repetition of the course has given 
opportunity to improve its character both as to lecture presenta- 
tions and laboratory experiments. Much new material has been 
injected into the course content. In short, this war-training pro- 
gram has presented a rare opportunity to develop and improve 
teaching methods in electronics. 

During the progress of the course, lecture notes were prepared 
mainly by twelve of the members of the lecturing staff. It was the 
original intention to publish the entire lecture material in a single 
volume. Since the portion of the manuscript included in the 

vii 



viii 


FOREWORD 


present book was completed in advance of some of the remainder of 
the manuscript, it seemed best to make it available in published 
form at this time even though it precedes the publication of the 
first part of the lecture material. 

The chapters on Antennas and Ultra-high-frequency Circuits 
were written by Dr. R. W. P. Kmg, Associate Professor at Harvard, 
and include much original material not published elsewhere. The 
chapter on Wave Propagation was written by Dr. H. R. Mimno, 
Associate Professor at Harvard, who has devoted many years to 
original research in this field. The chapter on Lines was written 
by Dr. A. H. Wing, on leave of absence from the School of Tech- 
nology of the College of the City of New York. 

As editor. Dr. Wing from the beginning has devoted himself to 
the technical aspects of the manuscript. 

Professor Harry E. Clifford, consulting editor of the McGraw- 
Hill Series of Electrical Engineering Texts, as general editor of the 
manuscript has rendered a most valuable service by giving the 
staff the benefit of his long editorial experience; and for his pains- 
taking and constructively critical assistance with both the manu- 
script and proof, the authors have expressed their gratitude. 

E. L. Chaffee 
Director of Cruft Laboratory 



PREFACE 


The material of Chap. I comprises the work given originally in 
a series of approximately 15 one-hour lectures, devoted mostly to 
the dissipationless line and impedance-matching devices. Supple- 
mentary material has been added to meet requirements of a more 
general nature. Many helpful suggestions have been made by 
the staff at Cruft Laboratory. In particular, thanks are due to 
Dr. Philippe E. LeCorbeiller for some of the material of Sec. 42 
and for Sec. 63 of Chap. I. 

Chapters II and III are the result of extensive study of the 
educational problem of presenting general electromagnetic phe- 
nomena without the use of higher mathematics. The two chapters 
are largely self-contained because the study of antennas, ultra-high- 
frequency circuits, and wave guides followed a curriculum based on 
conventional electric-circuit theory. The attempt is made through- 
out not only to provide necessary factual material, but to develop 
a real understanding for the electromagnetic point of view. The 
greater part of the material in Chap. II together with a discussion 
of impedance matching, including single- and double-stub tuners, 
was contained originally in mimeographed form under the title 
'‘Notes on Antennas, Engineering 270*' (copyright 1943). Ac- 
knowledgment is due Lt. Comdr. Charles W. Harrison, Jr., for 
assisting in extensive research carried out to provide many of the 
curves and charts, and for preparing numerous problems for Chap. 
II. Valuable suggestions, contributions, and corrections were 
made by student officers and by members of the staff. 

The section on wave propagation is brief and is intended pri- 
marily for students ,with a general knowledge of physics who have 
had no previous opportunity to study the basic principles of radio 
transmission. The essential facts governing ground-wave and 
sky-wave propagation are brought out and related to well-known 
scientific principles in order to show that the newly described 
phenomena are in reality wholly natural and easily understandable. 
In order to focus attention chiefly upon the simple factors con- 
trolling practical long-distance sky-wave communication, all 
refinements related to the effect of the earth’s magnetic field are 
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deliberately minimized. Within the limits thus determined the 
treatment is concise and largely nonmathematical. The material 
was selected in an attempt to make the most effective use of four 
one-hour lectures allocated to radio-wave propagation in the Cruft 
Army-Navy course. Acknowledgment is due Dr. J. H. Dellinger 
and Dr. Lyman J. Briggs for permission to republish three diagrams 
issued originally by the Bureau of Standards. 

Ronold W. P. King, 
Harry Rowe Mimno, 
Alexander H. Wing. 


Cambridge, Mass., 
May^ 1945 . 
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TRANSMISSION LINES, ANTENNAS, 
AND WAVE GUIDES 

CHAPTER I 
TRANSMISSION LINES 

1 . Introduction. — ^The transmission of power over long distances 
by means of wires or ‘Hines’^ is well known. There are in use 
transmission lines several hundred miles long, transmitting power 
from generators of commercial power frequencies, 25 to 60 cps. 
Long as these lines are, they are relatively short when compared 
with the electrical wavelength. Since electromagnetic disturb- 
ances on open-wire transmission lines travel approximately with the 
speed of light (186,000 miles per second), the wavelength at 60 cps 
is 3,100 miles. Thus a 310-mile 60-cycle transmission line is only 
0.1 wavelength long. At radio frequencies, the wavelength may 
be measured in a few inches or in a few centimeters. 

Each wavelength of line provides for a possible phase change of 
360®, to speak of no other changes. For such a length, the rms 
current along a given wire is not everywhere the same, nor is the rms 
voltage between the wires everywhere the same. Sometimes these 
variations are objectionable; sometimes they are extremely useful. 
Since these changes occur on any line that is not short compared to 
a wavelength, such a line must be considered electrically ‘long’^ 
regardless of its physical length. 

The simplest transmission line to construct is the familiar two- 
wire line consisting of two round wires separated by a uniform dis- 
tance. Certain properties of such a line are common to all types 
of transmission Une. The motion of charges in the wires consti- 
tutes a current. A description of the electrical behavior of the line 
is really a description of the motion of charges in terms of the cur- 
rents in the wires and the voltage between the wires. This descrip- 
tion is simplified if, as is usual, the distance between wires is very 
small compared with the wavelength, and the l^gth of the wires 
is large compared with their separation. If the distance between 
wires is not small compared with the wavelength, transmission-line 
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theory as here formulated does not apply. Where the spacing of 
circuit elements is an appreciable fraction of a wavelength, as in 
antennas and hollow wave guides, the time delay involved between 
a cause in one element of the circuit and its effect in another ele- 
ment of the circuit is an appreciable fraction of a period. This 
situation requires a different treatment from that used in circuit 
theoiy, in which the action of one circuit on a neighboring circuit 
is considered to be instantaneous. Transmission lines can be 
described in terms of circuit theory only because one wire is con- 
sidered to be so close to the other that the effect on one wire of a 
change of current in the other wire is instantaneous. The necessity 
for this restriction will be clearer after the study of antennas and 
wave guides (Chaps. II and III). 

This chapter is concerned with the behavior of lines at radio 
frequencies, their use for the transmission of power, the use of short 
sections of line as reactances and for impedance matching, their 
use in the measurement of frequency and the measurement of 
impedances at radio frequencies. 

2. Construction. — Radio-frequency transmission lines are con- 
structed commonly in three forms: the two-wire line, the four-wire 
line, and the coaxial line. 

The two-wire line in Fig. 2.1 consists of two parallel wires whose 
uniform spacing is small compared with the electrical wavelength. 

If the line is far removed from other 

objects or is symmetrically disposed 

H I — with respect to near-by circuits in- 

Fio. 2.1.-Tw^ transmission eluding its own term nations, the 

current in one wire is equal and 
opposite to the current in the other wire at any point along the line. 
This is a fundamental assumption in the theory formulated in this 
chapter. 

The four-wire line as ordinarily constructed employs four wires 
placed at the comers of a small square, Fig, 2.2, Diagonally 

Z l- tF------ 

Fig. 2.2 — Four-mre transmission lino, Fio. 2.3.— Coaxial transmission line. 

opposite vrires are connected in parallel. This type of line has 
a weaker external field than the two-wire line. Nei^borit^ four- 
wire lines have less mutual effect than similarly situated two-wire * 
lines. 
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The coaxial line consists of a round conductor supported coaxi- 
ally (by insulators) within a round tube which serves as the second 
conductor, Fig. 2.3. This type of line has practically no external 
field when used with shielded terminationB. 

3. Skin Effect — Owing to skin effect, the current in an open-wire 
line is confined to a thin layer adjacent to the outer surface. The 
surface area rather than the crossHsectional area therefore deter- 
mines the resistance per imit length. In the coaxial line, the cur- 
rent flows on the outside surface of the inner conductor and on the 
inside surface of the outer conductor. Owing to the smaller surface 
area of the inner conductor, more of the PR loss occurs in the inner 
conductor. Since the electromagnetic field due to transmission-line 
currents is confined within the tube, the outside surface of the outer 
conductor of a coaxial line normally carries no current and normally 
requires no external insulation. 

4 . **Antenna’* Currents. — The presence of antennas or other 
circuits may cause currents to flow on the outside surface of the 
outer conductor of a coaxial line, which may be quite independent of 
the “transmission-line” current that flows on the inside surface. 
The currents on the outside surface cause the outside surface to 
act as an antenna. Similarly, there may be “antenna” currents 
flowing on the two or more wires of an open-wire line, in addition to 
the “transmission-line” currents, causing the resultant current 
distribution to be different from that which would exist if the line 
were properly isolated or balanced with respect to near-by objects. 
The cause and effect of these “antenna” currents and the means of 
suppressing them are discussed more completely in Chap. II. 

5. Distributed Constants. — ^The transmission line cannot be 
analyzed as a ample series circuit, because the current in the wires 
is not everywhere the same. The variations in current and voltage 
must be examined inch by inch, centimeter by centimeter, meter 
by meter, etc., depending upon the wavelength and the unit of 
length chosen. The factors of fundamental importance are the 
series resistance and inductance per unit length, and the shunt con- 
ductance and capacitance per unit length. These parameters are 
denoted by r, I, g, c. A line is said to be uniform when these “dis- 
tributed constants” are the same over the whole line. 

Hrese constants are said to be “distributed” rather tlum 
“lumped” since, for example, the total capacitance of the line is 
spread out along the line, and the effects of this capacitance are 
not the Kune as would be obtained if all the capacitance were con- 
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centrated at one point. The values of the distributed constants 
r, I, g, c will be given in Sec. 12. 

6. Differential Equations of a Line. — ^The analysis will be made 
in terms of the two-wire line, since the analysis leads to the same 
equations for the other types of construction. Figure 6.1 illustrates 
the terminology that will be used. The line is assumed to be fed 
by a generator of voltage Eg and internal impedance Zg. The total 
length of the line is s (s meaning space). The load, located at the 
receiving end of the line, has an impedance Zb. The distance of a 
point M on the line from the generator or sending end is denoted 
by X, and the distance of the same point from the load or receiving 
end is d. The current and voltage at point M are denoted by I 
and E‘, at the load, the current and voltage are denoted by Ir and 
Eb (subscript R for “receiving”); and at the sending end (® = 0), 



SENDING END RECEIVING END 

Fio. 6.1. — Diagram showing notations used in the text. 


the current and voltage are denoted by Eg and Is (subscript S for 
“sending”). The currents and voltages are the complex rms 
values in the steady state. 

For purposes of calculation, a short length Ax of the line may be 
represented closely by an equivalent T section in which the series 
impedance is (r -|- jwl) Ax and the shunt admittance is ({/ -f- jm) Ax. 
If 2 and y be used to represent the series impedance and shunt 
admittance per unit length 

z - r -\r 3<d (6.1) 

y = S' + Jwc (6.2) 

with the arms of the T section as indicated in Fig. 6.2. The input 
and output voltages of the section are denoted by E and E + AE, 
where AE is the change. Similarly, the currents are denoted by 
I and I + Al. Since the output voltage is equal to the input 
voltage less the voltage drop in the series arms, 

E - - ii + AI)?-^ + AE 


( 6 . 8 ) 
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AE 

Ax ^ 




(6.4) 


As Ax is taken smaller and smaller, the ratio AE/Ax approaches 
the derivative dE/dx, and the term containing AI becomes zero. 
Then 

dE 


dx 


= -Iz 


Similarly in the limit as Ax approaches zero 

dl 


dx 


= -Ey 


(6.5) 


( 6 . 6 ) 


Equations (6.5) and (6.6) are similar, and equations identical in form 


■ e AAA/ — 'TRJiT^ 




1 


I+Zii 


jj... 


1 + 

E-f AE 


AX- 


Fio. 6.2. — Nominal T section of a short length of transmission hne. 


can be obtained by differentiating once. The derivative of (6.6), 
after substitution from (6.6), is 


dm ^ 


(6.7) 


and similarly the derivative of (6.6) is 



( 6 . 8 ) 


Equations (6.5) to (6.8) are the equations upon which the analysis 
of transmission lines is based. 

The solution of (6.7) is, in general, 

. + (6.9) 

where A and B are constants depending on the termination and the 
length of the line. The solution of (6.8) also involves two con- 
stants, which are not independent of A and B because the current 
in a line is not independent of the voltage. The values of these 
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constants may be obtained in terms of A and B by differentiating 
(6.9) and equating the result to (6.5), so that 

/ = ( 6 . 10 ) 

v*/y V^/y 

The quantity -s/iy is a numeric per unit length and will be denoted 
by y. The quantity -\/z/y has the dimensions of impedance and 
will be denoted by Zc. Then (6.9) and (6.10) become 

E = Af-r* + (6.11) 

/= 4 ^ (6.12) 

Ale Ae 


7. Propagation Constant. — The quantity y is called the propaga- 
tion constant and is defined by 

y - \/iy = -s/ir A- 3<d){g +iwc) (7.1) 

It has a real and an imaginary part given by 

Y = a + j/S = y/ir 4- j(>>l){g + jwc) (7.2) 

wherein a is the attmuaiion constant in nepers per unit length and 
is the phase constant in radians per unit length. 

It is shown in Sec. 10 that in a line to which Z* is connected as a 
load, the current is attenuated a nepers by each unit length of line, 
and at the end of each unit length the voltage and current will lag 
the voltage and current at the beginning of that unit length by an 
angle of /3 radians. Thus y is the constant that determines the 
current and voltage variations in the line. 

8. Characteristic Impedance. — The quantity 


Zc 


fz _ -y/r + jW 

yy Vg +i“c 


( 8 . 1 ) 


is called the characteristic impedance (sometimes surge impedance). 
It is shown in Sec. 9 that any line, however long, when terminated 
by an impedance Ze has an input impedance Ze. Also, on a line 
terminated in Ze there are no “ standing waves.” These statements 
will be clearer after a study of the variations in current and voltage 
along a transmission line. 


L ItONRESORAKT LIRBS 

9. Line Termiiuted in Z«.— A line terminated in its charactmistae 
impedance Z, is sometimes called a nonre8<»iant line. To deter- 
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mine the value of the constants A and B, the terminal conditions 
must be investigated. At the load, a; = s and (6.11) and (6.12) 
take on the particular values 


Eb = Ae-1" + (9.1) 

= ^ (9.2) 

Since the load is equal to Zo 

Er = ZJr (9*3) 

After substitution from (9.1) and (9.2) 


therefore, 




B ^0 


(9.4) 


At the generator end, x = 0, and (6.11) and (6.12) reduce to 


Eb A (9.5) 

^ (9.6) 


which are the input voltage and current. 

The input impedance of the line is the ratio of input voltage and 
current, or 


Z, 



(9.7) 


This is a remarkable result and indicates that a transmission line of 
any length, connected to a load impedance Ze, has an input impedance 
Zc. Ze is a function of r, I, g, c, and the frequency, and therefore is 
a function of the size of the wires and their spacing but is inde- 
pendent of the length of the line. 

The result of (9.7) also would be obtained if the line had been 
considered infinitely long and Eb and /* set equal to zero as they 
would be on an infinitely long line having losses. Thus Zc is also 
the input impedance of an infinitely long line. 

The steady-state input current and voltage now may be cal- 
culated, tince the generator “sees” an impedance Z, connected in 
series with its internal impedance Z„ I7g. 6.1. Then 


and 


Zc -h z. 


(9.8) 

( 9 . 9 ) 
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% 

Ea from (9.5), the general equa- 



(9.10) 


(9.11) 

Thus at any point on a nonresonant line 


It 

tsj 

(9.12) 


10. Current and Voltage Distribution on a Line Terminated in Ze 

The voltage variation along the line is given by (9.10), which, 
replacing y by its real and imaginary parts, becomes 

E = = Eat-^^e-i^* (10.1) 


indicating that, as x increases, the magnitude of is decreased by 
the factor and the phase is retarded by fix radians. If the 



0 X — ► s 

Fio. 10.1. — Variation in the magnitude of the voltage along a line terminated in Z,. 
The current varies in the same manner. 


magnitude of E is plotted vertically and distance along the line 
horizontally, the result is Fig. 10.1, showing the magnitude decreas- 
ing exponentially for the case marked Dissipation. If there 
were no dissipation, r and g would be zero and a would be zero. 
There would be no attenuation, but the phase retardation would 
remain. The magnitude of the voltage would be unchanged, as 
plotted in Fig. 10.1 for the case marked “No Dissipation.^' In 
many cases the dissipation may be so small that the line marked 
“No Dissipation" is a close approximation. A line in which the 
disinpation is zero or is very small and which is terminated in Za 
is said to be “flat," i.e., the magnitude of the voltage is practically 
the same everywhere along the line. 

For a line terminated in Ze> the variations in current and voltage 
are exactly the same, and Fig. 10.1 also suffices as a diagram of the 
current distribution, the vertical scale being changed in accordance 
with the fact that the ratio of voltage to current is Z«. 
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If the sending end voltage Ea is taken as the reference vector, 
and the results of (10.1) are plotted for each value of x, the locus 
of the tips of all the vectors representing £ is a logarithmic 
spiral for the dissipative line, or a circle for the nondissipative line, 
Fig. 10.2. Each unit length of line causes the voltage to lag by 



Fio. 10.2. — Polar diagram showing the variation in magnitude and phase of the 
voltage along a line terminated in Ze. 

an angle so that the voltage at the receiving end lags the voltage 
at the sending end by /3s radians. The same is true for the current. 

11. Wavelength. — If the length s of the line of Fig. 10.2 were 
made a little greater, the total phase difference between Eg and Ea 
could be made equal to 2 t or 360“. The line would then be one 
wavelength long. Thus the wavelength in a transmission line is 
the length of line which, when terminated in Zc, causes a phase 
retardation of 360® or one complete cycle. Since the phase change 
is P radians per unit length, the wavelength, in the units of length in 
which /S is expressed, is given by 

X = j (11.1) 

12. Phase Velocity and Time Delay. — ^Each of (9.10) and (9.11) 
represents a wave of wavelength X traveling from the generator 
toward the load. In general, wave motion involves variations in 
both time and space. Eqxiations (9.10) and (9.11) indicate only 
the variations in space, since these equations are intended to repre- 
sent only the steady nns values. 

Equation (10.1) states that at a distance x from the sending 
end the voltage has an rms magnitude c~'‘* times that of Ea, and 
lags Ea by an angle of Px radians. If the instantaneous value of 
the sending-end voltage is 

et'=SaOOBut ( 12 . 1 ) 
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where Es is a real positive number, then the equation for this 
voltage after being changed in magnitude by and retarded in 
phase by fix radians is 

e = cos (o)t — fix) (12.2) 

If the attenuation is so small that = 1, (12.2) reduces to 

e ^ Ms cos (o)t — fix) (12.3) 

This equation represents a wave, periodic in time and spacCf 
moving to the right with a certain velocity called the phase velocity. 
In Fig. 12.1, the value of e given by (12.3) is plotted as a function 
of the distance x, for a line one wavelength long, for values of t 
equal to 0, r/4, and r/2, where T is the period of one cycle. The 



Fio. 12.1. — Showing the instantanoouB voltage (at the instants indicated) along 
a transmission line having no attenuation and terminated in its characteristic 
impedance. 

curve for t =» ?’/4 is the same as that for i = 0 but moved to the 
right by a distance X/4. The curve for t — T/2 is the same as 
that for t = 7'/4 but moved to the right by X/4. If a point at 
which the instantaneous voltage has a definite phase, such as posi- 
tive maximmn, be denoted by P, Fig. 12.1, this point moves to the 
right a distance X/4 in a time T/A. The velocity of a point denoting 
the location in space of a definite phase of the periodic disturbance 
is the phase vdocity. Since any such point, like the point P, Fig. 
12.1, moves a distance X/4 in a time 7’/4, the phase velocity is 

^ = I = V (1?.4) 

This is an important equation, since it shows the relation between 
wavdength and frequency. From (12.4) and (11.1), 
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In an open-wire transmission line, the phase velocity is approxi- 
mately equal to the speed of light, 300,000,000 or 3 • 10® meters 
per second. 

This does not mean that the electrons in the wire travel with 
this speed. The actual velocity of the electrons in the wire is of 
the order of centimeters per second. A perfect analogy to this 
apparently contradictory situation is found in acoustics. Sound 
“ travels with a speed of approximately 1,100 feet per second or 
about 700 miles per hour. Yet, when a note is sounded (a whistle 
produces a practically pure tone), there is no 700 mile per hour 
gale in the surrounding air. The actual motion of the air particles 
is only a fraction of an inch. The fact that sound ‘'travels'^ at 
about 700 miles per hour does not mean that the air travels that 
fast. It means that, if P is a point in space at which the air pressure 
is a maximum, this point travels with a velocity of 700 miles per 
hour. Note that it is the descriptive point that travels, not the 
air. In the transmission line, the phase velocity is very high, but 
the motion of the electrons in the conductors is very slow. The 
electrons could not move with the speed of light, because their 
mass would become infinite at this speed. In conductors, the 
maximum velocity of electrons is always small. In evacuated 
spaces, as in cathode-ray tubes or in other high-voltage tubes, the 
electrons may acquire a velocity that is an appreciable fraction of 
the velocity of light, but is still fraction. In hollow wave guides, 
the phase velocity is even greater than the velocity of light, and 
again the velocity of the electrons in the conducting walls is ex- 
tremely low and of the same order of magnitude as it is in trans- 
mission lines. 

The time delay id of a transmission line is the time it takes 
for a point such as P, Fig. 12.1, to travel the length of the line. 
If the phase velocity is independent of frequency, this time is the 
same as the time it takes for a pulse or signal to travel the length 
of the line. From (12.5) and (12.4), 

= ±_^=.ir (12.6) 

SO that the time delay in tenns of the period T is equal to the num- 
ber of wavelengths in the line. 

n. TRAITSMISSION-LINB CONSTANTS 

The "constants” r, I, g, c depend upon the siae of the conductors, 
their spacing, and the nature of the insulation. At radio frequen- 
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cies, the skin effect is pronounced, and r, I, e may therefore be 
calculated on the basis of a very thin surface layer of current. The 
constant g is not easily evaluated except for a coaxial line having a 
solid dielectric whose properties are known. It is usually deter- 
mined by test. The effect of spacers or insulators spaced at inter- 
vals may be determined sometimes in terms of an equivalent 
continuous insulation if there are many insulators per wavelength. 
More will be said later about the spacing of insulators. At ex- 
tremely high frequencies the loss in the insulation may become 
excessive. The weather has considerable effect on the shunt con- 
ductance of exposed open-wire lines. The insulators must be 
chosen to resist dampness and to have a minimiun surface leakage, 
in addition to having small dielectric losses. 

13. Skin Depth and Prozimity Effect. — ^At high frequencies, 
current does not penetrate deeply into metal. The current density 
is greatest at the surface and decreases in magnitude and shifts in 
phase as the distance from the surface increases. If the radius of 
curvature of the conductor surface is large compared with what is 
known as the “skin depth,” the resistance of the conductor may 
be calculated by assuming the current density to be uniform and 
confined to a surface layer of thickness 

where 5 is the “skin depth,” / is the frequency in cycles per second, 
and n and <r are the absolute permeability and the conductivity in 
mks units. For nonmagnetic metals, n — • 10“^ so that 


, 504 , 

5 = — 7 == meters 


(13.2) 


The conductivity for copper at 20® C is 6.8-10’ mhos/m (correspond- 
ing to a resistivity of 1.724-10“* ohm-cm), so that for copper 


. 6.62 2.61 , 


(13.3) 


Practically every conductor used for transmissicHi lines has a 
radius that is very much greater than the skin depth, and for cun- 
rents traveling along the length of the conductor tite effective 
croes-eectional ares is therefore equal to the skin deptii multiplied 
by the pmmeter. 
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There is some current within the metal at a depth greater than 
the skin depth. The current density is greatest at the surface. 
As the distance from the surface increases, the current density 
decreases exponentially. For example, at a depth equal to 3 times 
the skin depth, the current density is or 5 per cent of the value 
at the surface. The total PR loss, however, is the same as if the 
current were uniformly spread over a surface layer of depth equal 
to the skin depth. 

If the wires of a two- or four-wire transmission line are very 
close together, an effect called the ‘^proximity effect^' causes a 
further change in the current distribution. The surface of the 
wires nearest the wires of opposite polarity has a higher current 
density than the mutually more distant parts of the surface. For 
spacings greater than 8 times the wire diameter, the effect causes 
less than 1 per cent increase in the resistance. In coaxial cables 
there is no proximity effect except w^hen the inside conductor is 
displaced from its coaxial position. 

14. Approximations for Low-loss Lines. — The rigorous formulas 
for y and Zc are 

y^a+jfi-\/{r+ iu)l){g + jwc) (14.1) 

(14.2) 


If g = 0 and r << o>l, the following approximations are valid: 


Ze — Re — ^ ohms 

(14.3) 

T 

CL = nepers/unit length 

^JtCe 

(14.4) 

— a y/lc radians/unit length 

(14.5) 

The characteristic impedance is practically a pure resistance 
and is practically independent of frequency. The phase velocity, 
from (12.5), is 

CD 1 

(14.6) 


and is also practically independent of frequency. 

It is a property of the electoomagnetic field that, for a dissi- 
pationless line in free space, I and c are so rdated that their product 
is constant and the phase velocity is equal to the velocity of light, 
300,000,000 m/sec. The effect of a dideclaic is to increase e. In 
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linee having a solid dielectric, the phase velocity may be consi< 
ably less than the free-space value; and since 
^ 2ir Vp I 

^ ^ ~ f “/Vfc 

the wavelength on the line is shortened from its free-space value 
The effect of losses in the line is to cause a slight increase ii 
and a slight decrease in X below that indicated by (14.7). In pn 
tice this effect is usually small, and calculations based upon t 
free-space value of X are quite accurate for lines having air or gaseo 
dielectric. (Coaxial lines are often filled with dry nitrogen und 
slight pressure to keep them from ‘^sweating and ‘'breathinf 
owing to changes in atmospheric temperature, humidity, ai 
pressure.) 

16. Constants for the Two-wire Line. — The following formuL 
neglect g and are based upon a well-developed skin effect. F< 

round wires of radius .a, spaced at 
center-to-center distance D, Fig. 16.] 
the inductance per unit length of lin 
is 

I « 0.921 log lo^nh/m (15.1 
a 


-H 2a 


o 


1 


a 


Fig. 16.1. — Dimensions of 
two-wire line. 


The capacitance per unit length of line is 

12 . 006 . 


c — 


log 


'lO 


D 


/xjuf/m 


(15.2) 


where e, is the relative dielectric constant of the medium in which 
the wires are embedded. For air, tr = 1. The resistance per unit 
length of line for standard annealed copper at 20° C is 

r =* microhms/m (15.3) 

where a is in centimeters. For the open-wire line 

/e. = 2761ogio- (16.4) 

d 

For hard-drawn copper the conductivity is slightly lower (that is, 
V =» 6.65 • 10’ mhos per meter, corresponding to a resistivity of 1.77 • 
10"* ohm-cm) and the constant 8.3 in (15.3) becomes 8.4. The 
resistance of thick wires at radio frequencies varies as the sqtuue 
root of the resistivity. 
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16, Constants for the Four-wire Line. — The resistance per unit 
length of line is half that for the two-wire line, or 

r = — microhms/m 

where a is in centimeters. For the square spacing, Fig. 16.1, the 
inductance per unit length of line 
is 

D 


I = 0.460 logio 


. ijh/m 


a \/2 

The capacitance per unit length of 
line is 






c — 


24.Ur 


logi 


D 


itfd/m 


O 


O- 


where €r is the relative dielectric 
constant of the medium. For the 
open-wire line, neglecting losses, the characteristic impedance is 

D 


Fig. 16 . 1 . — Dimensions of four-wire 
line with square spacing. 


Rc 138 logio 


a \/2 

D 


ohms 


« 138 logio — — 20.8 ohms 

The attenuation on a four-wire line is approximately the same as on 
a two- wire line for the same ratio D/a. 

17. Constants for the Coaxial Cable. 
The following formulas again assume 
a well-developed skin effect. The resist- 



Fia. 17.1. — Dimensions of 
coaxial cable. 


ance per unit length for copper conduc- 

tors at 20® C is 


r = 4.2 v7 (- + 

\o 

) (17.1) 


) microhms/m 


(17.2) 


where a is the outside radius of the iimer 
conductor and b is the inside radius of the outer conductor, both in 
centimeteis, Fig. 17.1. The inductance per unit length is 


I 


0.46 logto ^ lih/m 


(17.3) 
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and the capacitance per unit length is 

c = M/d/m (17.4) 

log.o^ 

where Cr is the relative dielectric constant, 1 for air. The charac- 
teristic resistance is 



Fio. 17.2. — ^Variation in the factor appearing in the expression for the attenuation of 

coaxial cable. 

The attenuation constant is r/2Be, (14.4), or 

v^(| + l) 

a ^ • 10"* nepers/m (17.6) 

66.76 logio- 
a 

For a constant outer radius 6, the attenuation constant is propor- 
tional to the factor 

(6/0) H- 1 

I & 

logi.- 

which has a rather broad miiiimum. Fig. 17.2, for 6/a «■ 3.6. The 
characteristic resistance of a line with 6/a » 3.6 and c. 1 is 
77 ohms. 
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The minimum attenuation on copper coaxial lines, neglecting 
loss in the dielectric, is 


ormta = 0.13 ’ 10“* nepers/m (17.7) 

The attenuation varies little in the vicinity of this minimum. The 
ratio b/a may be as low as 2.5 or as high as 6 without causing the 
attenuation to increase above the minimum by more than 10 per 
cent. 

It is worthy of note that a dissipationless solid dielectric in- 
creases the attenuation. The dielectric decreases Rc, and from 
(14.4) the attenuation increases. For a given power transmitted 
by a line, a lower Re requires a higher current, and the copper loss 
in the conductor increases. Therefore a dielectric with a dielectric 
constant greater than unity increases the attenuation on the line 
even when there is no energy loss in the dielectric itself. 

m. DISSIPATIONLESS TRANSMISSION LINES 

In many applications, the losses in the transmission line can be 
neglected. Calculations often may be based upon the dissipation- 
less line and corrections or adjustments made to allow ^r the 
dissipation. This is especially true where short lengths of line are 
used for impedance matching. 

Of course, if an impossible assumption is made, an impossible 
consequence is often encountered. For example, it is shown later 
that, for an assumed dissipationless line, the input impedance may 
be infinite under certain conditions. Actually the impedance under 
these conditions is a high resistance. Likewise, when the dissi- 
pationless case indicate zero impedance, the actual impedance is a 
very low resistance. When the impedances encountered are very 
low or very high compared with the Rc of the line, or when the di^ 
sipation in the line is appreciable compared with that in the load, 
the attenuation cannot be neglected. But for short lengths, or 
when the dissipation in the load is very large compared with the 
disEdpation in the line, calculations based upon the dissipationless 
line are sufficiently accurate to be useful. 

18. Dissipatioiilesa line Teiminated in Any Impedance Zs. — 
With r os p 0, the propagation constant becomes, from (7.2), 

y •‘jfi ’^j<ay/k 
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and from (8.1), 



The general equations (6.11) and (6.12) become 

E = (18.1) 

7 = e+»'^* (18.2) 

Jttc ^0 


The constants A and B are determined by the terminal conditions. 
In terms of the conditions at the load 


Ek = + Bt+iO’ 

(18.3) 

JXc aXic 

(18.4) 

Solving for A and B 

A = + fi:.)*+«* 

(18.6) 

B^^iZa- Rch-^o- 

(18.6) 

which, substituted in (18.1) and (18.2), give 

E = E* cos /3d + jlaRe sin fid 

(18.7) 

Tp 

I = Ib cos /Sd + f -et sin /3d 

ICc 

(18.8) 


ranee d — 8 — x, and = cos /Sd + j sin Equations (18.7) 
and (18.8) are a complete description of the voltage and current 
at any point on the line in terms of the voltage and current at the 
load. 

In terms of the conditions at the sending end, x — 0, and 
(18.1) and (18.2) become 

Es ^ A B 
, A B 

” R, R, 

so that 

4 _ Ea ~h IaR» 

A "" 2 

Ea — laRe 
2 


(18.9) 

(18.10) 

(18.11) 

(18.12) 


B 
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Then (18.1) and (18.2) become 

E = Eb cos fix — jlsRc sin fix (18.13) 

/ = /s cos fix — sin fix (18.14) 

Jte 


If the voltage of the generator is the only known voltage, Es and 
la may be evaluated by first determining the input impedance to 
the line, which may be done by setting d = s in (18.7) and (18.8), 
whereupon 


Ea = Eb cos fis + jlaRe sin fis 
E 

la = Ir cos jSs + j sin fia 


The input impedance is 



Eg cos fia + jl bRc sin fia 
Eb 

1b cos sin Ps 

tic 


(18.15) 

(18.16) 


(18.17) 


which may be simplified by dividing numerator and denominator 
by Zb cos giving 


nr T> jRc tan ^8 

^ Rc “h JZb tan p8 


(18.18) 


The generator of Fig. 6,1 **sees^’ this impedance in series with 
its own Zof so that 

Z, + Za (18.19) 

and 

f'-zrfz; o*-”) 


The voltage and current at the load now may be determined from 
(18.13) and (18.14) by setting x = s. Naturally, 


Im 



(18.21) 


An alternative expression for la not involving Em or Eb is 

r ^ r 

* “ J55, cos /5« + jZjt sin fia 

(Stained by dividing (18.16) by Ib. 


( 18 . 22 ) 
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If the phase of /« is not of importance, work may be saved by 
calculating the magnitude of Ig from the power relationships. 
With the line assumed dissipationless, the power input is equal to 
the power output,f.e., 

Ps = Pg (18.23) 

or 

= llgl^Rg (18.24) 

where Rg and Rg are the real parts of Zg and Zg. Then 


|/«1 = \ i 4 



(18.25) 


19. Dissipationless Line Terminated in Re . — The relationships 
of Sec. 9 apply directly with Ze set equal to Re and y set equal to jfi. 
Then 


Zs ~ Re 

(19.1) 


(19.2) 

r - ^0 

Re + Z, 

(19.3) 

Eg - Eaf~^^' 

(19.4) 

Ig = 

(19.5) 


The magnitudes of the current and voltage do not change along 
the line, and the load voltage and current lag the input voltage and 
current by fis radians. 

20. Incident and Reflected Waves. — The voltages and currents 
at the ends of the transmission line are not the only voltages and 
currents of interest. There may be places on the line where the 
voltages and currents are either larger or smaller than the input 
and output values. To determine the variations in current and 
voltage along the line, (18.1) and (18.2) must be examined in greater 
detail. Each of these equations has terms involving the coelBiciehts 
A and B. It is shown in Sec. 9 that, for a line terminated in 
the B term vanishes, leaving only the A term. In Sec. 12 it is 
shown, in connection with Fig. 12.1, that the voltage expressed 
by the A term represents a wave moving to the right. Similarly, 
the B term, which is no longer zero when the line is terminated in 
an impedance other than Ze, represents a wave moving to the left. 

Equation (18.1) is repeated here in order to discuss this point. 

E = 4 - B^ ( 20 , 1 ) 
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If the values of A and B given by (18.6) and (18.6) are substituted 
in (20.1), 

^ = Y ^ (Z* - Rc)e-^o<—> (20.2) 

or, since s — x — d 

E = ^(Zb + Reh-^'‘ + ^(Zn- Rc)€-»^ (20.3) 

where the first and second terms on the right are A and B terms. 
The first term on the right now has in place of but it is 
still the A term and represents a wave moving to the right. 

The + sign of the exponent denotes wave motion toward the 
point of reference and the — sign of the exponent denotes wave 



motion away from the point of reference. From this it is concluded 
that the term in (20.3) indicates a wave moving away from 
the point from which d is measured, i.e., away from the load and 
toward the generator. 

This may be verified in a manner similar to that used in connec- 
tion with Fig. 12.1. Assuming, for example, that the instantaneous 
value of Ib is 

t* *= Tjt cos tit 

and assuming Zb, for simplicity, to be purely resistive, the instan- 
taneous value of £ in (20.3) is 

f f 

e {Zb + Re) cos («< + pd) + (Zb — Re) cos («< — fid) 

A plot of cos {at + pd) at f » 0 and 7/4 is shown in Fig. 2Q.1 for 
a line one wavelength long; the wave motion is to the ri^t or toward 
the pdnt from which d is measured. A plot of eos (cof — /kf) is 
shown in Fig. 20.2; the wave motion is to the left or away from the 
pmt from which d is measured. 
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Equation (20.3) and similar preceding equations indicate that 
the voltage along the line in the steady state may be represented 
in terms of two components; the first, represented by the first or A 
term on the right of these equations, is a wave moving toward the 
load; the second, represented by the second or B term on the right 
of the^ equations, represents a wave moving away from the load. 
The wave moving from the generator toward the load is called the 
incident wave, and the wave moving away from the load toward the 
generator is called the reflected wave. The incident wave or first 


SENDING 

END 


Fio. 20.2. — Plot of cos {uit 



RECEIVING 

END 


/9rf) showing wave motion toward the left or away from 
the load. 


term on the right of (20.3) will be denoted by and the reflected 
wave by E~, so that 



E =2 E+ -\-E- 

(20.4) 

where 

= ^ {Zb + ^ 

(20.5) 

and 

E- = ^-^ {Zs - «.)«-»'“ = S 

(20.6) 

Similarly, from (18.2), (18.5), and (18.6), 




(20.7) 



(20.8) 


Re Re 


»!+ + /- 

(20.9) 


Thus the incident and reflected waves of voltage are accompanied 
by incident and reflected waves of current obtained by dividing 
the respective voltage by £«, and reversing the sign for the reflected 
current term. The reversal in sign for the current term is required 
by the fact that, for a g^ven direction of the eleohnc Add, the mag- 
netio field reverses when there is a reversal in the mofimi of ui 
electromagnetic wave. 
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21. Reflection Coefficient. — The ratio of the reflected component 
to the incident component of voltage at the load is denoted by r, 
and from (20.5) and (20.6), 

The quantity T is called the reflection coefficient It is in general a 
complex number. Whenever it has a value different from zero, the 
voltage on the line may be described in terms of two components, 
which from (20.5) and (20.6) have different phases at different 
points on the line. 

In terms of the reflection coefficient and Er’^ or Ir^j (20.3) and 
(20.4) become 

E = ER-^e+i^^ + ER-e-i^<^ 

= + |rl/^ - 20d) (21.2) 

= + lr|/5^:-_^) (21.3) 

Similarly, (20.7) becomes 

/ = - |r| /^ - 2fid) (21.4) 

= ^ - \T\/±^zM> (21.5) 


When ^ — 2pd has a magnitude of zero or any multiple of 2t 
radians, the quantity within the parentheses has a maximum 
magnitude in (21.2) and a minimum magnitude in (21.4). Hence 


il ii 

at liA - 

2/Jd| = 0, 2ir, 4ir, . , . 

(21.6) 

Similarly, 




\E\ = M 

l/l = 1/-I 

[ at — 

2fid\ = r, Sv, Stt, . . . 

(21.7) 


At a point where the two components of voltage are in phase, 
they add numerically, and the rms voltage is a maximum at that 
point. Similarly, at points X/4 distant from the points of \Emu\, 
the two components differ in phase by 180®, and at such points the 
rms voltage is a minimum. When such conditions obtain, standing 
vmes Bxe said to exist on the line. Points of are points of 
|/iaia|/and points of \Ej^\ are points of 

This may be shown by a diagram such as Fig. 21.1, where 
^ ^ as an example. The voltage E is proportional to 



24 


TRANSMISSION LINES 


[Chaf. I 


^ + |r| /^ — 2pd ; the current / is proportional to 1 — |r| /^ — 2pd. 
At d ^ 0, E ^ Ea ^ EaHl + r) and / = /« - {Ea'^/Rc)(l - T). 
As d increases, the line representing T /—2fid = \T\ /\p ~ 2gd rotates 
clockwise, so that E and / pass through maximum and minimum 
values. When E is a maximum, / is a minimum, and vice versa. 
The phase angle between E and I is as indicated in the figure. 



Fig. 21.1. — Variations in E and I in terms of the reflection coefficient F and the 

angle ^ — 2fid. 

22. Short-circuited Dissipationless Line. — Since the rejection 
coefficient with = 0 is, from (21.1), 

r = = 1 / 180 ° 

the reflected wave is equal in magnitude to the incident wave. 
From (21.7) a current maximum and a voltage minimum occur at 
d = 0, i,e,, at the closed end. A study of the standing-wave pattern 
on such a line now will be made, to show in graphical form the 
effect of the length of the line. 

Since the current in the short circuit is usually finite while the 
voltage is zero, the current la in the short circuit will be taken as 
the reference vector. The current I at any point distant d from 
the short-circuited end of the line is, from (20.7) and (20.9), 

/ = e+tfd + ^ t-ifd = /+ + /- (22.1) 

• 

When d s 0, the incident and reflected components of current are 
in phase, and their sum is Ib, as it should be. As d increases, the /'*' 
vector rotates counterclockwise and the I~ vector rotates clockwise. 
The rotation is 360° for each vector for every wavelength of line. 
In Mg. 22.1, the vectors l+, I~, and their sum / are plotted at inter- 
vals of d equal to X/8 for a line Sh/8 long. As d increases from 0 to 
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X/4 , 1 decreases from a maximum to zero, but the phase does not 
change. After d ** X/4, the phase of the ciurent reverses, and the 
magnitude increases to a maximum at d = X/2. The magnitude 
of the maximum current equals the magnitude of Is. In Fig. 22.2 



Fig. 22.1. — Current in a short-circuited dissipationless line shown as the sum of 
incident and reflected components 



Fig. 22.2. — Magnitude and phase of the current in a short-circuited dissipationless 
line, Ir taken as reference for phase. 

curves are plotted showing the magnitude and phase of /, as func- 
tions of the distance d from the short circuit. Ir is taken as the 
reference for phase. 

The voltage distribution on the short-circuited line may be 
analyzed in a similar manner. Setting Zu = 0 in (20.3), 

F = ^ ^ (22.2) 

= E+ + E- 

The voltages E+, E~, and their sum E are plotted in Fig. 22.3. 
Note that the vector E points upward, has the same phase for all 
values of d between zero and X/2, and reverses its phase after d >= X/2. 
In Fig. 22.4, the magnitude and phase of E are plotted as functions 
of the distance d. Just as for the current, there is a reversal of 
phase when the voltage passes through zero, but no change of phase 
between successive zeros. 
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In Fig. 22.5, the diagrams of Figs. 22.2 and 22.4 have been 
extended to cover a line 5X/4 long. The scales for E and I have 
been chosen so that and |7mu| are plotted at equal heights. 
Comparison of (22.2) and (22.1) shows that 

1^+1 = Rc\I+\ (22.3) 

|F-| = (22.4) 

so that each wave of current is accompanied by a wave of voltage 



E 

Fia. 22.3. — Voltage across a short-circuited dissipationless line shown as the sum 
of incident and reflected components. 



Fig. 22.4. — Magnitude and phase of the voltage across a short-circuited dissipation- 
less line. Ir taken as reference for phase. 


Rc times as great. Also, inspection of Figs. 22.3 and 22.4 indicates 
that 

\E^\ - \E+\ + l^-I (22.5) 

and similarly, from Figs. 22.4 and 22.5, 

I/..-I - 1/1 + |/-| 

|Smx| “ A.I/mul 


so tiiat 


( 22 . 6 ) 

(22.7) 
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Thus in Fig. 22.5, the current has been plotted to a scale Rc larger 
than the scale for voltage. 

Equations (22.3) to (22.7) are relationships that hold for any 
dissipationless line and will be used in plotting other ‘‘standing- 
wave patterns. Note that |jBmax| and |/ma,| occur at different 
points on the line, these points being separated by X/4. This fact 
also holds true for all standing-wave patterns on dissipationless 
lines. 

Er«0 

MAGNITUDE 


2n 

f PHASE 

f 

Fig. 22.6, — Voltage and current distribution for a short-circuited dissipationless 
line. » i?c|/niAx|; voltage and current magnitudes are plotted to different 

scales. Inductances and capacitances are shown to indicate the nature of the 
input impedance for various lengths of short-circuited line. 

Just as the maximum magnitude of E ot I is the sum of the 
magnitudes of incident and reflected waves, so the minimum magni- 
tude of E or I is equal to the difference of the magnitudes of incident 
and reflected waves. 


\E^\ = 1^+1 - \E-\ 

(22.8) 

1/-.I = |I+| - |/-1 

(22.9) 


(22.10) 


In the short-circuited line, \Eab,\ is zero because the incident and 
reflected waves have equal magnitudes. 

At the point on the line where E has a minimum value, I has a 
maximum value, and vice versa. The points where E has minimum 
values are X/4 distant from the nearest points where I has minimum 
values. The maximum and minimum of current and voltage recur 
at half-wavelength intervals. 
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If the line is opened at any point distant d from the short circuit, 
the input impedance looking toward the short circuit is the ratio 
of .B to / at that point. For d less than X/4, Figs. 22.1, 22.3, and 
22.5 show that E leads I by ir/2 radians or 90°; the input impedance 
is inductive. Therefore, a short-circuited line less than X/4 in 
length has an input impedance that is inductive. 

If the line is opened at a distance d greater than X/4 but less 
than X/2, the current at the input tenmnals leads the voltage by 
t/ 2 radians or 90°, as may be seen from the same diagrams. There- 
fore, the input impedance of a short-circuited line whose length is 
between X/4 and X/2 is capacitive. As the line length increases, the 
input impedance is alternately inductive and capacitive as the 
input terminals move farther and farther from the terminal short 
circuit. This is indicated by the inductances and capacitances 
sketched in Fig. 22.5. 

This information may be obtained also from the general equa- 
tions of Sec. 18. With Er = 0, (18.7) becomes 

E = jIrRc sin /Sd (22.11) 

which is the same as (22.2), since = cos pd ± j sinpd. Simi- 
larly, from (18.8), 

I = Ir cos pd (22.12) 

Also, (18.18) becomes 

(^Zs)mhott “ jRc tan Ps (22.13) 

The input impedance is ideally a reactance, alternating in sign 
as Ps increases. Short sections of hne are used as circuit elements 
at radio frequencies, particularly in oscillators and amplifiers as 
parts of resonant circuits. 

The input impedance of a short-circuited line is usually not 
zero. For the short-circuited dissipationless line, the input imped- 
ance is zero only when the length of the line is a multiple of a half 
wavelength. When the short-circuited line is one-quarter wave- 
length long, i.e., when the input terminals are X/4 from the short 
circuit (d = X/4 in Fig. 22.5), the voltage across the input terminals 
is finite, but the input current is zero. Therefore, the input 
impedance is infinite, i.e., an open circuit. This same result is 
obtained from (22.13), since for a line X/4 lodg, ps » r/2 and 
tan r/2 is infinite. 

For the ideal dissipationless case, then, the input impedance 
of a short-circuited line is infinite for a line X/4 long, and zero for a 
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line X/2 long. The action is somewhat analogous to parallel and 
series resonance in a dissipationless LC circuit. 

All lines have some dissipation. Where the ideal dissipationless 
case indicates zero impedance, the actual impedance is not zero 
but is very low and is a resistance approximately equal to Reas. 
Where infinite impedance is indicated, the actual value is very 
high and is a resistance approximately equal to Rc/as, For exam- 
ple, the actual input impedance of a short-circuited quarter-wave- 
length section of a reasonably low-loss line is about 400,000 ohms. 

23, Suppression of Even Harmonics, — An application of a 
short-circuited quarter-wavelength 
line is to suppress any unwanted even 
harmonics in the output of a radio 
transmitter. A short-circuited line, 
one-quarter wavelength long at the 
desired output frequency, may be 
connected across the output termi- 
nals of a transmitter or across the 
antenna feeder at any point without 
placing much load on the transmitter 
at the fundamental or desired output 
frequency, since at this frequency such a section has an imped- 
ance ideally infinite, actually about 400,000 ohms. At the 
second-harmonic frequency, however, the short-circuited section 




^ AT FUNDAMENTAL 
FREQUENCY 


Fig. 23.1. — Mounting of quar- 
ter-wavelength harmonioHBupprese- 
ing stub, open-wire construction. 




ADJUSTABLE 

PLUNGER 

STUB 


OUTPUT OUTPUT 
POWER POWER 


(a) 


( 6 ) 


Fio. 23.2. — ^Alternative mountings of quarter-wavelength harmonio-suppressing 
stub, coaxial oonstruotion. 

is one-half wavelength long, and the input impedance is ideally 
aero, actually very low. Thus the second ha^onic is short-cir- 
cuited. Any even harmonic is similarly diort-circuited, because 
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the short-circuited section is a multiple of a half wavelength at any 
even-harmonic frequency. 

The quarter-wave harmonic-suppressing stub should be so 
mounted that the electromagnetic field of the stub does not disturb 
the electromagnetic field of the line. For open-wire lines, the stub 
is usually mounted at right angles to the feeder, Fig. 23.1. A 
coaxial stub has its electromagnetic field contained within itself 
so that its position may be chosen with greater freedom. When 
used in connection with a coaxial feeder, it may be mounted parallel 
to or at right angles to the feeder, Fig. 23.2. 

24. Insulating or Supporting Stubs. — Since the input impedance 
of a short-circuited quarter-wavelength section of transmission 
line is a very high resistance, short-circuited stubs may be used to 
support the line. Thus, a half wavelength of copper strap can be 

bent into the form of a U and used 
to support a two-wire line, no non- 
conducting insulation being re- 
quired between the U support and 
a metal surface to which it might 
be attached. Also, the center 
conductor of a coaxial cable may 

Fig. 24. 1 .-Insulating-stub sup- be supported by COaxial Stubs, Fig. 

“ 24.1. Since the input resistance 
supporting the center conductor 
of a coaxial line is Rc/ots, where a = r/2/J., the line may be so 
proportioned that the resistance of the insulating stub is a 
maximum. This occurs when Z)/a is approximately 7.9 for the 
two-wire line, and hfa is 9.2 for the coaxial line. 

Another use for a short-circuited stub is in connection with a 
rectifjing detector bridged across the line; a short-circuited quarter- 
wavelength stub will complete the circuit for the rectified direct 
current but will not load ibhe line at radio frequencies. 

26. Open-circuited Dissipationless Line. — ^For the open-cir- 
cuited line, Zn is infinite, and, from (21.1), V = 1^. A voltage 
maximum and a current minimum occur at the open end^ from 
(21.6). As for the short-circuited line, the reflected wave is equal 
in magnitude to the incident wave. The expressions for the inci- 
dent and reflected components of the voltage may be obtained from 
the extreme right of (20.6) and (!M.6), since the ratio {Zk ± R^/Zi 
becomes unity as Zb increases to infinity. Then, for the 
cirouited dissipationless line, 
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and from (20.8) 

In Fig. 25.1 are plotted the magnitude and phase of E and I 
at any point on a dissipationless line 5X/8 long. Figure 25.1 is 
the same as Fig. 22.5, but current and voltage have been inter- 
changed. The voltage and current, Fig. 25.1, may be obtained 



Fig. 25.1. — Voltage and current distribution for an open-circuited dissipation- 
leas line. voltage and current magnitudes are plotted to different 

scales. Inductances and capacitances are shown to indicate the nature of the input 
impedance for various lengths of open-circuited line. 

from (25.1) and (25.2), or from (18.7) and (18.8) with Ir = 0, 
and are 

E -- Er cos pd (25.3) 

I^j^sinpd (25.4) 

lie 

The input voltage and current may be obt^ed by setting 
d = s in (25.3) and (25.4). The quotient of the input voltage and 
current is the input impedance, or 

(Zs).p«, = y = -yjj, cotan fig (25.6) 

The same result may be obtained from (18.18) by first dividing 
the numerator and denominator of the right-hand side of that 
equation by Zm As Zb becomes infinite (open circuit), Ra/Zm 
becomes zero, and the equation reduces to (25.6). 
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The input impedance of an open-circuited line of length less 
than X/4 is capacitive. The input impedance of an open line of 
length greater than X/4 but less than X/2 is inductive. As the 
length increases, the impedance is alternately capacitive and induc- 
tive as ‘the input terminals are farther and farther from the open 
end of the line. 


Equation (25.5) and Fig. 25.1 indicate that an open-circuited 
quarter-Avavelength dissipationless line has zero input impedance 
(is a short circuit) and that the input impedance of an open-circuited 
half-wavelength dissipationless line is infinite. Again, as in Sec. 22, 
there is an analogy with series and parallel resonance in dissipation- 
less LC circuits. The effect of dissipation on the line is similar to 
the effect of losses in an LC circuit, in that, when the impedance is 
ideally zero, it is actually a very low resistance {Rcots for the line) ; 
and when the impedance is ideally infinite, it is actually a very high 
resistance {Rc/as for the line). Nevertheless, an open-circuited 
quarter wavelength line is practically a short circuit. 

26. Suppression of the Third Harmonic. — ^An unwanted third 
harmonic in the output of a radio transmitter may be suppressed 

by an arrangement shown in Fig. 
26.1. An open section of line X/12 
long for the fundamental frequency 
is X/4 long for the third harmonic. 




Fio. 26.1. — Stub arrangement 
that short-circuits the third har- 
monic o^ the frequency correspond- 
ing to X and is antiresonant for the 
frequency corresponding to X. 


Therefore, if such an open section is 
connected to the output terminals of 
a transmitter, the output will be 
short-circuited for the third har- 
monic. At the fundamental fre- 
quency, the open X/12 section has a 
capacitive impedance, the effects of 
which are minimized by the induc- 
tive impedance of the X/6 closed 
section placed in parallel. At the 


fundamental frequency the X/6 closed section will be in parallel 
resonance with the X/12 open section. 


The antiresonance or parallel resonance occurring in the circuit 


of Fig. 26.1 is a special example of the fact that a short-circuited 


quarter-wavelength line presents to any connection made aloi^ its 
length the equivalent of an antiresonant circuit at the fundan^tal 


frequency. In the dissipationless case, the impedance looking 
towm4 tile open part is purdy capacitive; the impedance looking 
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toward the closed part is purely inductive and of equal magnitude, 
as may be verified from (22.13) and (25.5). The resulting anti- 
resonant impedance is ideally infinite; actually it is finite and large 
except when the connection is made near the closed end. 

27. Effect of Terminations on Effective Length. — The effective 
length of a line often may be shortened or lengthened by a suitable 
termination. Several examples now will be considered. 

The physical length of a short-circuited line may be reduced 
by terminating the line in a pure reactance. For example, the 
short-circuited line of Fig. 27.1a may be shortened by cutting off 
a length d' and connecting a reactance equal to the reactance of 



Fiq. 27.1. — Five lines having equal input impedances Gosses neglected). 

the short-circuited section so removed. If the length cut off is 
less than X/4, the reactance to be connected in place of the removed 
section is inductive, Fig. 27.16. If the removed length is equal to 
X/4, the line may be left open. Fig. 27.1c, since the input impedance 
of the removed section is ideally infinite. If the removed length is 
greater than X/4 but less than X/2, the reactance to be substituted 
is a capacitance, Fig. 27. Id. If a half wavelength is removed, the 
line must be short-circuited again. 

The physical length of an open-circuited line may also be 
shortened by terminating the line in a pure reactance. Fig. 27.2. 
If less than a quarter wavelength is removed, a capacitance is 
substituted. Fig. 27.26. If a quarter wavelength is removed, a 
short circuit is substituted. Fig. 27.2c, since the input impedance of 
the removed quarter wavelength section of open line is ideally sero. 
If more than a quarter wavelength but less than a half wavelength 
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is removed, an inductance is substituted. If a half wavelength is 
removed, this line must be open-circuited again. 

The open- and short-circuited equivalents shown in Figs. 27.1 
and 27.2 are especially applicable where stubs are employed. A 
closed stub may be replaced by an open stub that is X/4 longer or, 
where possible, is X/4 shorter. Similarly, an open stub may be 
replaced by a closed stub that is X/4 longer or shorter. 

The conditions of Fig. 27.16 are also of interest in connection 
with closed stubs on open-wire lines. On a two-wire line, the short- 
circuiting wire, if it is the same size as the line wires, has an induc- 
tance approximately equivalent to a length of line D/2. 


(a) 

(b) 

(e) 

id) 

(e)' 


Z„»oo 


T ZR“-i4^*-iRc coton fid' 
Kd'-* 

I 2r“0 

^ ZR=j«L=-jRj coton fid' 

H — 

r — t — -I 


Fiq. 27»2. — Five lines having equal input impedances Gosses neglected). 


28. Dissipationless Line with Resistive Load. — ^As an example, 
the magnitude and phase of the current and voltage for a dissi- 
pationless line terminated in a resistance equal to 3/2, are plotted 
in Fig. 28.1. The reflection coefficient (21.1) is equal to i at zero 
angle, so that, from (21.6), a voltage maximum occurs at the load. 
The values may be determined by direct calculation from (18.7) 
and (18.8), or by a vector-addition method similar to that of Fig. 
22.1, or from (21.2) and (21.4). From (20.5), the incident com- 
ponent of voltage is 

E+ *= (28.1) 

and from (20.6) the reflected component is 


E- - 


(28.2) 
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These, when added after the manner of Fig. 22.3, give the magnitude 
and phase plotted in Fig. 28.1. The current may be similarly 
plotted from (20.7). 

In this case, the resistive load impedance is greater than Rc, 
and the current and voltage distribution resembles that of the 
open-circuited line. Fig. 25.1. In place of a minimum of zero. 
Fig. 25.1, there is a finite minimum in Fig. 28.1, and the phase of 
the voltage and current changes gradually, not abruptly as in the 
open-circuit condition. The higher the load resistance, the closer 



Fio. 28.1. — ^Voltage and current distribution for a dissipationless line terminated 
in » 3/2e. |£^m«z| » i2c|/m*x|; voltage and current magnitudes are plotted to 

different scales. Er is taken as reference for phase. 

is the resemblance of the current and voltage distribution to that 
of an open-circuited line. For a resistive load greater than Rc, and 
also for the open-circuited line, the voltage at the load is a voltage 
maximum, and the current at the load is a current minimum. 

If the line of Fig. 28.1 were opened at a distance less than X/4 
from the load, the input impedance of the portion coimected to the 
load would be resistive and capacitive, since the input current would 
lead the voltage by less than 90®. For a distance greater than X/4 
but less than X/2, the input impedance would be resistive and 
inductive. This again is similar to the open-circuited line except 
for the addition of resistance due to dissipation in the load. Quan- 
titetively the input impedance would be given by (18.18). 
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If Za is equal to Rc/3, the standing-wave pattern is exactly the 
same as that of Fig. 28.1, but with current and voltage interchanged. 
The current and voltage distribution is similar to that for the short- 
circuited line, Fig. 22.5, except that the minima are finite and the 
phase change is gradual. The lower the resistance of the load, the 
closer is the resemblance to short-circuit conditions. For a resistive 
load less than iJc, the current in the load is a current maximum, 
and the voltage across the load is a voltage minimum. 

29. Standing Waves. — For any type of load other than pure 
resistance, the current and voltage distributions resemble those 
of Fig. 28.1 except that maximum or minimum magnitudes of E 
and I do not occur at the load. For example, if the line of Fig. 
28.1 were cut off at the points CD and the part to the right of CD 
were replaced by its input impedance, the generator at the sending 
end of the line would notice, no difference and the distribution 
pattern with respect to the sending end would not be changed. 

Whenever the magnitudes of voltage and current vary in the 
manner of Figs. 28.1, 25.1, 22.5, standing waves are said to exist on 
the line. The line is also commonly called a resonant line, although 
in some applications of lines the word “resonant^' is used more 
strictly. A line terminated in Ze has no standing waves and is 
termed a nonresonant line. 

On a line with standing waves, a place where the voltage has a 
maximum value is called a voltage loop, and a place where the volt- 
age has a minimum value is called a voltage node. Similar defi- 
nitions hold for the current. From Fig, 28.1 and the preceding 
diagrams, it is seen that a voltage maximum and a current mini- 
mum always occur together at the same point, and a voltage mini- 
mum and a current maximum occur together. A voltage maximum 
is separated from the nearest current maximum by X/4. The 
magnitude pattern on a dissipationless line repeats itself exactly 
every half wavelength. 

30. Standing-wave Ratio. — ^The ratio of maximum to minimum 
magnitude of voltage dr current is called the standing-wave ratio, 
denoted by p, or 



(30.1) 


Then 
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(30.2) 
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In a dissipationless line, there is no attenuation, and the magnitude 
of the incident component is the same along the entire line. Simi- 
larly, the magnitude of the reflected component is the same along 
the entire line. Therefore 


m = (30.3) 

1£-| = \Eu-\ (30.4) 


where the subscript R denotes the value at the receiving, or load, 
end of the line. From (21.1) 


|rl 


\Eit I _ Zg — Rc\ 
“ \Zb + R,\ 


(30.6) 


Dividing the numerator and denominator of (30.2) by IJE+I 


1 + 1 

E- 

E+ 

1-j 

E- 

E+ 


so that, from (30.3) to (30.5), 

_ 1 + |r 

An alternative expression for p is 


(30.6) 


(30.7) 


\Zr + i?c| + 

\Zr — Rc\ 

\Zr + Rc\ — 

Zr — Rc\ 


(30.8) 


Special cases of this formula are useful for resistance loads. 


P = 
P = 


Rc 

Rb 


when Zb = Rb > Ro 
when Zb = Rb < Rc 


(30.9) 

(30.10) 


31. Impedance at a Voltage or a Current Loop. — ^At a current or 
a voltage loop, the current and voltage are in phase with each other. 
Fig. 28.1. Therefore, if a line is opened at either a current or a 
voltage maximum, the impedance looking toward the load is a 
pure resistance. This holds true for any load. 

At a voltage maximum, the resistance looking toward the load is 


x> 


E^ 


\E^ 
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so that 


l/o^l 

(31.3) 

and the input resistance is 


II 

(31.4) 

At a current maximum, the input resistance is 


il 

(31.5) 


Thus the input impedance of a line is a resistance p times as 
great as if a voltage maximum occurs at the input, or a smaller 
resistance 1/p times if a current maximum occurs at the input. 
Also, a line is terminated in effect by a resistance at a ‘voltage or 
current maximum. 

32. Uses of Lines with and without Standing Waves. — Owing to 
the opposite phase shifts of the incident and reflected waves, the 
input impedance of lines is, in general, different from the load imped- 
ance. The input impedance of the dissipationless line is 


7 P Zb + jRc tan )3s 
* Rc H" JZb tan ps 


(32.1) 


By suitable design to obtain a proper value of Rc and selection of 
the length s, an impedance Zb may be made to “look like,” i.e., 
may be “transformed” into, almost any desired impedance. In 
this respect, the dissipationless line is similar to the ideal transformer 
employed in network theory, in that it changes the ratio of voltage 
to current so that the input impedance is different from the load 
impedance. The line, however, can change the phase as well as 
the magnitude, so that not only the “magnitude” but the “angle” 
of the impedance may be “transformed.” This ability of the line 
is extremely useful for impedance-matching purposes at radio 
frequencies. 

Also, if Zb is made equal to zero or infinity, short sections of 
line may be used as inductances and capacitances. At very high 
frequencies, ordinary inductors and capacitors cease to func- 
tion property, owing to' distributed capacitance and inductance. 
Because of these effects, lead wires are made short, cdl turns are 
widely spaced, and the circuit elements are made physically small 
in order to keep their maximum dimensions considerably less than 
a wavelength. At high frequencies, however, the wavelength is so 
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short that ordinary construction must be abandoned. The trans- 
mission-line section is one way out of this difficulty, since, at high 
frequencies, sections of transmission line can be made to provide 
practically pure reactances without involving excessively small or 
excessively large dimensions. 

Transmission lines may also be used as a means for measure- 
ment of power at radio frequencies, and also as a means for measur- 
ing impedances. 

Where power is transmitted over distances that are large com- 
pared with the wavelength, standing waves on the transmission line 
are to be avoided. The arc-over of a line determines the maximum 
allowable voltage. For a given maximum voltage, the maximum 
power is transmitted over a line with no standing waves, as is 
shown in Sec. 33. Also, since the copper loss varies as the square 
of the current, the copper loss per unit length at the current loops 
is far greater than the loss would be if the line were terminated in 
J?c, and the copper loss at the nodes is less, but the total copper loss 
on the resonant line is greater than on the same line operated as a 
nonresonant line transmitting the same power. 

For short lengths and for multifrequency operation, it is often 
simpler to operate a transmission line feeding an antenna as a 
“resonant’’ line, making all tuning adjustments at the transmitter. 
For greater lengths at fixed frequencies, it is common practice to 
employ some sort of impedance-matching device to match the 
antenna to the line, i.e,, to transform the antenna impedance into 
Re, so that the antenna feeder operates as a nonresonant line. At 
the generator or transmitter end, similar means are employed to 
transform the input impedance Re of the nonresonant line into a 
value that will suitably load the transmitter. 

33. Measurement of Power. — It is shown in Sec. 31 that the 
input impedance of a transmission line at a voltage maximum is a 
resistance equal to pRo. Then the power P fed into this resistance is 



P _ M* „ 

R pRe 

(33.1) 

or 




p ^ \E^\\E^\ 

^ pRc 

(33.2) 

Since 

l^“»l 1^ 1 

P 



(33.3) 
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the power transmitted is 


jy li^mucl 

Rc 

(33.4) 

Similarly 


P = |/inaz||/ailD|IZ« 

(33.5) 


For a given Enmx, more power can be transmitted over a non- 
resonant line (Zb = Rc), since and |£n»z| are then equal (no 
standing waves). For a nonresonant line 

F = = \I\^R. (33.6) 


34. Measurement of Terminating Impedances. — The following 
is one method for measuring impedances: The unknown impedance 
is connected as the load impedance Za of a transmission line of 
known Re, and the value of the impedance is determined by meas- 
uring the standing-wave ratio and the position of voltage maximum 
(or minimum). 

When EumoL occurs at the load, the load impedance is a resistance 
equal to pi?*. WTien J^non occurs at the load (or when E — occurs 
a distance X/4 away from the load), the load impedance is a resist- 
ance equal to Re/p. When occum at any other point, the 
ratio of Za to JfSe is a complex number. 

Let dnmx be the distance between the load and the nearest point 
on the line where the voltage is a maximum. At this point, the 
input impedance, i.e., the impedance looking toward the load, is 
pRe. Using (32.1) with Zs equal to pRe and s equal to dam 


Solving for Za 


pRe — Rc 


Za + jRc tan pdmmc 
Rc + jZa tan jSflJnm 


7 jf P 3 tan PdnmK 

“ * 1 — jptaaPcL,* 


(34.1) 

(34.2) 


where p is the measured ratio 



(34.3) 


Sometimes the point of minimum voltage may be more pre- 
cisely located. If eLia denotes the distance from the load to the 
nearest point on the line where the voltage is a minimum 


^ ^ „ Za + jRc tan fidcoc 
P ‘ Rc •¥■ jZa tan 0dwic 


(34.4) 
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and 

nr Tj 1 “* jp lian ^drmin 

/jR = ICc r-r 

p j t)an jSd miti 


41 

(34.6) 


The use of this method requires a voltage-indicating device 
that does not change the conditions on the line, and (34.2) and 
(34.5) are accurate only when the dissipation in the line is negligible 
compared with that in the load. 


IV. IMPEDANCE MATCHING 

36. Quarter-wave Transformer. — A quarter-wavelength line 
has the useful property of transforming an impedance into its 
reciprocal with respect to To show this, (32.1) may be solved 
with /3s set equal to t/2. Since tan t/2 is infinity, (32.1) would not 
yield directly a useful answer. If both numerator and denominator 
of (32.1) are divided by tan /3s 


„ _ „ (Zg/t&n /3s) + jRc 
{R,/t&n 0s) + jZn 

When tan /3s becomes infinite 



(35.1) 


(35.2) 


This equation describes the action of the quarter-wave transformer. 

A common application of this principle is the matching of an 
antenna to a transmission-line feeder. This may be done when 
the impedance of the antenna is a resistance. If this resistance is 
denoted by Rs, the problem is to make Rs “look like” the charac- 
teristic resistance of the feeder, here denoted by Re. The problem 
may be solved by inserting between the antenna and the feeder a 
quarter-wavelength section of specially constructed line of charac- 
teristic resistance Re' such that 


as in Fig. 35.1. 



Then 

Re ^RcR» 


(36.3) 

(36.4) 


If < Re, the characteristic resistance Re' of the transforming 
section is less than Re. If the same size of wire is used for the 
matching section and the feeder, the spacing of tiie wires of the 
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matching section must be closer than that of the feeder, Fig. 36.1a, 
as required by (15.4). Sometimes the spacing of the wires in the 
matching section is the same as that of the feeder, and the radius 
of the wires is increased to secure the required 72c'. 

If .72jj > 72c, the characteristic resistance of the transforming 
section is greater than 72c. If the same size of wire is used in the 
matching section and the feeder, the spacing in the matching section 
must be greater than that of the feeder. Fig. 35.16. 



Fig. 36.1. — Quarter-wave transformer for matching an antenna to a feeder, open-wire 
construction (not drawn to scale) ; (a) Rr < Rc, (6) R/t > Re* 


Ifh 




(a) 



(b) 


Fig. 35.2. — Quarter-wave transformer for matching an antenna to a feeder, coaxial 
construction (not drawn to scale) ; (a) Rr < Ret (p) Rr > Re. 


Figure 35.2 illustrates coaxial construction of quarter-wave 
matching sections. In the construction of Fig. 35.2a, a sleeve of 
appropriate outside diameter and wall thickness is shown imierted 
into the feeder pipe, effectively reducing the inside diameter of the 
outer conductor. 

83. Eighth-wave Transformer. — If an eighth-wave section of 
disripatioDless transmismon line is terminated in a pure reeietance of 
any value, the input impedance has a magniiude equal to R,. When 
$ m k/8, jSs » ir/4 radians or 45”, and tan Pe is unity. Thto (32.1) 
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and (35.1) reduce to 

The numerator and denominator of (36.1) have the same magni- 
tude; therefore 

\Zs\ = Rc (36.2) 

Conversely, any dissipationless eighth-wave section, terminated 
in an impedance whose magnitude equals Rc, has an input impedance 
which is a pure resistance. For, if Zr in (32.1) is made the con- 
jugate of Za in (36.1), the input impedance with = 7r/4 will be 
the Rb which appears in (36.1). This is a consequence of the 
principle of conjugates. 

37. Principle of Conjugates in Impedance Matching. — If a dis- 
sipationless network is inserted between a constant-voltage gener- 
ator of internal impedance and a load of impedance Zb 
such that maximum power is delivered to the load, at every pair 

Zg Zr 

Eg 

CONJUGATE OF Zg CONJUGATE OF Zr 

Fig. 37.1. — The principle of conjugates in impedance matching. 

of terminals the impedances looking in opposite directions are 
conjugates of each other. 

To secure maximum power output from a generator whose emf 
and whose internal impedance are constant, the load must have an 
impedance equal to the conjugate of the generator’s internal 
impedance. In Fig. 37.1, if the dissipationless network.(which could 
be made up of ideal lumped-constant elements or ideal transmission- 
line sections) is so designed that the generator is delivering maximum 
power into the terminals CD, the load impedance coimected to the 
generator must be the conjugate of Zg. This is expressed by saying 
that conjugate iqatching exists at CD. Maximum power is also 
fed into the terminals AB because no power is lost in the network. 
As to the terminals AB, the circuit to the left of AB is equivalent, by 
Th4venin’s theorem, to a generator whose emf F/ is the open-circuit 
rdtage at the terminals AB and whose internal impedance Z,' is 
the impedance looking to the left at AB. Now, Zm must be the 
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conjugate of Z,'; hence Z/ is the conjugate of Z*. Therefore the 
impedance looking to the left at AB must be the conjugate of Z«. 
Conjugate matching exists at AB as well as at CD. 

When impedances are conjugate-matched for transmission of 
power ’in one direction, they are conjugate-matched for power 
transmission in the reverse direction, if no power loss occurs in 
the matching devices. 

38 . Half-wave Section. — ^The input impedance of a half-wave 
section of dissipationless line is equal to the terminal impedance. 
When 8 = X/2, /3s = v radians or 180°, tan /3s = 0, and (32.1) 
reduces to Zs = Z®. In Fig. 28.1, the standing-wave pattern 
repeats itself every half wavelength, and the ratio E/I repeats itself 
every half wavelength. There is no impedance transformation. 

However, at any point on the line the voltage and current lag 
by 180° the voltage and current, respectively, at a point a half 
wavelength nearer the generator. This property of producing a 
180° phase shift in the voltage and current with no change in magni- 
tude (for any terminating impedance) makes the half-wave low-loss 
section extremely useful in feeding antenna arrays. 

Insulating supports should not be spaced at intervals of a half 
wavelength on a nonresonant line. Such supports, even when 
they have no leakage or dielectric loss, have the effect of placing 
some small capacitances across the line. If these capacitances 
were placed at half-wavelength intervals, their shunting effect 
would be cumulative, since- the half-wavelength spacing would 
effectively place them all in parallel at one point of the line. The 
insulators cause the parameters of the line to be discontinuous, 
giving rise to reflections. These reflections add up in phase when 
the spacing of the insulators is one-half wavelength. If the insu- 
lators are spaced at quarter-wavelength intervals, the reflections 
are out of phase, and their effect is minimized. If there are many 
insulators per wavelength, say 10 or more, their effect can be taken 
as roughly equivalent to an added distributed capacitance (and 
conductance) averaged over the length of the line. When the 
line is not nonresonant, the disturbing effects of insulators may 
sometimes be minimized by locating the insulators at points of 
voltage minimum. 

V. IMFBDANCB MATCBINO BY MBANat'O^ STUBS 

39. Input Admittance.— -The expression for the input impedance, 
( 18 . 18 ) or (32.1), is 
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„ _ P + jRe tan j9« 
= Ra + jXa 


(39.1) 


This represents the combination of a resistance Rs in series with 
a reactance Xs. 

In the following two sections, impedance-matching schemes 
are considered which employ sections of line placed in parallel 
with the feeder line. It is sometimes more convenient with this 
connection to consider the input at a given point on the feeder in 
terms of admittances, since the admittance of two branches in 
parallel can be added to yield the resultant admittance. This 
principle is the basis of a graphical method to be described later. 

The conductance and susceptance corresponding to the imped- 
ance Zs are obtained by taking the reciprocal of Zs, which is 


y = JL = 1 + qZr tan ffs 

Zs Rc Zjt + jRc tan /3s 

Dividing the numerator and denominator by RJZr 


y _ fi Yr tan 

‘G. +jT,tan^s 

or, by definition of conductance and susceptance, 


(39.2) 


(39.3) 


Y a = Gs — jBa 

where G is the conductance and B is the susceptance.^ Equation 
(39.3) is the same in form as (39.1); impedances in (39.1) are 
replaced by their corresponding admittances in (39.3). 

A line is “fiat” or nonresonant when terminated in a load 
impedance or in an admittance Gc — \/Re. 

40. Single-stub Impedance Matching. — It is possible to match 
any antenna or load to a transmission line by means of a sin^e open 
or closed stub of suitable length, placed on the feeder at the proper 
point. The method is illustrated in Fig. 40.1 for an open stub and 
a two-wire feeder. 

The operation of the stub may be explained as follows: When 
the load impedance is not equal to Rc (or when the load admittance 
is not equal to G.), the magnitude and phase of E and I vary. Fig. 
28.1. The admittance looking toward the load changes as the 
distance from the load increases. At a voltage maximum, the 

'American Standard Definitions of Electrical Terms, ASA-Cffi,j^d941| 
AmHioan Institute of Eleotriesl Engineers. f 
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impedance looking toward the load is a pure resistance pJ?®; there- 
fore the admittance is a pure conductance or ft/p. This 
conductance is less than ft. Similarly, at a voltage minimum, 
the impedance is a pure resistance Re/p; the admittance is a pure 
conductance pGe- This conductance is greater than ft. At some 
point between a voltage maximum and the adjacent voltage mini- 
mum, the conductance is equal to ft, and at this point the stub 
is located. 

At this point, there is some susceptance because the admittance 
of a section of line is a pure conductance only at a voltage node or 
loop. To balance out this susceptance, the stub is added in paral- 
lel; the length and termination of the stub are adjusted so that the 



Fio. 40.1. — The use of an open stub to match a load to a transmission-line feeder, 
open-wire construction. 


total susceptance of the parallel circuit (at the points CD in Fig. 
40.1) is zero and the total admittance is a pure conductance equal 
to Ge- Then, at CD, the feeder is terminated by a conductance 
equal to Ge or a resistance equal to Re, and standing waves on the 
feeder are eliminated. 

The formulas for the location and lengths of the stubs are 
simplified by expressing the admittances in terms of the dimension- 
less ratio 

^ - jbi 


where Y is the admittance in mhos. The quantity yi may be 
called “per unit admittance,” and gi and bi may be called “per 
unit conductance” and “per unit susceptance.” For a load 
impedance Z» 

(40.1) 

whete + XD and - (BJ[m)/(BI + XP. 
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For an open stub, Fig. 40.1, the distance d from the load to the 
stub and the length di of the stub are given by 


tan jSdi 
tan /3d = 


-4 


(gift — 1 )^ + biR 

ffiji 
ffijt 1 


gift tan fidi + but 
If the angles /Sdi and /3d are expressed in degrees 

, . (/3d i) in degrees 

^ 360 

^ ^ (/3d) in degrees 

^ ^ 360 

where X is the wavelength on the line. 

LOAD 


for 

open 

stub 




(o) 


B 


dt 



(40.2) 

(40.3) 

(40.4) 

(40.5) 


Fig. 40.2.^ — Closed-stub construction on two- wire and coaxial feeders. 

For a closed stub. Fig. 40.2, the distance d from the load to the 
stub and the length di of the stub are given by 


cot 0di 


^4 


(1 - g.nr + bl 


IK 


tan pd = 


OlK 
1 ~ ffm 


gijt cot 0di — bin J 


for 

closed 

stub 


(40.6) 

(40.7) 


If stubs less than X/4 in length are used, a closed stub can be 
placed nearer the load than any other stub when gm < 1, and an 
open stub can be placed nearer the load than any other stub when 
gis > 1 . 

When the value of the load impedance is not known, the location 
and length of the stub may be determined from the standing-wave 
distribution on the line. If p is the standing-wave ratio on the 
feeder before the addition of the stub, and if d is measured toward 
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the generator from the position of a voltage maximum, then, for 
a closed stub, 


cot = + — -7-- 
VP 

tan fid — ± \/p J 


for closed stub 
d measured from 


(40.8) 

(40.9) 


These equations are obtained from (40.6) and (40.7) by setting 
giR *= 1/p and 6ijj = 0, since at a voltage maximum the line is in 
effect terminated by a resistance p7?c. If d is measured toward 
the generator from the position of a voltage minimum, 


cot fidi = + 
tan fid ~ ± 



for closed stub 
d measured from Enm 


(40.10) 

(40.11) 


These equations are obtained from (40.6) and (40.7) by setting 
giR = p and bia = 0, since at a voltage minimum the line in effect 
is terminated by a resistance Re/ p. 

Similar equations may be written for an open stub. Comparison 
of these equations would show that, when p is equal to 2.62, an 
open or closed stub of equal length may be used. When p is greater 
than 2.62, a closed stub is the shortest that may be used; and, 
when p is less than 2.62, an open stub is the shortest that may be 
used. However, the closed stub is preferred, because its length 
may be more easily adjusted and the shorting bar or piston adds 
mechanical support. 

The ^'short-circuiting^^ wire of a two-wire closed stub has an 
inductance approximately equivalent to a length of line D/2 
terminated by a zero impedance. Therefore, it is sometimes 
advisable, Sec. 27, to deduct D/2 from the lengths of the closed 
two-wire stubs, as given by the formulas of this section. For 
coaxial stubs, no such correction is necessary. 

41. Double-stub Impedance Matching. — ^Although the single 
stub is extremely simple in its application, it has some disadvan- 
tages. It is not always convenient to provide an adjustment in the 
position of the stub, especially when coaxial cable is used. Also, 
an open stub may not be lengthened easily. To overcome these 
difficulties, two closed stubs of adjustable length but fixed spacing 
sometimes are used. 

The load impedance involves two variables, Xr and Rr, To 
match this impedance to the line, two variable adjustments are 
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required. For the siogle stub, the adjustments are the position 
and the length of the stub. For the double-stub method, the 
spacing of the stubs is fixed, and the two adjustments are the 
lengths of the two stubs. A given spacing will not accommodate 
all impedances, but the spacing can be chosen so that the range of 
impedances is suflBciently wide to allow for any ^ght variations in 
load or frequency that may be encountered with a given type of 
equipment. 

The arrangement of the stubs is indicated in Fig. 41.1. A 
spacing X/2 between the stubs is not useful, since it provides no 
impedance transformation. For the same reason, the spacing 
should not be too close. If di is the length of the closed stub at 



(a) (6) 

Fig. 41.1. — Double-stub impedance-matching arrangement for (a) two-wire line, 

(6) coaxial line. 


the “load,” and di is the length of the closed stub at a distance d 
from the “load” 

cot pdi = + — -s/ cot® Pd — giK 1 — cot (41.1) 

Vfl'li! 

cot /3d* = + -v/ffis Vcot® ^d - { 7 i« -I- 1 - cot /3d - hiR (41.2) 

The “load” which is matched to the feeder is that portion of the 
system which is to the right of the terminals AB, Fig. 41.1, not 
including the stub d*. If there is a length of transmission line 
between the terminals AB, Fig. 41.1, and the antenna or load to 
which the power is delivered, the input impedance or admittance 
of this length of line is the “load” impedance or admittance to be 
used in (40.1) to calculate the gis and for (41.1) and (41.2). 

The quantities under the square-root signs in (41.1) and (41.2) 
must be positive. Therefore the requirement that 

cot® ^ + 1 ^ 1 

must be met. Hence, for a given spacing d between stubs, the 
greatest per unit conductance that can be matched to the feeder is 

= 1 -f- cot® /8d (41.3) 
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The susceptance of the “load"' imposes no limitation, since it is in 
parallel with the susceptance of the stub d 2 , which is adjustable to 
yield the per unit susceptance required by (41.2). Except when 
giB has the maximum allowable value, the choice of the + or — 
sign In (41.1) and (41.2) determines one of two possible combina- 
tions of di and di that will effect the impedance match. The same 
sign must be chosen in both equations. Since at a voltage maxi- 
mum the feeder is terminated by a resistance pRe whose qir is 1/p, 
which is less than 1, a double-stub arrangement with any useful 
spacing between stubs may always be used if the stub d 2 is placed 
at the location of a voltage maximum, and the distance d measured 
from this location toward the generator. 

For d = X/4, 0d = t/2 or 90®, and (41.1) and (41.2) become 


cot fidi = ± 


V 1 — giR 


cot jSda = i V^l Q^r 


with 
d = X/4 


(41.4) 

(41.5) 


The per unit conductance looking toward the load at the junction 
of stub d 2 must be equal to or less than 1. 

For d = 3X/8, ^d = 3ir/2 or 135®, and d\ and are given by 


cot /3di = ± 


\/2 ~ giR -j- 1 




cot (3^2 = i'v/ giB ■\/2 — gin + 1 — 


with 

d = 3X/8 


(4L6) 

(41.7) 


The per unit conductance looking toward the load at the junction 
of stub d 2 must be equal to or less than 2. 

The location and length of the stubs may be determined from 
the observed standing-wave distribution on the feeder before the 
addition of the stubs. If, for example, the stub d 2 is located at a 
voltage maximum, the admittance looking toward the load is a 
conductance (7c/p, so that giR ^ l/p and bm = 0 at this point. 
Then with d = X/4 


Withd 


cot jSdi = ± \/p — 1 

cot Pd 2 = ± — " — ^ 
P 


with 
d X/4 
stub dt at Et 


3X/8 


cot jSdi »= ±\/2p—l + l 
cot |8d, = ± ~ ^ + 1 


with 

d = 3X/8 
stub df at Em 


(41.8) 

(41.9) 

(41.10) 

(41.11) 


P 
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42. Measurement of Wavelength. — The resonant properties of a 
short-circuited transmission line are utilized frequently for meas- 
uring the wavelength and hence the frequency. It is shown, Sec. 
22, that the input impedance of a short-circuited dissipationless 
line is zero for lengths of line that are multiples of a half wavelength. 
Actually the impedance is finite but very small, being approximately 
equal to Roas at the half-wavelength points. If such a short- 
circuited line is coupled more or less loosely to an oscillator, and 
the short circuit is moved along the line, at certain positions the 
input impedance to the line will be very low; in effect the line will 
couple a resonant circuit to the oscillator, and there will be a 
marked reaction on the oscillator usually in the form of a decided 
decrease in the amplitude of oscillation. This reaction may be 
noted by observing some indicating instrument built into the 



Fig. 42.1. — Current in a short-circuiting bar as a function of the distance a between 
generator and bar (not drawn to scale). 

oscillator circuit or by noting the decrease in the oscillator output 
by means of a near-by receiver. The distance between two adjacent 
locations of the short-circuiting bar at which resonance occurs is 
one-half wavelength on the line. 

When this measurement is performed with open-wire lines, 
some provision must be made for isolating the unused portion of 
the line. This isolation may take the form of a shield or may consist 
of a supplementary short-circuiting bar placed on the unused 
portion of the line at a distance X/4 from the main short-circuiting 
bar. When a costal line is used, the short circuit is made by a 
movable plunger. The field of the short-circuited line is contained 
entirely within the cavity bounded by the plunger, and special 
means of isolation are not required. 

Another method is to observe the current in a short-circuiting 
bar as the bar is moved alcmg a two-wire line, provision being made 
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to isolate the unused part of the line. Figure 42.1 shows a plot 
of the current in the short circuit (nowhere else on the line) as a 
function of the distance between the short circuit and the gener- 
ator. The graph is not drawn to scale, because of the extremely 
great difference between the magnitudes of maxima and minima 
of current. The current at all minima is practically the same and 
equal to Es/Rej where Es is the voltage applied to the input ter- 
minals of the line. The minima occur at the odd-numbered quarter- 
wavelength intervals. At the half-wavelength intervals, the current 
exhibits very sharp peaks, having a value Es/Rcocs, where s, at 
the points of current maxima, takes on values that are multiples 
of a half wavelength. The sharpness of the peaks may be expressed 
in terms of their width at the half-power point, i.c., in terms of their 
width at those points where the current has fallen to 0.707 of the 
maximum. If d' denotes the distance from any one peak to any 
one of the near-by points at which the current has fallen to 0.707 
of the value at the peak, the distance d' is given by 


d' = 


a 



SO that the relative width of the peaks of Fig. 42.1 is 

For low-loss lines in which r wZ and g coc, 


L + iL = 1 

p 0)1 0)C Q 


(42.1) 


The Q of a transmission line can be very high, of the order of 1,000, 
so that the position of the current peaks can be located accurately. 

With proper technique, the wavelength may be measured with 
fairly high precision, using resonant transmission lines of coaxial 
or of open-wire construction. When a two-wire line is employed, 
this measurement is commonly named the measurement of wave- 
length by means of Lecher wires, since Lecher was one of the first 
to investigate the resonant properties of transmission lines at radio 
frequencies. 


VI. CmCLB DUGBAM 

The computation for numerical problems may often be simplified 
or diminated by using graphs or diagrams. The accuracy depends 
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upon the scale to which the diagram is drawn and the ease with 
which interpolations can be made between the lines on the diagram. 
The chart now to be described involves two families of circles and 
will be called the ‘‘circle diagram.’^ 

43. Construction of Circle Diagram. — The chart for the dis- 
sipationless line is based upon the fact that the graph of Za, (39.1), 
for any value of is a circle as s is varied. Similarly, the graph 
of Ysy (39.3), is also a circle. There will be different circles for 
different values oi Zr or Y r. These are the circles that surround 
the point 1,0 in Fig. 43.1. 

All the algebraic manipulations involved in the derivation will 
not be given here, but the principal steps will be outlined. The 
reflection coeflBicient of (21,1) involves a magnitude and an angle, 

|r| = \T\/± = irle'^ (43.1) 


The impedance Zs may be expressed, from (21.2) and (21.4), with 


d = a, a& 


Za = Rc 


1 + |rk'* 


(43.2) 


where ^ ^ — 2/3s. 

To make the diagram applicable to all lines regardless of Rc, 
the value of Zs is expressed in terms of Rc by 


Zs 

Rc 


= ri + jxi 


(43.3) 


the subscript 1 denoting “per unit” values, with Rc as the unit. 
Then 


from which 


ri + jxi 


1 + 

rle''* 

1 - 

rie'> 


irl€»> = 


ri - 1 + jxi 
ri + 1 + jXi 


(43.4) 

(43.5) 


The terms on each side of (43.5) are equal complex numbers and 
hence have equal magnitudes and equal angles. Equating the 
magnitudes 

+ («-6) 

which is the equation of a circle whose center is on the horizontal 
axis of Fig. 43.1 at a distance (1 + lrp)/(l — |r|*) from the origin, 
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Fig. 43.1. — Circle diagram for transmission lines* 


Equating the angles (actually by equating their tangents) 


(*‘ - 1^) 


1 + r-^-7 “ (43.7) 

tan* 4 > sii^* ^ ' 


which is the equation of a circle whose center is on the ve^cal 
axis at a distance 1/tan 0 below the origin, and whose radius is 
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1/sin 4>. For various values of <l>, the circles passing through the 
point 1,0 are obtained. In constructing the chart, |r| is assumed 
real and positive, and the circles of constant 4> are marked with the 
value of fis corresponding to —0/2 as determined from (43.2). 
The reciprocal of Zs is 

jBs 

As 

SO that 

(43.8) 


This is also the reciprocal of (43.3) and (43.4), so that 


Gc 


= gi- jbi 


i-|r 


1 + |r 



(43.9) 


Equation (43.9) is the same in form as (43.4) and leads to the same 
families of circles defined by (43.6) and (43.7); replacing ri by gi, 
xi by — 6i, +|rl by — lr|, would cause no change in the form of 
either (43.6) or (43.7). 

Since Y is defined as G — jB, where G = R/{R^ + X^) and 
B = X/{R^ + X^), the imaginary term in (43.9) takes the minus 
sign. This is taken care of in the circle diagram by plotting — 6i 
instead of 6 1 in the vertical direction, so that ri + is plotted in 
the same way as gi +j(—bi), and the diagram may be used with 
the same numerical values attached to the coordinate lines marked 
on the diagram. 

44, Input Impedance. — ^To determine the input impedance of a 
line with a finite Zs by means of the diagram, the procedure is as 
follows: First determine ZrIRc* Enter the chart at the point 
whose coordinates ri + jx\ correspond to Zs/Re* Follow the 
r-circle passing through this point, moving clockwise in the dia- 
gram, through an angle fis as denoted by the 0-circles (interpolation 
may be necessary). Read the coordinates corresponding to this 
second point. Then Zs « Rdri + jxi), where ri and Xi are the 
coordinates of this second point. 

Example . — Let Re - 600 ohms, Zr ■■ 1,000 + j760, and — 60®. Now 
Zr/Rc "" 2 + iL6. Enter the chart at this point, Ilg. 44.1, which falls on the 
0-circle marked 165®. To 166® add 60®, giving 215®, which on the diagram is 
equivalent to 216® — 180® *« 36®. (Any mxiltiple of 180® may be added or 
subtracted since the standing-wave pattern on a dissipationless line and the 
corresponding changes in impedance repeat every hall Wavelength). Following 
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the r-circle that passes through the first point 2 jl.b, arofind to 35° gives 
the coordinates of the second point, in this case 0.77 —^1.09. Then 

Zs » 500(0.77 ~ il.09) = 385 - j545 ohms. 

The r-circle of this example intersects the ri axis at the point 3.33 H-jO. 
If the line were terminated in Zr = (3.33 -f j0)Re and were 165° long, Zs would 
equal (2 + jl.b)Re. Therefore, the load impedance of the preceding paragraph 
is equivalent to a length of line corresponding to /3s = 165° and terminated in a 
resistance S.SSRe. This is the significance of the 165° attached to the <^circle 



Fig. 44.1. — Solution for the input impedance of a line by means of the circle diagram. 

passing through the first point in the problem. The standing-wave ratio is 
given by that intersection of the r-circle with the axis of reals, which is to the 
right of the point 1,0. In this example, p «« 3.33. 

A computation by formula (39.1) gives Zs •* 382 —^547. The use of the 
chart saves a substantial amount of time. 

46* Input Admittance. — ^The input admittance may be obtained 
by a method that is practically identical with the procedure of 
Sec. 44, since the admittance equation (39.3) has the same form as 
the impedance equation (39.1). 
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The admittance of the load must be known or calculated from 
the impedance. The first step is to determine Yr/Gc or Rc/Zr 
and express the result in the form gi + Enter the chart, 

Fig. 43.1, at the point whose horizontal coordinate is gi and whose 
vertical coordinate is — &i. Then follow the F-circle, moving 
clockwise in the diagram, through an angle Ps as denoted by the 
^circles. Read the coordinates corresponding to this second point. 



Then Ya == (flfi — jbi)Gc or (gi — where gi and — 6i are 

the values read from the chart. Any point in the upper half of 
the diagram designates a capacitive susceptance, and any point in the 
lower half of the diagram designates an inductive susceptance. 

Example.— Let Y» « (5 -^3) • 10“«, Rc « 500, and ps « 128®. Then 
Yr/Go “ 2.5 — il.5. This point corresponds to an inductive susceptance and 
is to be found in the lower half of the diagram. Enter the chart at the point 
that is 2.5 units to the right of the origin and 1.5 units down from the origin, 
Fig. 45.1. The angle of the ^-circle passing through this point is 11® (by inter- 
polation). To 11® add 128®, giving 139®. Follow the T-circle passing through 
the first point to the intersection with the ^irde corresponding to 139®. 
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This second point is 0.6 unit to the right of the origin and 0.95 unit above the 
origin. Then Ys =* (0.6 -f- j0.95)G^fl «* (1.2 +il.9) • lO**® mho. 

46. Open-circuit Input Impedance. — An open-circuited line is 
terminated in an infinite impedance, so that the F-circle corre- 
sponding to Zr/Rc is infinite in radius. From the construction of 
the diagram, it is evident that, as the radius of the F-circle increases, 
the circles approach the left-hand margin of the diagram. In the 
limit, the radius becomes infinite, and the left-hand margin is the 
F-circle for an open-circuited line. Each point on the left-hand 
margin has associated with it an angle denoting the ^circle, and 
a coordinate Xi. The value equals Zs/Rc for the open-circuited 
line whose fis equals the angle of the encircle passing through the 
point 0, Xi on the left-hand margin. 

Example. — ^To find the impedance of an open-circuited line O.IX long whose 
Re ~ 72 ohms, pick the point on the left-hand margin, Fig. 43.1, corresponding 
to 0.1(360°) » 36°. The vertical coordinate of this point is —1.38. Then 
Zs “ ( — il.38)i2o = — i99 ohms. 

47. Short-circuit Admittance. — short-circuited line is ter- 
minated in an infinite conductance. The radius of the correspond- 
ing F-circle is infinite, as in Sec. 46. The only part of the circle 
appearing on the diagram is the part coinciding with the left-hand 
margin. 

Example. — ^To find the input admittance of a short-circuited line whose Ro 
is 250 ohms and whose length is 0.42X, enter the chart at the left-hand margin, 
Fig. 43.1, at the point corresponding to 0.42(360°) « 151°. The value of — 6i 
associated with this point is 1.80. Then Ya/Ge =■ Qi ji—hi) = 0 +il.80; 
andF^ ** -fil.80/i2e “ +i7.2 • 10“* mho. Another way to state the solution 
is as follows: The vertical coordinate of the point corresponding to 151° is 
+1.80. Then Ys/Gc « +il.80, so that Ys - +jl.S0/Rc « +i7.2 • 10“»mha 

48. Impedances and Admittances. — ^The chart may be used to 
compute the reciprocal of a complex number and thus may be used 
to determine Y = 1/Z or Z = 1/7. The proof of this is based 
upon the transforming properties of a quarter-wavelength section. 
For such a section 

Zr\ ffs — 90° 

Dividing both sides of the equation by R. and replacing 1/Zs by 
y. and R. by 1/G, 
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For computation purposes, Rc may be assumed to have any con- 
venient value. 

The procedure to find F = 1/Z is as follows: Divide Z by 
any convenient real number J?, so that the quotient defines a 
point that falls within the range of the chart. This point corre- 
sponds to the left-hand member of (48.1). Enter the chart at 
this point. Follow the corresponding F-circle through an angle 90° 



1 2 3 

Fig. 48.1. — Graphical calculation of the reciprocal of a complex number. 

(as denoted by the circles), locating the second point. This 
second point denotes the complex number gi — jhi which is the 
right-hand member of (48.1). Then F = (gi — jbi)/Rc- 

Example. — ^To find tlie admittance of the impedance Z » 210 -f jSOO ohms, 
divide Z by any assumed value of Rc such as 300 so that Z/300 * 0.7 -f jl.O. 
Enter the chart at the point that is 0.7 unit to the right of the origin and 1.0 unit 
above the origin, Fig. 48.1. The corresponding ^ is 142^, Follow the T-circle 
pasring through this point to the Circle whose angle is 142*^ ± 90*^ or 52*^. 
This second point is 0.47 unit to the right of the origin and 0.67 unit below 
the origin. Then gi jbi ■<* 0.47 —^0.67 * Y/Oc from (48.1). The required 
Y is (0.47 - j0.67)/300 - (1.67 - ^223) • 10“» mho. 
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A consequence of the reciprocal relationship of (48.1) is that the r-circle 
passing through a point such as 2 passes through its reciprocal point 
} +y0; the r-circle passing through the point 3 + jO passes through the point 
i + iOi This principle is sometimes useful in locating the proper T-circle 

in the region where the lines on the diagram are necessarily crowded. 

49 . Single Stubs. — At the point where the stub is connected to 
the transmission line, the feeder is terminated by the combination 
of the stub in parallel with that portion of the line connected to 
the load or antenna. Since the admittances of parallel branches 
can be added, the graphical solution is carried out in terms of 
admittances. 

Let Yr he the complex admittance of the load or antenna, and 
Gc the characteristic admittance of the line. Enter the chart at 
the point whose coordinates are Yr/Gc- Note the angle of the 
<#Hcircle passing through this point, the first point in obtaining the 
solution. Follow the F-circle passing through the first point, 
moving clockwise to the intersection of this F-circle with the vertical 
line on the chart denoting the locus of all points whose horizontal 
coordinate is unity. Note the angle of the <^circle passing through 
this intersection, which shall be termed* the second point. The 
total angle ^Hurned through^^ in following the clockwise path from 
the first point to the second point is the value of fid, where d is 
the distance between the load and the stub. The next step is to 
locate a third point on the left-hand margin of the chart, whose 
vertical coordinate is the negative of the vertical coordinate of the 
second point. The angle of the ^circle passing through this third 
point is the value of fidi where di is the length of the closed stub 
that will accomplish the desired impedance match. ^ If the value 
of pdi as read from the chart is greater than 90®, the closed stub 
may be replaced by an open stub one-quarter wavelength shorter. 

In the procedure outlined, the complex number corresponding 
to the second point is the value of Y/Ge looking toward the load 
at the location of the stub, i.e., toward the terminals AB in Figs. 
40.1 and 40.2, from the junction CD. The complex number corre- 
sponding to the third point is the value of Y/Ge looking into the 
stub at the junction CD. The sum of these two complex numbers 
is 1 +j0; therefore the sum of the admittances at the junction is 

* For two-wire lines, it may sometimes be advisable to subtract D/2 from 
the graphically determined value of di, to correct for the inductance of the wire 
closing the stub. 
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Gc(l + jO), and the feeder is terminated in its characteristic con- 
ductance at the junction with the stub. 

Several numerical examples are worked out below. From 
these and from the above, it 'will be seen that, if stubs less than 
X/4 in length are used, a closed stub less than X/4 long can be 
placed closer to the load than any other stub when the real part 
of Yr/Gc is less than 1. Similarly, when the real part of Yr/Gc 



Fig. 49.1. — Graphical calculation of a closed matching stub. 


is greater than 1, an open stub can be placed closer to the load than 
any other stub. 

Example Indicating a Closed Stub , — Let Yr/Go 0.6 — jl.O and X « 1 m. 
Enter the chart at the point 0.6 division to the right of the origin and 1.0 division 
down from the origin, Fig. 49.1. The angle of the ^-circle is 40°. Follow the 
r-circle through this first point clockwise to its intersection with the vertical 
line passing through the point 1,0. The intersection has the coordinates 1, 
-hl.38; the associated 4»-circle has the angle 152°. Then the angle ^d is equal 
to 152° — 40° or 112°. The coordinates of the third point are 0, —1.38; the 
angle of the associated ^-circle is 36°. Then ^di «» 36° for a closed stub. 
Since X » 100 cm, 
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d - 100 - 31.1 cm; di - 100 - 10 cm. 

Examples Indicating an Open Stvh . — Let the impedance of the load be 
Zr « 160 ~ ^120 and the characteristic resistance of the feeder be Re ■■ 600 
ohms* Then Yr/Gc = Rc/Zr = 2 +il.5. Enter the chart at the point that 
is 2 divisions to the right and 1.5 divisions above the origin, Fig. 49.2. This is 
the first point, and the angle of the associated ^-circle is 166®. Follow the 
r-circle passing through the first point clockwise to the intersection with the 
vertical line passing through 1,0. This second point has the coordinates 





Fio. 49.2. — Graphical calculation of an open matching stub. 

1, —1.27; and the associated circle has the angle 29®. The angle ‘‘turned 
through’’ in passing from the first point to the second point is 16® + 29® 
from 166® to 180® and then from 0® to 29®), so that *■ 44®. The next step 
is to locate the third point, which is on the left-hand margin and has the vertical 
coordinate that is the opposite of the vertical coordinate of the second point. 
This third point is 0, +1*27; and the associated ^irde has the angle 142®. 
Then fidi - 142® for a closed stub, or 142® — 90® *» 62® for an open stub. If 
the wavelength X is 50 cm, 

d - (^) 60 - 6.1 cm; 60 - 7.2cm. 

for the open stub. 
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For another example, let Re * 200 ohms, 2’/? « 80 +^*20 ohms, and 
X « 60 cm. Then Yr/Oc * Rc/Zr 2.35 — iO.59. Enter the chart at the 
point that is 2.35 units to the right of the origin and 0.59 unit down from the 
origin. Fig. 49.3. The ^circle corresponding to this point is 7®. Follow 
the r-circle clockwise to its intersection with the vertical line passing through 
1,0. The coordinates of this second point are 1, —0.96; the associated ^circle 
has the angle 32°. Then the angle ''turned through*' is 32° — 7°, or 25°, so that 
fid ■» 25°. The third point has the coordinates 0, -fO.96; the associated 



Fio. 49.3. — Graphical calculation of an open matching stub. 

0-circle has the angle 134°, which is fidi for the closed stub. Then fidi for an 
equivalent open stub is 134° — 90° « 44°. From the above, 

^ “ (sw) " (^0 

60. Double Stubs. — ^In the double-stub arrangement, Fig. 41.1, 
the combined admittance of load and stub dt is transformed by the 
section of line d to an admittance whose per unit conductance is 1. 
The locus of the per unit admittances yi = gi — jbi that will be 
so transformed is 

('■ - ot )’ + “ ( ot )’ 


(50.1) 
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gi 


and 


-6i = cot pd 


2 sin2 

Theiocus circles for d equal to X/8, X/4, and 3X/8 are in Fig. 43.1. 

Example. — I^t YabIGc = 1.5 — jl.O, and d = 3X/8. The first step is to 
add an admittance in the form of a closed stub of length so that the combined 



Fig. 50.1. — Graphical calculation of double matching stubs. 

per unit admittance falls on the locus marked ** Double Stub, 3X/8 Spacing.’^ 
Let this be done by dropping vertically from point 1 at 1.5 — jl.O to point 1\ 
Fig. 50.1, at 1.5 — il.87. The admittance added is — j0.87Ge, which corre- 
sponds to a short-circuited stub 49° long, ^di « 49°. From this point on, the 
solution is the same as for the single stub with /Sd « 135°. Point 2 corresponds 
to a per unit admittance 1 + jl.58, so that the admittance of the stub di must 
be -jl.SSOe as for the single stub, Fig. 49.1. This requires a short-circuited 
stub 32° long, /5d * 32°. 

Vn. GEOTRAL TRANSMISSION-LINE EQUATIONS 

61* Hyperbolic Form, — more*lgeiieral treatment of transmis- 
sion lines is one in which dissipation is taken into account, Ze as 
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given by (8.1) is in general not purely resistive, and the propagation 
constant y as given by (7.1) has a real part that is finite. In many 
cases, however, the losses are so small that Zc is almost purely 
resistive and the approximations of Sec. 14 hold. 

When l/r = clg^ & condition not approached in practice except 
by certain specially constructed telephone lines, Zc is purely resis- 
tive, a is constant, and is proportional to the frequency. Such 
a line causes no phase or frequency distortion in the transmission 
of a signal and is called a distortionless line. 

Dissipation on a line causes the wavelength to be shorter and 
the phase velocity to be less than for an ideal dissipationless line. 
Usually g is smaller compared to wc than is r compared to coZ, so that 
the characteristic impedance is usually slightly capacitive. 

The equations 

E = A cosh yx + B sinh yx 

and 

I = C cosh yx + D sinh yx 

are also solutions to (6.7) and (6.8). In terms of the rms voltage 
and current at the sending end 

E — Ea cosh yx — IsZc sinh yx (51-i) 

Eh 

I — la cosh yx ^ sinh yx (51.2) 

Zte 


and in terms of the voltage and current at the receiving end 

E ^ Er cosh yd + IrZc sinh yd (51.3) 

I — Ir cosh yd + ^ sinh yd (51.4) 

The input impedance Zs is 


„ _ „ Zc-\- Zr tanh ys 
" ~ ‘Zr + Zc tanh ys 


(51.5) 


and Ea and la may be calculated from (18.19) and (18.20). 

62. Incident and Reflected Waves. — The terms of (6.9) may 
still be interpreted as representing incident and reflected waves, 
both of which are attenuated. In terms of Er 


where* 


E = + Ea-e-^^ 

r = ss — ^0 

Ea'*' Za + Ze 


* Under certain conditions, e.g., with a slightly capacitive Zc and a purely 
inductive Za, it is possible to have |r| greater than unity. 
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so that 


Similarly 

where 


Also 


and 


The magnitude of the incident wave is attenuated in the direc- 
tion toward Zr, and the magnitude of the reflected wave is attenu- 
ated in the direction toward Zs- Figure 52.1 shows the change in 

|E»I 

lEiTl 

0 A A IX X 

4 2 4 

Fig. 52.1. — Voltage magnitudes on a line one wavelength long having an attenu- 
ation constant corresponding to 3.8 db per wavelength (aX >■ 0.44 neper) and termin- 
ated in Zje « 3.1 Ze. 

magnitude of the voltage and its incident and reflected components 
on a line one wavelength long having considerable dissipation. 

58. Short-circuited and Open-circuited Lines. — For the short- 


drcuited line, Ea 

— 0 and (51.3) and (51.4) become 



E — IbZc sinh yd 

(53.1) 


I == la cosh yd 

(53.2) 

and 

Za - Z, taah ya 

(63.3) 
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The distribution of current and voltage resembles that shown in 
Fig. 22.5 for magnitudes, except that the height of the maxima 
increases as d increases, and minima are not zero but finite, also 
increasing as d increases. 

When the over-all attenuation as of the line is less than 0.15 
neper or 1.3 db, cosh ad = 1 and sinh ad = ad. Then 

cosh yd = cos fid + jad sin fid 
sinh yd = ad cos fid + j sin fid 

If the length of the line is expressed in terms of the wavelength, 
s — n\ where n is any positive number not necessarily an integer. 



Fig. 53.1. — Current and voltage magnitudes for a short-circuited line whose over-all 
attenuation as is less than 0.1 neper. 

then as = an\ = an(27r/fi) and these approximations hold when 

0.15 

P 


or 




0.15 p ^ 0^ 
IT 2a 20 


i.e., when the line is less than 0/20 wavelengths long. For such 
a line, the voltage and current vary in magnitude as in Fig. 53.1 
The maxima are virtually unchanged, but the minima show a 
perceptible increase. 

For the open-circuited line, Ir = 0, and 



E ^ Er cosh yd 

(53.4) 


I = ^ sinh yd 

(53.5) 

* 

Za * Zc coth ys 

(53.6) 


Thus the curves of current and voltage are interchanged, as in 
the dissipationless case. 
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64. Line Terminated in a Finite Impedance. — When the dis- 
sipation in the load is large compared with that in the line, the 
current and voltage distribution resembles that for the dissipation- 
less line, the heights of the maxima and minima increasing as the 
distance from the load increases. The longer the line, the smaller 
is the reflected component at the sending end for any fixed value of 
Zr, Hence the fluctuations in the magnitude of E and 1 are less 
at the sending end than at the receiving end, as, for example, in 
Fig. 52.1. 

The circle diagram may be used with dissipative lines also. 
It was shown by Kennelly that, if a complex hyperbolic angle B is 
defined by 

tanh e = (54.1) 

Lc 

then (51.5) can be expressed as 

Z& = Zr tanh {ys + 6) (54.2) 

Similarly, if a- complex hyperbolic angle (.4/e +i4>/e) is defined by 

= coth +j4-„) (54.3) 

Zs = Zc coth (ys + Ar + j<^R) (54.4) 

^ = coth [as + Ar +j(Ps + 4>/e)] 

= coth (A + j^) (54.5) 

where A may be defined as the combined attenuation factor and 
^ the combined phase factor of the line and the load. If (54.5) 
is plotted on the complex ri, xi plane, an orthogonal family of 
circles is obtained, Fig. 26.1, Chap. III. Curves of constant 
attenuation factor A = Aje + as form the family of circles sur- 
rounding the point 1,0. Curves of constant phase factor 

^ + Ps 

form the family of circles passing through the point 1,0. The value 
of A in nepers and the value of ^ in degrees are marked on Fig. 26.1, 
Chap. IIIA 

^ The circles of constant |r| or constant standing-wave ratio in Fig. 43.1 
correspond to the circles of constant A in Fig. 26.1, Chap. III. In Fig* 43.1 
of Chap. I, the A’s for the unmarked circles are 0.1, 0.2, 0.3, 0*4, 0.5, 0.6» 


then 

or 

ri + jxi = 
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Example , — With Zr/Zo ■» 3 + j3.25, s = 0.6X, as =* 0.1 neper, the problem 
is to determine the input impedance. The first step is to enter the chart at 
ZrIRc, At this point Ar = 0.15 and « 170.5°. Since s = 0.6X, /3s « 216°. 
Then the point on the diagram denoting Zs/Ze is the point given by 

A « 0.15 + 0.1 = 0.25; ^ « 216° -f 170.5° = 386.5” or 26.5° 

The ri, Xi coordinates of this point arc 1 — jl.55; ZsjZc = 1.0 —^*1.55. 


66 . Efficiency. — When the dissipative line is terminated in 
Zc = Rc jXc 

l/i^l = lJs| 6 — (55.1) 

so that the efficiency r} is given by 


^Pr ^ IIeI^Rc ^ 
Ps \Is\nic 


e 


— 2a» 


(55.2) 


There is no simple and rigorous formula for the efficiency in the 
general case. The input and output currents can be computed 
from the equations in Sec. 51 by setting a; = s in (51.1) and (51.2), 
or 'd = 5 in (51.3) and (51.4). In terms of (51.3) and (51.4), 


Then 


Es = Er cosh ys + IrZc sinh ys 
E 

Is = Ir cosh 7 S + sinh 7 s 
Ztc 


_Pr __ {Re)ERlR* 
** Ps (Re)EsIs* 


(55.3) 

(55.4) 

(55.5) 


where (Re) means that only the real part of the product is to be 
taken and Ir* and Is* denote the conjugate of Ir and Is, For a 
low-loss line, it is possible to show^ that 

^ _ sinh 2As , . 

Ps sinh 2{as + A b) ^ ^ ^ 

The condition for maximum efficiency may be determined by 
differentiating (55.6) with respect to ila. The condition is i4ij = 00 
or, from (54.3), Zr = Zc. Then the efficiency is given by (55.2). 
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CHAPTER II 

ANTENNAS 

Electric Circuit Theory and Electromagnetic Theory. — In order 
to understand the behavior of antennas and of electric circuits at 
ultra-high frequencies, it is essential to recognize that phenomena 
of a vastly more general nature are involved than are encountered 
in conventional electric networks. Attention is seldom called to 
the fact that electric-circuit theory which proceeds from Kirchhoff’s 
laws is a highly specialized form of a more general theory. In 
some respects, the situation is like that in mechanics, in which the 
simple law of gravitation due to Newton may be looked upon as a 
special case of a more general law formulated in the theory of 
relativity. Much as Newtonian mechanics is adequate for the 
mechanical engineer, ordinary electric-circuit theory is accurate for 
the requirements of electrical power engineering and for many 
requirements in communications. But even as Newton^s laws of 
motion are inadequate in dealing with atomic phenomena and some 
astronomical problems, so ordinary electric-circuit theory fails 
when applied to antennas and to most circuits that are to be used 
at ultra-high frequencies. The reason is that the conditions that 
limit the generality of Newton's laws on the one hand, or the 
theorems of electric-circuit theory on the other, are not satisfied. 
For those who have assumed that Kirchhoff's laws are perfectly 
general, a series of surprises is in store. They may, in fact, feel 
like Alice when the Red Queen was annoyed by her reluctance to 
believe ''six impossible things before breakfast." But presently 
they may return through the Looking Glass and discover that they 
have been living in the one-dimensional Wonderland of electric- 
circuit theory and that Nature is as simple as this suggests only in 
sufficiently small spaces. 

It is difficult to understand the structure of general electro- 
magnetism without first learning the appropriate symbolism, that 
of mathematics. But if one is willing to accept some things on 
faith and to meet others with an open, perhaps even an adventurous 
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mind, a degree of familiarity with many electromagnetic phe- 
nomena can be acquired from a qualitative discussion.^ 

The fundamental problem of all communication networks is 
to devise circuits such that a desired effect is produced and all 
interfering effects are minimized. Such an effect may consist 
merely of the ringing of a bell when a button is pressed, or it may 
be the sound of a man’s voice in London when the man is speaking 
in Boston. Its successful accomplishment presupposes a knowledge 
of the laws of interaction among electric charges in motion, not 
only in the familiar cases involving currents in coupled coils and 
charges accumulating in capacitances or streaming between the 
electrodes of a vacuum tube, but also when a current in an antenna 
causes other smaller currents in countless conductors throughout 
the universe. It is especially in this last case that the simple 
laws of Coulomb and of Ampere, as well as those of Kirchhofif, no 
longer serve. 


I. A QUALITATIVE INTRODUCTION 
TO GENERAL ELECTROMAGNETIC THEORY 

1. Electric Charges and Currents and the Electromagnetic 
Field. — The equations of electromagnetism formulate in as general 
a manner as possible the experimentally observed fact that the 
electric charges contained in conductors and nonconductors always 
exert forces upon one another both when they are at rest and when 
they are in motion relative to one another. The magnitude and 
the direction of the forces due to one group of charges acting upon 
another group depend upon many factors. These include the shape 
and the size of the circuits in which the charges are moving or are 
at rest, the distances between elements of the circuits, the magni- 
tudes and relative directions of currents, and the electrical prop- 
erties of the materials that are involved. 

Because of the complexity of the problem, it is convenient to 
express the general law of force in two parts. Thus, a mathematical 
structure called the electromagnetic field is first defined in terms 
of the distributions of charge and of current in the one circuit, and 
then the force on the charges in the second circuit is expressed in 
terms of this electromagnetic field. By repeating the process with 
the circuits interchanged, simultaneous equations in the distribu- 

^An introductory mathematical formulation paralleling the qualitative 
one here given is in R. W. P. King, Electromagnetic Engineering/’ Yol. I, 

. McGraw-Hill Book Company, Inc., 1945. 
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tions of charge and of current in the two circuits can be set up. 
Their solution is usually very difficult but has been accomplished 
in a few cases. The electromagnetic field as defined in terms of the 
currents and charges in the first circuit consists of two vectors, an 
electric vector and a magnetic vector, each of which assigns a direc- 
tion and a magnitude to every point in space. Except in electro- 
statics (when no magnetic field is required) and magnetostatics 
(when no electric field is needed), the electric and magnetic fields 
are so closely interrelated that one cannot be defined without the 
other. In fact, both are merely different aspects of a single electro- 
magnetic field. 

In the analytical description of the electromagnetic field, it is 
convenient to introduce two universal constants which are deter- 
mined by measurement. In the rationalized mks system of units, 
these constants are a universal electric constant eo (usually called 
the dielectric constant of space) and a universal magnetic constant 
Mo (commonly called the permeability of space). These have the 
numerical values 

€o = 8.85 • farads/m (1.1) 

Mo = 4^ • 10~^ henrys/m (1.2) 

Important combinations of these, which are also universal con- 
stants, are a characteristic velocity Vc and a characteristic resistance 
(Rc. These ^ are defined by 


Vc = / — = 3 • 10® m/sec 

VMoeo 

(1.3) 

(R, = . P = 376.7 = 1207 r ohms 
\ €0 

(1.4) 


In the mks system of units, the electromagnetic field in non- 
ferromagnetic media may be expressed in terms of the electric 
8-field measured in volts/meter and the magnetic JC-field measured 
in amperes/meter. (When the field due to the current in a coil 
is calculated at low frequencies, the name ampere-turns/meter is 
commonly and conveniently used for the unit of CFC. In the general 
case the added word 'Hums'' has no significance and is therefore 
omitted.) 

The electromagnetic field can be interpreted in one of two ways. 
It may be looked upon as a mathematically convenient step in the 

‘The symbol c is in common use for Vc, especially in optics. To avoid 
confusion with capacitance, it is not used here. 
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calculation of the interaction among electric charges. From this 
point of view, electric charges and the masses that are associated 
with them are treated as primary physical quantities and no par- 
ticular physical significance is attached to the electromagnetic field. 
This interpretation will be followed in the present discussion. The 
second and alternative interpretation is to assume the electro- 
magnetic field to be endowed with fundamental physical significance 
while electric charges are mere singularities in this field. In a 
similar way, masses may be regarded as singularities in a gravi- 
tational field. From the practical point of view, it is immaterial 
whether mathematical or physical significance is attached to the 
electromagnetic and gravitational fields. The present discussion 
is predicated throughout on the point of view that electric and 
magnetic fields are defined merely in order to facilitate the calcu- 
lation of the distributions of charge and current and that these 
distributions are of primary interest in all electric circuits. 

It has been stated that an important part of that fundamental 
problem of producing a desired effect is simultaneously preventing 
undesired effects. For example, in low-frequency circuits, this is 
accomplished by proper orientation of coils to reduce the coupling 
between them, or by shielding. The study of antennas is con- 
siderably simplified if first a clear understanding is obtained of just 
how shielding is accomplished in the light of the statement that 
all charges exert forces upon one another. From this point of 
view, it is necessary to reject the naive belief that a metal shield 
protects the equipment within it from electrical disturbances in 
much the same way that a raincoat protects the wearer in a rain- 
storm. It must be assumed now that the outside currents that 
acted to produce undesired motions of charge in the conductors of 
a radio receiver before a shield was used must continue to act on 
those charges in the same way after the shield is put in place. The 
difference between the unshielded and the shielded state is not 
that the undesired electrical effects caimot penetrate the highly 
conducting shield, but that the currents that are maintained 
in the conducting shield itself are so distributed that their effects 
in producing motions of charge in the receiver are almost exactly 
equal and opposite to those produced by the more distant outside 
currents. Thus, an effective shield may be considered to provide 
an approximate cancellation of nearly equal and opposite effects, 
which are actually experienced by the charges in the wires of the 
receiver. 
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Although it may seem of little practical importance what 
reasoning is used to explain the shielding action of metal containers, 
there is much to be gained in understanding all electrical effects, 
in particular those related to antennas and microwave circuits, if 
the point of departure is always the fundamental postulate that 
all electrical effects are the result of moving charges acting to set 
other charges in motion. For example, the explanation of the 
readily verified fad; that the currents in a coaxial line have an 
extremely small effect on other circuits placed near the line is not 
that the electrical effects cannot pass through the metallic outer 
conductor of the coaxial line, but that equal and opposite currents 
sufficiently close together always act in equal and opposite ways 
at outside points. This same explanation serves admirably for 
the two-wire line and the four-wire line, which likewise produce a 
very small effect on circuits placed near (but not too near) them. 
In open-wire lines, no metallic shields are involved. 

2. The General Law of Electromagnetic Action. — complete 
statement of the general law of force between moving electric 
charges is possible in moderately simple form only with the aid of 
advanced mathematical symbolism. However, the important 
consequences of this law can be summarized qualitatively as follows: 

First, the force acting on the charges in an element of volume B 
(which may form part of an extended conductor belonging to a 
receiving antenna) due to a varying current in another small 
volume A (which may be part of a conductor in a transmitting 
antenna) decreases with increasing separation of the two elements 
A and B, This decrease does not obey a simple inverse-square 
law, as in electrostatics. 

Second, the force acting on the element H at a given instant of 
time Ib is not determined by the distribution and motion of charge 
in element A at this same instant, but by the current in A at an 
earlier time which is given by Ia — Ib — Sab/%> Here Sab is 
the distance between the two elements, and Vc is the universal 
constant velocity defined in (1.3). Electromagnetic action at a 
distance is not instantaneous; it is retarded. It depends not only 
upon the distance between the two elements of volume that contain 
the charges that exert forces upon one another, but also upon the 
time. In effect, a certain length of time elapses before a given 
distribution of charge or current makes itself felt at a distant point. 
This suggests the convenient interpretation that electromagnetic 
effects due to small elements of moving charge appear to travel 
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through space with a finite but high velocity. Since the force on 
the charges at B at time is calculated in terms of the electro- 
magnetic field at B due to the distribution of current and charge at 
A at the earlier time it is often convenient to look upon this 
electromagnetic field as a delivery service that rushes out from A 
with a package of force which it supplies to B after a time of travel 


is (a — 


Sab 

Vc 


( 2 . 1 ) 


If the electromagnetic field is given only mathematical significance, 
the entire picture of a propagation through space is part of the 
convenient but physically meaningless mathematical mechanism 
for calculating results that agree with experiment. If the field is 
assigned a physical reality, the difficulty of propagating something 
physically real through complete emptiness is overcome by invent- 
ing an electromagnetic ether to fill all space. The existence of such 
a medium has never been confirmed experimentally, and some of its 
properties would have to be physically absurd. 

If the group of moving charges at A is separated from those 
at B by a homogeneous medium rather than by space, further 
complications are encountered. Since every medium, whether it 
be conducting or nonconducting, contains electric charges, the 
varying current at A acts upon all the charges contained in 
the medium, and the motions of these, in turn, exert forces upon the 
charges at B. If the conductors (of which the small volumes 
A and B are elements) are completely immersed in a homogeneous 
medium that extends far out beyond A and B in all directions, the 
net effect of the motions of charge in the medium is to reduce the 
apparent velocity with which electromagnetic effects are propa- 
gated from that observed in free space. If the medium is perfectly 
nonconducting, the apparent velocity is 


( 2 . 2 ) 

where /xr is the (dimensionless) relative permeability and €r is the 
(dimensionless) relative dielectric constant of the medium. For 
practically all nonconductors, /Xr equals 1; whereas, for common 
substances, €r may vary from small values such as 2.6 for poly- 
styrene to 81 for water. If the medium is a good conductor of 
conductivity <r(l/ohm-m) or resistivity p( ?= l/cr), then at frequency/ 


t;(m/sec) 



(2.3) 
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This leads to numeric, al values that are very small compared with 
Vc. Care must be taken not to confuse the apparent velocity v 
for electromagnetic effects transmitted entirely through an extended 
conducting medium with that for effects transmitted through space 
along (and only partly through) a good conductor. 

If the attempt is made to discover the significance of a retarded 
rather than of an instantaneous action in terms of a periodic vari- 
ation of current in London as observed in Boston, it is noted that 
an effect that is observed in Boston to vary in time as cos «<, actually 
must be due to a current in London that varies as cos w(< — s/v^. 
Here s is the distance between Boston and London. If numerical 
values are inserted, a time difference of approximately tV sec 
results between the time t when the effect on the current in a 
receiver is observed in Boston and the time {t — s/v^ when the 
current varied in the transmitter in London. From the point of 
view of the listener in Boston, it seems quite unimportant whether 
the signal received at a given instant is due to a current in London 
at that instant or ^ sec earlier. 

The real significance of a retarded action may be understood 
from the following example: Suppose two long parallel wires carry- 
ing equal currents at the same frequency in the same direction and 
in the same phase are separated by a distance s in air such that 
s/vc is exactly one-half period. Then the force acting on a small 
element of conductor A due to the interaction of the current in this 
element with the current in a similar small element of conductor B 
would be one of attraction if ordinary circuit theory with quasi- 
instantaneous action were applicable. Actually, the force on the 
element of current A due to the current in element B must be 
calculated from the current in B at the earlier time t — s/ve. If 
s/ve is one-half period for the two elements under consideration, 
the current in B at the time (f — i period) will have been actually 
in the opposite direction from that in A at time t. Hence the 
interaction will be one of repulsion rather than of attraction. 
Accordingly, in this particular case, the incorrect use of ordinary 
circuit theory would give the effect exactly opposite from that 
of electromagnetic theory. It is clear, therefore, that the time of 
retardation is of fundamental importance in the interaction of 
currents in circuits that are sufficiently extensive. Correct results 
cannot possibly be obtained in such circuits from conventional 
electric-circuit theory. 
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3. Special Case of the Near Zone. — A great simplification is 
possible in the general law of electromagnetic action if the following 
condition is satisfied: 




<< 1 


(3.1) 


where Smu is the maximum separation of currents or charges in the 
circuit or circuits that exert a significant and uncancded effect on 
one another, v is the velocity characteristic of the medium between 
the currents or charges, and X is a constant called the wavelength 
and is defined by 


X 



(3.2) 


The inequality (3.1) is called the condition for the near or indtic- 
tion zone, or for the quasi-stationary state. Whenever it is satis- 
fied, the complicated general laws of electromagnetism reduce to 
the simple laws of electrostatics, magnetostatics, and direct currents 
or low-frequency alternating currents, i.e., whenever the inequality 
is satisfied by a circuit or network, Coulomb’s and Ampfere’s 
inverse-square laws, Kirchhoff’s laws, and the network theorems 
that depend upon them are good approximations. 

The inequality defining the conditions under which electric- 
circuit theory is valid may be interpreted in several ways. If it 
is looked upon as a condition limiting the maximum dimensions 
of a circuit operated at a given frequency, it specifies the near or 
induction zone for that circmt. If the dimensions of the circuit 
are considered fixed and the limiting frequency is defined by the 
inequality, all frequencies below this limit constitute the quasi- 
stationary state. It is to be noted that, if the condition for the 
near zone is actually satisfied by a given circuit operated at a definite 
frequency, the qiuintity us/v is always negligible so that it may be 
set equal to zero. But this is mathematically equivalent to allow- 
ing the velocity v to become infinite. Physically, v is a constant 
that cannot be made infinite at will, but the simplified equations 
resulting from tbe fulfilling of the condition for the near zone are 
actually the same as those which would obtain if v could be made 
infinite. Consequently, the near zone is sometimes referred to as 
the zone in which an infinite characteristic electromagnetic velocity 
may be assumed. 

In comparing the nature of the restriction at different fre- 
quencies on the maximum distance betwe^ parts of circuits that 
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are to be in the near zone with respect to each other, Table 3.1 is 
instructive. It gives numerical values for the extreme distance 
Stnmx as calculated from 

So« 5 0.01 ^ (3.3) 

The double inequality of the original condition is taken to be 
equivalent to requiring to be equal to or less than 1 per cent 
of X/2ir. 


Table 3.1 


11 

3 

1 " 1 


Air 

Water 

Copper 

. 

Air 

Water 

Copper 

1 

Audio 

10* 

1 , 885 km 

209 km 

32 . 4 mm 

3 km 

0 . 33 km 

0 . 05 mm 

Radio 

10* 

1 . 885 km 

0 . 209 km 


3 m 

0.33 m 

1.6- 10“» 

mm 

Ultra-high 

10» 

1.885 m 

0.209 m 

0.0324 

mm 

3 mm 

0.33 mm 

5 • 10-» 

mm 

Super 

10« 

1 . 885 mm 

0 . 209 mm 

1.02 -lO-* 

mm 

1 

3 microns 

0.33 

micron 

1.6 - 10~« 

mm 


Examination of the figures for air in Table 3.1 reveals that, at 
audio frequencies, all networks in practical use are well within the 
near zone, since none is commonly used that extends over distances 
of kilometers. At radio frequencies, most circuits except antennas 
and long transmission lines satisfy the near-zone condition, which 
for 0 ) = 10® requires to be equal to or less than 3 m. At the 
ultra-high frequency for which « = 10®, only extremely small circuit 
elements such as the interelectrode spaces in small vacuum tubes 
are short enough to be measured in millimeters. At still higher 
frequencies, practically no circuit parts of any kind fulfill the 
condition for the near zone. For most good dielectrics, Smmx lies 
between the values for air and distilled water. The column for 
copper shows that, even at a frequency for which « « 10*, is 
extremely small. At audio frequencies, the near-zone condition 
is satisfied only for the cross sections of fine wire. At all higher 
frequencies, it is not fulfilled even for fine wire. It is for this reason 
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that ordinary d-c theory of parallel circuits does not apply to 
parallel filaments in a conductor when used for alternating currents 
except at the very lowest frequencies. In determining both the 
distribution of current in wires and the a-c resistance of wires, 
electromagnetic theory must be used. It leads to the well-known 
formulas for skin effect. 

It may not be obvious immediately w^hy a long transmission 
line can be analyzed using ordinary electric-circuit theory even 
though its length may be many wavelengths, so that the near-zone 
condition is apparently not satisfied. The answer is found in the 
fact that elements of current that exert a significant and uncanceled 
effect on each other lie in the near zone. If the two conductors of 
the line carry equal and opposite currents sufficiently close together, 
all the forces acting on the charges in the element B in Fig. 3.1 
due to the currents and charges in the remainder of the long line 
are negligible compared with the forces due to adjacent elements. 

Thus the force on charges at B due to 
the current at A is practically canceled 
by the nearly equal and opposite 
force at B due to the current at A\ 
The farther from B the two elements 
A and A' are, the more complete is 
the cancellation of their effects at B, Accordingly, if the separation 
b satisfies the condition for the near zone, all the currents that con- 
tribute significant and uncanceled effects at B must lie practically 
within the near zone from B, Thus if the conditiop 


B 


Fia. 3.1.- 


A 

' \ >i 

K, 

“Section of a two-wire 
line. 


b <<<\ (3.4) 

is satisfied, ordinary circuit analysis including Kirchhoff’s laws 
may be applied to an element of the line because the current in the 
far-off parts of the line have a negligible effect on this element. 
If this inequality is not satisfied, ordinary transmission-line theory 
loses its validity, as explained in Chap. 1. 

4. Special Case of the Far Zone. — ^Two circuits are said to be 
in the far zone or radiation zone with respect to each other if the 
following inequalities are satisfied: 


V ” X 

8^>>2h (4.2) 


>> 1 


(4.1) 


where Sana is the shortest distance between any parts of the two 
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circuits and 2h is the maximum extension of either circuit. The 
most important circuits that can be made to lie in the far zone with 
respect to each other are transmitting and receiving antennas. If 
these are many wavelengths apart, they easily satisfy the inequali- 
ties (4.1,2). The complicated general law of retarded electromag- 
netic action at a distance again simplifies, but in an entirely different 
way from that described for the near zone. In this case, there are 
no inverse-square laws for electric and magnetic fields but inverse- 
first-power laws, i.e., the magnitude of the electromagnetic field 
diminishes as 1/s, where s is the distance from the moving charges 
at A to the point B where the field is calculated. 

A further simplification in the far zone is that the electromag- 
netic field is characterized by surfaces of constant phase which are 
great spheres about the center of the circuit at A. These spheres 
expand with a constant radial velocity which in space has the value 
Vc — S • 10* m/sec. Successive surfaces that are in the same phase 
at any instant are all separated by radial differences which are 
integral multiples of X. Thus the electromagnetic field calculated 
at all points in the far zone in space from the currents in a circuit 
of any shape at A may be described in terms of spherical surfaces 
about A on which the electromagnetic vectors are both in the same 
phase. Any given phase travels radially outward with a constant 
velocity Vc. Such expanding spherical surfaces of constant phase of 
the electromagnetic vectors occurring at radial differences of X are 
called electromagnetic waves. 

It is to be noted that it is the phase of the electric and magnetic 
vectors which is the same at all points on a given great sphere at 
any instant and not the amplitude. The amplitude is a function 
of the spherical coordinates 6, % jB, whereas the phase depends on 
R alone. However, at sufliciently great distances and over small 
arcs, the spherical surfaces may be considered approximately plane, 
and the variation in amplitude with 6 and ^ may be neglected. 
Thus the electromagnetic field due to the current in a transmitting 
antenna at points near a sufiS^ciently distant antenna which is itself 
short compared with this distance is characterized by practically 
plane surfaces of constant phase and amplitude, and these are 
called plane waves. 

5« Far Zone. — ^The electromagnetic field in the near zone 
is characterized by an inverse-square law for amplitude and by 
quasi-instantaneous action. It is called the induction field. The 
field in the far zone is characterized by an inverse-first-power law 
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and by spherical waves expanding with a constant radial velocity. 
It is called the radiation field. It is important to bear in mind that 
the field in the intermediate zone, where neither the near- nor the 
far-zone condition is satisfied, is in general not just a superposition 
of an induction and a radiation field. Two mutually contradictory 
interpretations cannot be combined and continue to make sense. 
It has been shown that the induction field is equivalent to assuming 
an infinite velocity of propagation for electromagnetic action. The 
radiation zone, on the other hand, involves a finite velocity Vc. 
The two are mutually exclusive. The electromagnetic field in the 
intermediate zone cannot be partly an induction field with instan- 
taneous action, and partly a radiation field with retarded action. 
It is a single field that obeys a complicated law that involves neither 
instantaneous action with an inverse-square law nor an inverse- 
first-power law with spherical surfaces of constant phase expanding 
with constant radial velocity. It is described in detail in Sec. 35 for 
a symmetrical center-driven antenna for which it assumes a simple 
form. In general, it does not lend itself to simple interpretation. 

6. Closed and Open Circuits. — From the derivation of the word 
circuit, an electric circuit might be expected to consist of a closed 
conducting path around which a stream of electrons may flow. A 
circuit of this type is easily arranged in a variety of forms for use., 
at any frequency. It consists of one or more closed loops of con- 
ductor, parts of which may be made of wires wound into coils or 
resistors. Or it may be a long transmission line with conducting 
terminations. If the circuit is sufficiently small in its extension 
so that all parts lie in the near zone with respect to one another, the 
amplitude of the current will be the same at every cross section in 
each conductor between branch points. If the circuit extends well 
beyond the near zone, as in a long transmission line, the instan- 
taneous amplitude of current is not the same at all points along a 
conductor. Standing or traveling waves of electric current and 
charge must be expected. 

If a circuit is broken by an air gap, it no longer provides a closed 
path for electrons. Nevertheless, alternating currents are possible, 
and since it is the flow of electric charges that is important, not 
the closed conducting path, the word ‘^circuit” is taken to mean 
any conducting path along which electric charges can be set in 
motion, not necessarily a closed path. 

If the gap in the conducting path is between two circular plates 
(of a capacitor, for example) separated a very short distance d 
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compared with their radius b, and if b in turn is very small com- 
pared with X/2ir, or 

d < < 6 < < ^ (6.1) 

an alternating current maintained in the circuit charges the surfaces 
of the plates, one negative the other positive and vice versa as the 
current reverses. The charge density is uniform on the adjacent 
surfaces of the plates, and if the entire circuit is in the near zone 
there are no other points where significant concentrations of charge 
accumulate. Moreover, the current has the same amplitude at 
every cross section of the conductoi around the series circuit; it 
vanishes in the air gap between the plates. Since the electric field 
at all points between the plates is defined in terms of the density of 
electric charge on the adjacent surfaces of the plates, the time rate 
of change of the electric field is proportional to the time rate of 
change of the electric charge, and this in turn is equal in magnitude 
to the current in the outer circuit. A fictitious current, called 
the “displacement current,^' is often defined in terms of the time 
rate of change of the electric field between the plates. It is a 
meaningful quantity only when the conditions (6.1) are satisfied, 
when it permits stating that a “ current exists completely around 
the circuit. In this case, the circuit is called quasi-closed, and the 
word “current’^ is not restricted to moving electric charges. This 
terminology is not used in this chapter; the word current is reserved 
for moving charges. 

At radio and higher frequencies, the current is in a thin layer 
along the surface of the conductor (including the capacitor plates), 
i.e., instead of flowing through the plates of the capacitor in order to 
charge their adjacent surfaces, the charges move radially outward 
along the outer surfaces, around the edges of the plates, and finally 
radially inward. Charge is deposited uniformly on the inner surface 
only if (6.1) is fulfilled. If, for example, 

d <<b and ^ ^ 

the charge is not deposited with uniform density. Radial standing 
waves of electric charge are formed consisting of alternate rings 
of positive and negative charge a quarter period out of phase in 
time with the radial currents in opposite directions on the plates 
betw^n them. If these plates are separated more and more so 
that the distance d between them becomes equal to or greater than 
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the radius b, current can be maintained in the circuit if the frequency 
is raised, and electric charge is still deposited on the plates though 
not on their adjacent sides alone. If the size of the plates is 
reduced to zero and the connecting circuit is straightened into a 
single conductor about X/2 in length with the generator (here 
assumed to be impedanceless for simplicity) connected at its center, 
Fig. 6,1, current persists in the generator and in the adjacent parts 
of the conductor. Instead of depositing electric charge on the 
plates of a capacitor, the current now leaves it on the surface of the 
conductor itself, principally near its ends. 



Fig. 6.1. — Current and charge in a center-driven antenna at four instants in a cycle. 

Several instants in a complete cycle are illustrated in Fig. 6.1. 
In Fig. 6.1a, the current through the generator is maximum in 
the upward direction; no charge has accumulated anywhere. 
A quarter cycle later, Fig. 6.16, the upward current has been 
reduced everywhere to zero. A maximum positive charge has 
been deposited along the upper end of the conductor and a maxi- 
mum negative charge along the lower end. A full half cycle after 
(a) the current in the generator has increased to a maximum value 
downward in (c), while all accumulations of charge have been 
neutralized. A quarter cycle later in (d) the current is again zero 
ever 3 rwhere; positive charge has accumulated along the lower end 
and negative charge along the upper end. 

At first thought, it may appear quite contrary to the elementary 
law of force between electric charges (like charges repel, unlike 
charges attract one another) to have unlike charges separated as 
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far as possible on the conductor. On capacitor plates (usually with 
very small separation), unlike charges are drawn as close together 
as possible on the opposite surfaces. Similarly, along a resonant 
transmission line, an accumulation of charge at a current node 
on one wire is always accompanied by a corresponding accumulation 
of charge of the opposite sign on the adjacent second wire. In both 
cases, unlike charges are drawn together, whereas on the antenna 
they appear to be driven apart. This apparent contradiction 
disappears if account is taken of the fact that the capacitor plates 
and the opposite sections of a transmission line are required to be 
in the near zone, whereas the ends of the antenna may not be in 
the near zone. Thus Coulomb^s law with a quasi-instantaneous 
action applies to the charges on the plates of this capacitor or on 
the adjacent parts of the two-wire line. 

For the antenna, on the other hand, the action between elements 
of charge near the opposite ends is definitely and significantly 
retarded. In fact, the negative charge at the extreme top in (d) 
is actually experiencing the repulsion due to the negative charge 
which was at the extreme bottom a half cycle earlier in (6), and 
not an attraction due to the positive charge which is at the lower 
end at this instant (d). This positive charge has no effect whatever 
on the negative charge that is at the top at this instant, because it 
takes a full half period before the effect can be experienced at any 
point a half wavelength distant. When the effect of the positive 
charge is felt at the top, the top is charged positively. Thus, 
without attempting to go into the details of determining the force 
experienced at a given instant by any particular element of charge 
due to all the charges in the antenna at appropriate earlier times, 
it is clear that the law of attraction and repulsion actually is fulfilled 
and is not violated if account is taken of retardation. 

When the condition for the near zone is not satisfied, there may 
be currents in conductors that are closed or even quasi-closed with a 
capacitor as a gap. The amplitude of the current is not the same 
at different points along a conductor, because electric charge is 
deppsited all along the surface of the conductor. Superficially it 
may appear that an antenna consisting of a straight conductor that 
is an appreciable fraction of a wavelength long and with a generator 
at its center may be looked upon simply as an open-end transmission 
line with the parallel conductor bent to lie along the same axis 
instead of being parallel to each other. Although there is con- 
siderable similarity between the two cases from the point of view 
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of the approximate distribution of current, they are nevertheless 
fundamentally different. The transmission line may be analyzed to 
a good approximation in terms of ordinary electric-circuit theory, 
because equal and opposite currents are very close together. This 
is not true of the antenna and ordinary electric-circuit theory 
cannot be applied. It is fundamentally incorrect to treat a center- 
driven antenna as though it were the bent-open ends of a two-wire 
line. 

Circuits that satisfy the condition for the near zone, either 
because they are sufficiently small or because they have equal and 
opposite currents everywhere so close together that the currents in 
widely separated parts of the circuit exert a negligible effect on 
one another, are analyzed correctly by the methods of ordinary 
electric-circuit theory. All other circuits must be investigated in 
terms of electromagnetism. This nearly always involves a study 
of the electromagnetic field as a useful intermediate step in deter- 
mining distributions of current and charge. 

n. THE DRIVEN ANTENNA AS CIRCUIT ELEMENT 

7. Properties of an Antenna. — An effective antenna is always 
an electric circuit that does not satisfy the conditions for the near 
zone. Its length is usually comparable with the wavelength 
associated with the driving frequency and it is designed so that 
equal and opposite currents are not too close together. The 
simplest and most conunon types of antenna are resonant open 
circuits (important exceptions are the loop and the rhombic); the 
distributions of current and of charge are nonuniform; current 
and charge have maximum values that are a quarter period out of 
phase and are displaced by about X/4 along the antenna. Induc- 
tance and capacitance as used for near-zone circuits with uniform 
current cannot be defined, and ordinary circuit analysis does not 
apply. Nevertheless, a simple antenna that is driven either by 
a generator that is part of a conventional near-zone circuit or 
by a transmission line that in turn is driven by such a generator 
always has two input terminals. Since these are connected to a 
near-zone circuit, they must be very close together compared with 
the wavelength. 

From the point of view of this driving circuit, a symmetrical 
antenna presents a definite impedance just like any other circuit 
element. This impedance may be defined as the ratio the 
applied voltage at the terminals to the input current. Unsym- 
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metrical antennas present certain difficulties considered later. K 
the terminals of what appears to be the antenna are not in the near 
2 one, a part of the remaining circuit leading to the generator must 
be a part of the antenna, and other terminals nearer the generator 
that do lie within the near zone must be used in defining the imped- 
ance. The impedance of an antenna is a complicated function of its 
shape, of the frequency, and of its proximity to other conductors, 
including the earth. With symmetrical antennas, the impedance 
may be measured in conventional ways using bridge or substitution 
methods at radio frequencies and transmission-line methods at 
ultra-high frequencies. The calculation of the impedance of 
antennas is even more difficult than that of the impedance of coils. 
It has been accomplished approximately for some of the simpler 
configurations; qualitative and in some cases quantitative generali- 
zation is possible for other types. Since the determination of 
impedance reduces in effect to the calculation of the input cur- 
rent, a study of the distribution of current along an antenna is a 
prerequisite. 

A simple and important type of antenna is a symmetrical, 
center-driven, straight conductor of small circular cross section. 
The distribution of current along an antenna of this type has been 
analyzed in the form of a series involving powers of the small 
quantity 1/12 where 

a = 2 In ^ (7.1) 

h is the half length of the antenna, and a is the radius. Fortunately 
the leading term in the series is very simple in form and for many 
purposes is entirely adequate. Actually this leading term is the 
hypothetical distribution of current along a perfectly conducting 
antenna of vanishingly small radius. Although such an antenna is 
physically unrealizable, it may be approximated by a copper 
antenna of extremely small radius compared with its length. It 
is simpler to consider first the distribution of current along such an 
antenna and then to describe the departure from this idealized 
distribution for an actual antenna. 

8. Leading Term in the Distribution of Current and of Charge 
along a Center->driveni Highly Conducting Antenna of Extremely 
Small Radius. — If the radius of the cylindrical conductor is 
extremely small compared with its half length h, the instantaneous 
values of current and charge per unit length may be obtained to a 
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good approximation from the following expressions. They are 
strictly correct only in the limit as the radius is made to approach 
zero. Assume that the applied voltage across the terminals is 

either the real or the imaginary part of 

— 2»h 

Zs; + |z| Vo = (8.1) 

and that 

I and q, = (8.2) 

z»-lz| where iz is the complex instantaneous 

— 2 «-h current and qt is the complex instanta- 

Fig. 8.1.— Location of points neous charge per unit length. The 

along the antenna in terms of coordinate z is measured along the 
the 2 coordinate. , 

length of the antenna from the input 
terminals, which are very close together at the center of the antenna. 
Positive values of z are in the upward direction, negative values in 
the downward direction, Fig. 8.1. In (8.2) 

f — ♦ ^ttFq sin P(h — |g|) 

* ~ (Rcil cos fih 
n = + 2ff«ofo cos p{h — | 2 |) 

— C cos fih 


(8.3) 

(8.4) 


The following symbols are used : 


Note that 



u 

Vc 


= 2 In 


2h 


2t 


= 60 ohms 


( 8 . 6 ) 

( 8 . 6 ) 

(8.7) 


The plus sign in (8.4) applies to points in the upper half of the 
antenna where z is positive, the negative sign to the lower half 
where z is negative. The positive direction of the current is taken 
to be upward. If the radius a is allowed to approach zero in the 
limit, the ratio Fo/O must remain finite and nonvanishing. 

It is often convenient to define the input value and the maxi- 
mum value of the current amplitude. The input value To occurs 
at z =• 0; Taw occurs at z = ± (A — X/4). 

f - 2x^0 

“ (She cot fih 


( 8 . 8 ) 
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u 

sin fih 


(8.9) 


Iwxkx is always a fictitious current for antennas that have h less 
than X/4. 

The maximum amplitude of the charge per unit length occurs 
at the ends of the antenna where z — ±h. It is 


0 


max 


4- ^^0^0 
U cos fih 


( 8 . 10 ) 


In terms of (8.8) to (8.10), (8.3) and (8.4) may be written 


Qz = Qmax cos /3(/l — i^l) (8.12) 

If the imaginary part of (8.1) is chosen to represent the applied 
voltage with t^o real, 

Vo sin (at (8.13) 

it == 1/*| cos <at = ifxnaxl sin fi{h — \z\) cos cat (8.14) 

Qz = Qz sin <at = Oma* cos fi{h — \z\) sin cat (8.15) 


The distributions of current and charge as defined are indicated 
qualitatively in Fig. 6.1 for a so-called half-wave dipole with 


t 



i^^max. up 

qz*0 

t«0 




qi^max 

t-f 


Fio. 8.2. — Sinusoidal distributions of current; cosinusoidal distributions of charge 
in a half-wave antenna at four instants in a cycle. 


over-all length 2h = X/2. Corresponding diagrams in which the 
sinusoidal distributions are shown explicitly are reproduced in 
Fig. 8.2. In most cases, it is adequate to show only the distribution 
of current along a resonant antenna at the instant when the current 
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has a maximum value in time. Diagrams for the distribution of 
maximum current and of maximum charge (occurring a quarter 
cycle later) for antennas of different lengths are shown in Fig. 8.3. 
For a center-driven antenna the current always vanishes at the 
ends where the charge per unit length always has its maximum 
value. The distributions are quite different along a receiving 
antenna, as will be described later. 





“VOLTAGE FED“ 

Fig. 8.3. — Sinusoidal distribution of maximum current (solid line) and cosinu- 
soidal distribution of maximum charge (broken line) in infinitely thin center-driven 
antennas of different lengths 2A. 

9. Distribution of Current along a Symmetrical Antenna of 
Small Radius. — The distribution of current along a cylindrical 
antenna of small radius cannot be written in simple analytical 
form. The complex amplitude I» of the current at any point z 
along the antenna may be expressed as 

jlj + t," - Wiz) - (9.1) 

Here D is a real function of h and a but not of z;f(z) and/"(«) 
are real functions of z. The instantaneous value of current corre- 
sponding to the voltage (8.1) is 

[/'(a) cos <d +/"(«) sin w<] 


». = 


(9.2) 
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If the radius is allowed to approach zero, f/' vanishes and 
has the sinusoidal form already described (8.14). If the radius is 
not vanishingly small, differs considerably from the sinusoidal 
form, and //' is significant. This is illustrated in Fig. 9.1 for 
an antenna with h == X/4 and in Fig. 9.3 for an antenna with 
h = 5/8X for both a thin antenna (fi == 30) and a relatively thick 
antenna (12 = 10). The functions /'(z) and /"(z) as used in (9.1) 
are plotted. Note that, in Fig. 9.1, /"(z) (which is proportional to 



^ Fig. 9.1. — Components f'{z) and /"(«) in the complex amplitude of the current 
It given in (9.1) for the upper half of a center-driven antenna; 0 » 30 corresponds 
to a/h » 6.1 X 10"®; 0—10 corresponds to a/h » 1.35 X 10"*. 

t,") is larger than /(a). The amplitude of the total current at any 
point z along the antenna is 

If.l = ^ VITW+ITWI (9-3) 

The phase angle of f, referred to is 

$ == tan-» = tan-> (9-4) 

The function >/[/'(*)]* + [/"(2)]® is plotted in Figs. 9.26 and 9.46 
for the two cases represented in Fip. 9.1 and 9.3, respectively. 
The angle B is given in Figs. 9.2a and 9.4a. It is significant that, 
for the antenna with h = X/4, Fig. 9.2, |f,| is practically a cosine 
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curve and 6 is nearly constant at about —30®. Since the curve 
for = 10 in Fig. 9.1 differs only slightly from the sine curve, the 



Fig. 9.4. — ^Liko Fig. 9.2 for an antenna of greater length. 


distribution of current in antennas with h = X/4 and with a wide 
range of radii can be represented quite accurately by 

Iz = lo cos (9.5) 

For half lengths that do not greatly exceed X/4 or are less than 
X/4, the formula 

tz = fo sin — I^l) (9.6) 

is a reasonably good approximation even for moderately thick 
antennas if JTo is the complex input current defined by 

fo = (9.7) 

where Zo is the input self-impedance defined in Sec. 10. For half 
lengths that considerably exceed X/4, (9.6) is only a rough approxi- 
mation even for relatively thin antennas. 

10. Input Self-impedance of Symmetrical Center-driven An- 
tenna of Small Radios. — ^The input self-impedance of a symmetrical 
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center-driven antenna may be defined in the same way as any other 
impedance, provided that the terminals A and B are separated by a 
negligible distance compared with X/27r. The potential difference 
maintained across the terminals by an external source is fAB] the 
complex amplitude of current entering the one and leaving the 
other terminal is the same if the antenna is symmetrical, or 

h = Ib ( 10 . 1 ) 

Since the terminals A and B are assumed to be very close together, 
so that each is very nearly at the origin {z = 0) of a coordinate 
system with the z axis lying along the axis of the antenna, h can 
be written for I a or for V’ab^ Zq for Then 

Zo = i (10.2) 

f 0 

The function Zab or Zo defines the input self-impedance of the 
antenna if it is so far from other conductors or dielectrics that any 
rearrangement of these has a negligible effect on the current at 
every point in the antenna. This is always true if all other con- 
ductors are in the far zone of the driven antenna in question. 
When an antenna is center-driven from a two-wire line, its input 
terminals are usually separated by the spacing b of the line. 
Although b is assumed to be a very small fraction of a wavelength 
{2irb/\ < < 1), it is not negligible. In fact the question at once 
arises from what point is the half length h measured? In the 
analysis for the self-impedance, it is assumed that the spacing of 
the input terminals is zero, and the half length h is one-half the 
distance from end to end of the antenna. This condition is approxi- 
mated in practice, as in Fig. 10.1. Here an idealized line of zero 
length and zero spacing joins the actual line and the antenna. The 
combined fields of the currents in line and antenna. Fig. 10.16, are 
the same as those of Fig. 10.1a because the field due to the small 
added element of current of length 6 is equal and opposite to that 
of the terminating length 6 of the line. The circuit of Fig. 10.16 
is approximately the one analyzed. It is nearly equivalent to 
an antenna with a concentrated generator at its center and a line 
with a concentrated load at the center of a straight-wire termina- 
tion. Practical arrangements may approximate it more or less 
closely, so that the computed results are a more or less good repre- 

* In dealing with coupled antennas in Sec. 18, the symbol Z,m will be used 
for the self-impedance of antenna m in the presence of other antennas. 
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sentation of an actual circuit. Note that in a thick antenna of 
half length h near X/2, an appreciable concentration of charge 
exists on the adjacent end surfaces of the antenna halves if these 
are close together; this is not considered in the theory. Accord- 
ingly, the agreement between theoretical and experimental values 
should not be expected to be particularly good for thick, voltage-fed 
antennas unless an appropriate capacitance across the terminals is 
included. If an appreciable gap exists between the terminals as in 
Fig. 10.1a, the effect is roughly that of a considerable reduction 
in the effective capacitance of adjacent sections of the antenna 
as compared with the arrangement in Fig. 10.16. Therefore 


i 



(a) 


“ZERO" LENGTH 




( 6 ) 


-“ZERO" 

SPACING 


Fig. 10.1. — (a) Antenna driven from a two-wire line; (6) approximately equivalent 

circuit. 


experimentally determined impedance obtained using the arrange- 
ment of Fig. 10.1a should agree better with the theory if a small 
capacitance is connected across the terminals. In any case, a 
lack of agreement is not necessarily due to errors in either theory or 
experiment but to the fact that they deal with different problems. 
No sound theory is available that takes into account a more compli- 
cated method of driving the antenna than that of a concentrated 
and therefore idealized generator. 

The self-impedance defined in (10.2) is by no means independent 
of the surrounding universe in the sense that all the power supplied 
at the terminals is dissipated in heating the antenna, as would be 
the case for an inductance coU of the ordinary low-frequency type 
if its self-impedance were defined in the same way. This subject 
is expanded later. 

The input self-impedance of a cylindrical and S 3 rmmetrical 
center-driven antenna depends upon the radius a of the antenna 
as well as upon the half length h, and in general is also a function 
of the conductivity tr of the antenna. This last fact increases 
the diflBiculty of the evaluation of the input impedance, because 
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the terms involving cr contain the frequency under a radical. 
This makes it impossible to compute the input impedance of 
antennas in general in terms of a/X and A/X; each antenna must be 
treated -individually at every frequency. Fortunately, the con- 
tributions to the impedance by all terms involving a are small 
enough to be negligible for practical purposes if the conductivity 



is high, as for copper. Accordingly, these terms may be neglected 
for highly conducting antennas such as those of copper, and general 
curves in terms of a/X and H ^ fih == 2^h/\ may be obtained. 

For some purposes, the variable 12 =■ 2 In ^ is convenient and 

has been used in the previous discussion. It is plotted as a function 
of h/a in Fig. 10.2. 

A general but ap'j^oximate formula for the input self-impedance 
of a cylindrical center-driven antenna that satisfies the condition 
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.(R^flrcosff + (l/Q)FiH)' 

Lsin^ + (]/n)(?(^). 


( 10 . 3 ) 


where F{H) and (?(//) are complex functions^ of H. 

General curves for the input resistance and reactance of highly 
conducting antennas are reproduced in the accompanying figures. 



Fia. 1 0.3. — Resistance of antenna computed from (10.3) ; H ■» ** * —• 

X 


Since they are calculated from an approximate formula based on 
idealized driving conditions, they give the correct order of magnitude 

1 Formulas and tables for their evaluation are given in the literature. R. 
King and G. H. Blake, Jr., Proc, In$L Radio Engrs.f Vol. 30, pp. 335-349, 1942. 
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but are not precise. ^ They are in quite good agreement with imped- 
ances measured for antennas terminating a two-wire line.^ In Figs. 
10.3 and 10.5, -Ro is plotted as a function of H using a/X as parameter. 
From the curves, it is to be noted that Ro increases from very small 
values for small values of // to a maximum with H somewhat less 



than T. In practice, antennas may have maxima of Ro ranging from 
300 to 15,000 ohms. An infinitely thin antenna (a — 0) has a maxi- 
mum Ro ^ ^ exactly at J? » A minimum of between 75 and 80 

^ More accurate but lees extensive curves are in R. King and B. Middleton, 
Qtiari, of Appl. Math,, January, 1945. 

> R. Kino and D. D. Kmo, /. Appl Phys,, Vol. 16, p. 445, 1945. 
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ohms is reached somewhat below H = 3^/4; and a second set of 
maxima, slightly lower than the first, is reached atH abit less than 2ir. 

In Figs. 10.4 and 10.6, Xo is plotted as a function of H using 
a/X as parameter. Important points in Fig. 10.6 are vanishing 
values of Xo occurring with H somewhat less than n7r/2, or h some- 



H 

Fig. 10.6. — Enlarged part of Fig. 10.3. 

what lees than n\/4, with n any integer. The condition for which 
Xo vanishes with h near nX/4 and n odd is called input resonance. 
It is characterized by a relatively small value of Ro (near a minimum 
except for n » 1) and may be compared with series resonance in a 
conventional R, L, C circuit in the near zcme. The condition for 
which Xo vanishes with k near »X/2 with n even is called input 
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antiresonance. It is characterized by practically maximum values 
of Rq and may be compared with parallel resonance in conventional 
low-frequency analysis. Xo is negative (the antenna is a capaci- 
tance) for lengths below the first resonance and, as h increases, for 
lengths lying between each antiresonant and the next resonant 
value. Xo is positive (the antenna is an inductance) as /i increases^ 
for lengths lying between each resonant and the next antiresonaiiit 
value. Extreme values of Xo occur for values of h slightly below 



H 

Fig. 10.6. — Enlarged parts of Fig. 10.4. 

and slightly above those producing antiresonance. The extreme 
values are nearly one-half the magnitude of the maximum value 
of Ro which lies between them. Thus an antenna may be either 
capacitive or inductive depending upon its length and the frequency 
at which it is operated. A so-called “short antenna” is always 
capacitive. The leading term in the formula for Zo is 

Zo = -i60a cot H (10.4) 

The leading term in Ro does not have the factor Q which approaches 
infinity as the radius a approaches zero. For values of H not near 
those producing resonance, (10.4) is a rough approximation for 
Zo for thin antennas. 
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Figures 10.7 to 10.9 give the same data as Figs. 10.3 and 10.4 
but with a/X used as variable and H as parameter. The curves 
marked Hr are plotted with H adjusted to maintain resonance or 



a/x 

Fig. 10.7. — Resistance of antenna. The parameter numbering the curves is 

H « The curve marked Hr is for antiresonant lengths. 

A 

antiresonance as a/\ is varied. For many purposes, these curves 
are more convenient than those of Figs. 10.3 and 10.4. Because 
the curves are smooth and slowly varying, extrapolation to c<hi- 
siderably larger values of o/X than 10~* should give good approxima- 
tions. The range of the variable Q for practical antennas lies 
between 6 or 7 and 30. The analysis from which all the impedance 
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curves were calculated assumed that was negligible compared 
with unity. Accordingly, smaller values than = 10 were not 
used and the curves are much less accurate for 12 = 10 than for 
12 > 15. 
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Fiq. 10.8. — Extension of Fig. 10.7. The curve marked Hr is for resonant lengths. 


In Fig. 10.10, Ro is given as a function of 12 with H adjusted to 
maintain resonance. For the range of 12 from 10 to 30, 
varies from 68 to 68 ohms for the first resonance (n «» 1). It 
reaches the value 73.13 ohms for an infinitely thin antenna only. 
For the second resonance (n « 3), (i2o)». varies from 81 to 97 ohms 
with 106.6 the asymptotic value for the infinitely thin antenna 
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(o =• 0, Si = «). Figure 10.12 shows the curve for n = 1 in 
Fig. 10.11 extrapolated to a point giving the radiation resistance of 
a sphere plotted as though for a cylinder with h = a. In Fig. 10.12, 
the maximum (practically antiresonant) values of i?o are given as 



*4 


Fig. 10.9. — Reactance of antenna. 

functions of Si. As Si increases from 10 to 30, (i2o)utin. varies from 
1,600 to 15,600 o hms . It approaches infinity for o = 0. Resonant 
and antiresonant values Hk may be determined from Fig. 10.13. 
nir/2 — H»ys the amount by which the half length in radians of an 
actual antenna must be decreased below the value nit/2 for an 
infinitely thin antenna in order to maintain resonance (n odd) or 
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antiresonance (n even). The actual lengths hr to produce resonance 
or antiresonance are readily computed using 

(10.5) 

Note that hr approaches nX/4 as the radius a vanishes and S2 
becomes infinite. In Fig. 10.14, the curve n = 1 of Fig. 10.13 is 



10 20 30 40 50 60 70 80 

Fig. 10.12. — llesistance at antiresonance as function of U. 

extrapolated to a point giving the condition of resonance for a 
sphere treated as though it were a cylinder with h = a. 

The values of Xo a,t H — 5r/2, h = X/4, are indicated by small 
circles in Fig. 10.6. Note that Xo varies more slowly with H as 
o/X is increased. On the other hand, as a/X is decreased, the curve 
approaches the vertical. If the half length h is fixed at X/4 so 
that H = t/ 2, and the radius a is chosen smaller and smaller, Xo 
approaches the value 42.5. On the other hand, if the value of h 
is determined for which Xo vanishes with o == 0, then h = X/4. 
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This apparent contradiction results from the fact that, as the radius 
a is chosen smaller and smaller and the curve of Xo as a function of 
H (as in Fig. 10.6, for example) becomes more and more nearly 
vertical, the point where Xo crosses the zero line moves nearer to 
H = 7 r/ 2 , while at the same time the value of Xo at H = t /2 
approaches 42.5. In the limit as a is made equal to zero, the 
reactance curve is vertical, and Xo at A = X/4 or H = t/2 therefore 
becomes indeterminate and may have any value, including 42.5. 
Actually, any antenna with a finite but small radius has a value of 



n 


Fig. 10.13. — Difference in radians between resonant (n odd) and antiresonant 
(n even) half lengths of an infinitely thin antenna and an antenna of half length h 

and radius a. U = 2 In — 
a 

Xo less than 42.5 when h — X/4 or H — ^12, and Xo vanishes for h 
less than X/4. For antennas of non vanishing radius, Ro is less 
than 73.13 when Xo = 0 (first resonance) at a half length h less 
than X/4. 

If a lumped capacitance is connected across the terminals of an 
antenna the impedance of the parallel combination differs from 
that of the antenna alone in the following ways: the resistance 
curves (Fig. 10.3) are lowered and shifted to the left; the reactance 
curves (Fig. 10.4) are shifted to the left, and reactance, especially 
near antiresonance, are made more capacitive. With a sufficiently 
large capacitance in parallel and a sufficiently thick antenna the 
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reactance may never l>ecome inductive for lengths exceeding the 
first resonance. If the terminals are widely separated, Fig. 10.1a, 
resistance and reactance curves are shifted to the right; reactances 
become slightly more inductive. 



Fig, 10.14. — The curve n *= 1 of Fig. 10.13 extrapolated. The point marked sphere 
is for a sphere of radius a plotted as for a cylinder with h ^ a, 

11. Broad-band Antennas. — ^An examination of the curves for 
the input reactance of a cylindrical center-driven antenna Figs. 
10.4, 10.6 shows that the variation of the reactance Xo with fre- 
quency (note that H = 2irfhjve is directly proportional to fre- 
quency) is much less rapid for thick antennas than for thin ones. 
Accordingly, if an antenna is to be operated over a fairly wide band 
of frequencies, as in television, it has a smaller change in input 
reactance with frequency if it is thick than if it is thin. This means 
that a better impedance match can be obtained over a wider band 
of frequencies. 


108 


ANTENNAS 


[Chap. II 


12. Unsymmetrical Antennas— Special Case of Antenna Erected 
Vertically on a Highly Conducting H^-space. — If an antenna is not 
symmetrical with respect to its input terminals from the point of 
view of the geometrical arrangement of the conductors forming its 
halves or with respect to the transmission line from which it is 
driven, a variety of complicating effects may be observed. In 
some instances, these are limited to an unsymmetrical distribution 
of current; in other instances, coupled-circuit effects arise so that 
their description is best postponed to a later section. One impor- 
tant and simple unsymmetrical antenna may be introduced con- 
veniently at this point because of its similarity to the symmetrical 

center-driven type. 

Consider a cylindrical conduc- 
tor of length h and small radius a 
erected vertically over a perfectly 
A conducting half-space, Fig. 12.1a. 
) Let the conductor end at terminal 
® Af Si very short distance (within 
the near zone) above the conduct- 
id) (b) ing plane. Let a second terminal 

be connected to the conducting 
Fig. 12.1. — Antennas having the plane at 0 directly below A, The 

same distribution of current in the driving potential difference is main- 
parts above the terminals A, . • i ^ . a i a-% 

tamed between A and 0. 

If the input current I a at A is directed upward in the antenna, 
an equal current lo is also upward from 0 in the generator. It 
can be proved that the distribution of current along the cylindrical 
conductor is exactly the same as though it were the upper half 
of the symmetrical j^ntenna of Fig. 12.16. Simultaneously, the 
current entering at 0 is radially inward along the surface of the 
conducting plane. As the current in the vertical wire goes through 
its usual cycle of reversal every half period distributing alternately 
positive and negative charge along the wire, alternate rings of 
negative and positive charge travel radially outward along the 
conducting plane with a radial phase velocity that approaches 
asymptotically the characteristic velocity ~ 3 • 10* m/sec as the 
radius of the ring becomes sufficiently large (Sec. 36). For present 
purposes, it is sufficient to note that the forces acting on an indi- 
vidual conductor, such as a receiving antenna, placed anywhere in 
the upper half-space are due not only to the charges moving in the 
cylindrical conductor but also to those moving everywhere in the 
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conducting plane on which this conductor is erected. The antenna 
consists of the vertical conductor and the entire conducting plane 
on which it is erected. 

The input impedance of the base-driven antenna of full length 
h and radius a over a perfectly conducting half-space is one-half 
that of the symmetrical center-driven antenna of half length h and 
radius a. Accordingly, all curves computed for the center-driven 
antenna apply directly to the base-driven antenna if all values of 
resistance and reactance are divided by two. 

Just as with the symmetrical antenna, it is not practically 
possible to drive an antenna by a concentrated generator, in 
this case placed at its base. At low frequencies and with thin 



GENERATOR 

(a) (6) 

Fig. 12.2. — Methods of base-driving antennas erected vertically over a conducting 

half-space. 

antennas, practical arrangements using a transmission line are easily 
constructed to approximate the idealized case assumed in the 
theory. At high frequencies, this becomes increasingly difficult. 
For example, in Fig. 12.2a, the driving forces in a voltage-fed 
antenna are distributed along the vertical wire over distances 
comparable with the diameter of the coaxial line, rather than being 
concentrated. If this diameter is not extremely small, the theo- 
retical case is not well approximated, and close agreement between 
theory and experiment cannot be expected. In the case shown in 
exaggerated form in Fig. 12.26, the driving forces correspond more 
closely to the theoretically assumed case, insofar as the cylindrical 
surface is concerned. On the other hand, the impedance terminat- 
ing the end of the line is not the same as the impedance at the 
driving edge of the cylindrical surface. The latter can be meas- 
ured, the former computed. Complete agreement should not be 
expected, particularly near antiresonance, where large concentra- 
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tions of charge are maintained near the base. (The theoretical 
value is not merely the difference between the terminating imped- 
ance measured on the coaxial line first with the antenna in place 
and second with it cut down to leave only a flat disk.) It follows 
that the theoretical curves, especially near antiresonance, do not 
represent accurately the physically different arrangements available 
in practice. They may be depended upon to give correct orders 
of magnitude only for moderately thick antennas operated near 
antiresonance in practically available arrangements. 

A perfectly conducting plane of infinite extent is not realizable 
physically. On the other hand, at frequencies in the broadcast 
band, the earth (if not too dry near the antenna) behaves sufficiently 
like a perfectly conducting plane that satisfactory approxi- 
mations often are obtained by assuming it to be perfectly con- 
ducting. The input impedance so obtained is then corrected by 
combining it with an effective ground resistance, which is assumed 
to be in series with the input impedance of the antenna. In 
practice, it is alw'ays desirable and therefore customary to provide 
an extensive radial system of wires buried in the ground in order to 
reduce the ground losses near the antenna where the density of 
current is greatest. Salt water approximates a perfect conductor 
even at frequencies considerably above the broadcast band. At 
ultra-high frequencies, however, no part of the earth^s surface can 
approximate even roughly a perfect conductor. On the contrary, 
it behaves in many respects like an imperfect dielectric with losses 
that may be very large in moist earth or in salt water. 

13. Tower Antennas over a Good Conductor. — If the base- 
driven antenna is not cylindrical and of relatively small radius, but 
consists of a self-supporting steel tower of moderately large and 
nonuniform cross section, the input impedance cannot be obtained 
from the curves for the cylindrical antenna. In its dependence 
upon length, a steel-tower antenna behaves in general much like a 
rather thick cylindrical antenna. The simple distribution of 
current that obtains in an infinitely thin anteima is not a satis- 
factory approximation. The effective longitudinal distribution 
of current resembles that of a thick cylindrical antenna in that it 
consists of two components that differ in time phase by a quarter 
period. 

14u Top-loaded Antexmas. — ^At the lower radio frequencies, it is 
often desirable or necessary to reduce the physical length of an 
antenna erected vertically over the earth to less than the self- 
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resonant value, which is slightly less than X/4. This may be dic- 
tated by greater constructional economy in land installations or by 
reasons of design aboardship. Such a shortening is always unde- 
sirable in that it diminishes the total length of conductor carrying 
the current, the forces due to which are effective in producing cur- 
rents in distant receiving antennas. If the vertical part of the 
antenna must be reduced below a quarter wavelength, it will be 
least disadvantageous from the electromagnetic point of view if the 
part of the conductor near the base, which carries the large current, 
is retained while the part near the top, which carries a small cur- 
rent, is sacrificed. This can be done in numerous ways. Thus, a 
part of the antenna at the top may 
be folded over into a horizontal 
position to make an inverted L; 
it may wound into a widely 
spaced, comparatively low-loss 
coil, Fig. 14.1; it may be replaced 
by a large sphere, by a disk, or by 
a cylinder of metal; one or more 
horizontal wires may be arranged 
with centers connected to the 
upper end of the remaining verti- 
cal length to make a T or flat-top 
antenna. If suitable dimensions 
are chosen in these several cases, 
the antenna may be shortened and yet kept in resonance with 
approximately the same current in its vertical part as when this is 
extended to a full quarter wavelength without top load. The dis- 
tribution of current and charge along the vertical part of the top- 
loaded antenna is similar to that along the same lower part of the 
resonant straight antenna. The distribution cannot be exactly the 
same, because the forces acting on the charges in the lower part of 
the conductor due to the charges in the extended upper part of the 
straight antenna are replaced by other forces due to the charges 
in the differently oriented and dimensioned top load. 

Useful qualitative estimates of some of the properties of a top- 
loaded antenna may be obtained, by assuming a sinusoidal dis- 
tribution of current along its vertical part, in the form 



Fig. 14.1. — (a) Anteima with coil 
as top load; (&) antenna with straight 
conductor extended to be of electrical 
length equal to that of the coil. 


f f sin 0(h + k — z) 
* ” “ sin /8(A + k) 


( 14 . 1 ) 
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where k is the equivalent length of the top load. A coil as a top 
load is shown in Fig. 14.1. For an inverted L and for a very loosely 
spaced coil the total length of we at resonance is roughly the 
same as for the straight vertical antenna. In all cases, the input 
resistance at resonance is lower than that of the straight vertical 
wire by an amount that depends upon the fraction of the antenna 
that is folded over, coiled, or replaced by a top load. 

The discussion applies equally well to a symmetrical center- 
driven antenna with each end shortened by an identical end load. 

16 . Loading at Input Terminals. — A circuit including an antenna 
may always be tuned to resonance by inserting suitable series 
reactances in the conventional way. Since the antenna is the 
equivalent of a lumped impedance insofar as a voltage impressed 
across its closely spaced terminals is concerned, the analysis of an 
antenna in series with lumped impedances reduces to the ordinary 
near-zone circuit analysis of a series circuit. 

16 . Radiation. — Since all electric charges exert forces on one 
another according to a law of retarded action at a distance, peri- 
odically varying distributions of charge in one element of a circuit 
must ultimately exert forces on all charges in the universe, tending 
to set them in periodic motion unless currents in other elements of 
the same circuit or in an adjacent circuit or in an enclosing shield 
set up equal and opposite forces that cancel those due to currents 
in the element in question. In near-zone circuits, currents are 
entirely in closed or quasi-closed paths, all parts of which are so 
close together in terms of the wavelength that the resultant forces 
exerted by them on the charges in a distant conductor are vanish- 
ingly small. In order to exert significant forces on each other, two 
circuits all parts of which are in the near zone must be brought 
close together in terms of their own extension and hence extremely 
close together in terms of the wavelength. Such circuits are 
coupled in the conventional low-frequency sense. 

If a circuit is not confined to the near zone, the forces exerted 
by the current in it on charges in other even quite distant conductors 
may be considerable unless they are canceled by equal and opposite 
forces produced by an adjacent current, as in a coaxial or two-wire 
transmission line. No such complete cancellation can occur when 
charges move in an antenna that is not in the near zone with respect 
to any other conductor. There i|iay be a more or less complete 
cancellation of effects at some angles if the antenna is itself long 
enough to have current in opposite directions in different parts of its 
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own extension, but there are then other directions in which the same 
component forces combine to produce a larger resultant force. 
Accordingly, the essential characteristic of an antenna is an exten- 
sion and geometrical configuration of conductors such that periodi- 
cally varying distributions of current along them can exert significant 
forces on charges even at great distances after an appropriate lapse 
of time. 

Every effective antenna is by its very nature coupled to all 
surrounding matter in the sense that work done to maintain a 
periodic motion of charges in the antenna is largely work that will 
be done on charges that can ultimately be set in motion throughout 
the universe. A driven antenna may be regarded as a kind of 
primary circuit with an unlimited number of more or less closely 
coupled secondaries scattered far and wide wherever charges are 
set in motion. Only a small part of the energy supplied to an 
antenna is used to heat it. Most of the energy is transferred away 
from the antenna, presumably to be used eventually in heating all 
the innumerable imperfect conductors and imperfect dielectrics in 
which currents however small are maintained. This energy which is 
transferred to the universe is said to be radiated. 

It is a simple matter to estimate both the smaller fraction of the 
energy supplied to a symmetrical center-driven antenna that is 
converted into heat in its own conductors, and the very much larger 
fraction that is transferred to other parts of the universe. It has 
been stated already that the curves of Figs. 10.3 to 10.9 for the input 
resistance and reactance of such an antenna were computed neglect- 
ing all terms involving the conductivity. This was done for mathe- 
matical reasons of simplicity in calculation and representation and 
is justified for all practical purposes because the large but finite 
conductivity of a very good conductor has a negligible effect on 
Rq and Xo. 

For example, in a thick copper antenna of radius 5 mm operated 
at 5 m wavelength, the difference in the computed values of i?o 
at resonance neglecting and including ohmic resistance is less than 
0.2 per cent. With a much thinner antenna of radius 1 mm oper- 
ated at 100 m wavelength, the corresponding difference is nearly 
3 per cent. It follows that, to a good approximation, the power 
/SJ2o supplied to a highly conducting antenna (of copper), with J2o 
taken from the curves of Sec. 10, is for practical purposes all radiated 
to the more or less closely coupled universe outside the antenna, 
while that used in heating the antenna itself is negligible. If the 
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antenna is not highly conducting, the distribution of current and 
hence both the energy radiated and that dissipated in heat in the 
antenna depend significantly upon the conductivity. It is then 
not possible to determine the radiated energy by merely assuming 
an infinite conductivity. 

It is instructive to compare the power supplied to a given pair 
of copper wires when they are arranged along the same axis to 
form a resonant center-driven antenna, Fig. 16.1a, with the power 
supplied when they are folded parallel to each other to form the 
resonant open-end section of a two-wire line, Fig. 16.16. The 
adjustment in length for resonance differs only slightly in the two 
cases if a thin conductor is used. Furthermore, the distribution of 
current along each wire is the same to a first 
(sinusoidal) approximation; and the input 
current is also the maximum current. There- 
fore, the input powers given by IlRm are 
entirely comparable if 7o is made the same 
in both cases. For the antenna, the input 
resistance at resonance is of the order 
of magnitude of 64 ohms (Fig. 10.7 for 
terinVen^^antTina;^ = 2.5 -10-*). On the Other hand, for 

antenna folded together a typical transmission line with an open 
to form an open-end line. j xi. • x • x x 

end, the input resistance at resonance 
may be of the order of magnitude of 0.5 ohm (computed from 
(iRin)r«i = Rcots with a .= 2 • 10"“* nepers/m, s = X/4 = 1 meter, 
Re = 500 ohms). The power II • 64 supplied to the antenna is 
practically all radiated; the power /J • 0.5 supplied to the line is 
practically all used in heating the wires of the line. The ratio of 
power supplied to the line to that supplied to the antenna is^ rough 
measure of the ratio of power dissipated in heating the antenna to 
that radiated, because the distributions of current in line and 
antenna at resonance are roughly alike. This ratio has the order 
of magnitude of something over 1 per cent in the numerical case 
considered. 

As an estimate, this is quite comparable with the values of 
0.2 per cent for a thick antenna and 3 per cent for a thin antenna at 
different frequencies, and it illustrates in a convincing way how 
merely folding together the two conductors of a symmetrical 
antenna to form a parallel line effectively decreases the coupling to 
the universe and thus reduces the effective ^‘reflected resistance'^ 
from a predominant to a negligible value. It has been assumed up 




Sec. 16 ] 


RADIATION 


115 


to this point that none of the numberless ^'secondary circuits'' 
in the universe is near the driven antenna or “primary circuit." 
The effect of moving one secondary, e.gr., another tuned antenna, 
near to the driven antenna (but not so close that it forms a parallel 
line) is considered in Sec. 19. 

It has been stated that in effect an antenna is an arrangement 
of conductors which is electromagnetically coupled to the universe 
in that currents which are made to flow in the antenna exert forces 
at some later time on charges in matter wherever this may be. 
The currents that these forces produce exert, in due time, forces 
back on the moving charges in the antenna. But insofar as currents 
in the distant universe are concerned, the time within which such 
reactions could be felt in the antenna is far greater than any reason- 
able interval during which the antenna might be kept in operation. 
It might be supposed, therefore, that the universe outside of a rela- 
tively limited range could have no observable effect on an antenna. 
Actually, such a conclusion would be based on the same kind of 
fallacious reasoning by analogy which led to the belief that, because 
the velocity of a man running forward on a train must be added to 
the velocity of the train in order to determine his velocity with 
respect to the earth, the velocity of light must be similarly added 
to that of a moving light source. Electromagnetic phenomena 
seldom can be described correctly by analogy with the simpler 
mechanical events of daily observation. The analytically derived 
and physically verified fact is that, 'whenever a phenomenon can be 
described mathematically in terms of a w'ave equation in which 
there appears a finite velocity of 'pro'pagcition of a quantity which 
may have physical or only mathematical significance, the propa- 
gation always encounters the equivalent of a characteristic imped- 
ance, which is a pure resistance if there is no dissipation in the 
propagation. 

Consider, for example, the circuit of Fig. 16.2a, consisting of a 
generator connected to an ordinary electric circuit that is link- 
coupled to a load Z through an artificial line of recurrent sections 
constituting a time-delay network. Suppose the time delay to 
be many days and the coupling between adjacent half coils perfect 
so that M » L/2. For simplicity, let the line be assumed dissi- 
pationless, i.e., purely reactive, but its termination Z may include 
resistance. As far as the generator is concerned, the circuit of 
Fig. 16.2a is equivalent to that of Fig. 16.25 until a sufficient time 
has elapsed for a reflection to be received from the impedance Z. 
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By inserting enough sections, this can be postponed indefinitely; 
and, regardless of the number of sections, it will never occur if the 
output transformer has a one-to-one ratio and Z = /Zc = \^2LfC. 
Thus, the coupling link consisting of the dissipationless line pre- 
sents a definite load at its input terminals AB long before any 
effect from the terminating impedance can be received. The 
same situation exists if the coupling link is a sufficiently long 



resistance (6) coupled to a primary circuit. 



B 

Fig. 16.3. — Dissipationless nonresonant line (o) that is equivalent to a characteristic 
resistance (fc) coupled to the primary circuit. 


c 

Fig. 16.4. — Coupled antennas. 

dissipationless transmission line, as shown in Fig. 16.3. It, too, 
presents a characteristic resistance Rc = ^/Uc at its terminals 
AB until a reflection from the termination Z is received. In 
both cases, the impedance as seen by the generator can be varied 
by changing the degree and the type of coupling between generator 
and line. 

A circuit, Fig. 16.4, which includes a generator and an antenna, 
necessarily coupled to ihe distant universe, behaves in a similar way. 
In this case, the driven antenna takes the place of the coupling 
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coils at the generator; the receiving antenna, which may be any 
physical extension of matter in the universe, takes the place of 
the coupling coils at the output end; and the imperfectly conducting 
parts of this matter constitute tie load. A coupling link in the 
form of a network of conductors is not required for the antenna, 
because the moving charges in it act directly on charges elsewhere in 
the universe. Note, however, that, because there is no conducting 
link, no one particular receiving antenna can be singled out to be 
the entire load. All selective or directional effects must be secured 
by adjusting the nature of the coupling, f.e., by changing the shape 
and orientation of the antennas. 

In spite of the fact that there is no conducting link, the generator 
experiences a load that is like that of a characteristic resistance 
coupled to the antenna. The degree of coupling to this character- 
istic resistance can be varied by changing the shape and size of the 
antenna. For example, the coupling can be reduced to a negligible 
value by folding the antenna into a parallel line. When this is 
done, the input impedance of the antenna is changed. This does 
not mean a change in (Rc. The existence of a characteristic resist- 
ance for electromagnetic effects is just as mysterious, but no 
more so than the existence of the finite velocity 

Vc = = 3 • 10® m/sec 

V M0€0 

The simultaneous and inseparable occurrence of both is the inevi- 
table consequence of a mathematical representation in terms of an 
electromagnetic field governed by the general wave equation. 
From the point of view of measurements made on antennas, space 
acts like a dissipationless transmission medium through which 
effects can be sent at a characteristic velocity, 3 • 10® m/sec> and 
which presents a characteristic resistance, (R® = 376.7 ohms, to the 
propagation. This propagation in space differs from the propaga- 
tion along networks and lines in that concentrations of charge do 
not move continuously from generator to load. Moreover^ the 
characteristic resistance (Rc for propagation in space is only formally 
similar to the characteristic resistance of a line; actually it is not 
a resistance in the conventional sense since it is used to describe 
the propagation of a field that has been assigned only mathe- 
matical significance. It is not expressible in terms of a ratio of 
potential difference to current. The metaphysically fascinating 
question as to whether the compete emptiness of space actually is a 
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medium endowed with the physical properties usually associated 
with material media, or whether the electromagnetic field serves 
merely as part of a computing machine will not be considered here. 
Physical science seeks to provide a mathematical mechanism for 
predicting observable effects about nature. Whether this mechan- 
ism, if successful, is to be identified with nature is at least question- 
able. Such identification has been avoided consistently throughout 
the present discussion. 

17, Radiation Resistance and Input Resistance. — quantity 
called the radiation resistance of an antenna is often employed 
but unfortunately not always unambiguously used or even con- 
sistently defined. For this reason, great care must be exercised in 
making use of any data referring to radiation resistance if the data 
are not accompanied by a precise and complete definition of the 
quantity so designated. In some instances, radiation resistance is 
defined in one way and then curves are supplied that depend upon 
an entirely different definition. An attempt will be made to 
clarify the confusion that exists in this regard. 

The total power P supplied to an antenna is used partly inter- 
nally in heating the conductors of the antenna and partly externally 
in heating parts of the universe in which charges are set in motion. 
The former, P*, may be called internally used power, the latter, 
P*, externally used or radiated power. Thus, 

p = pi + pe (17.1) 

If the input terminals of the antenna carry equal and opposite 
currents so that an input current lo and an input impedance 
Zo ^ Ro + jXo can be defined, the input power is 

P = |/opPo (17.2) 

It is now possible to combine (17.1) with (17.2), divide both sides 
by II, and to define the quantities 

(17.3) 

(17.4) 

Here i?S might properly be called the internal input resistance of 
the antenna and defined as the power dissipated in heating the 
antenna divided by the square of the rms magnitude of the input 
current. Similarly, Ri might well be called the external or radiation 


Ri 


so that 


P' 


R>- 

"li;? 


Rq — Rq d* Rq 
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input resistance of the antenna and defined as the power transferred 
to media outside the antenna divided by the square of the rms 
magnitude of the input current. Analytically, jBo is not easily 
resolved into two terms of which one may be identified with 
the other with except in simple special cases. This is due to 
the fact that both and depend upon distribution of current 
and conductivity in a complicated way. Fortunately, in highly 
conducting antennas, P" is negligible compared with P® so that 
approximately 

P = P^ pt < < pe (17 5) 

Po = PS P?) < < PS (17.6) 

In this case, the external or radiation input resistance is to a good 
approximation equal to the input resistance. The curves of Sec. 10 
were computed subject to (17.5), so that the input resistance Po 
given by them might be called correctly the input radiation resist- 
ance. Both expressions for R% as given by (17.3) and in a more 
restricted form by (17.6) have been called the radiation resistance 
of the antenna. To avoid ambiguity, the term input radiation 
resistance will be used, and discussion will be limited to the simpler 
and more important case of (17.6). 

The complex expression for the input current is of the form 

/o = /o"+i/o' (17.7) 

where both /o' and /o" are functions of the radius and length of the 
antenna. Although the simple distribution of current, with IJ a 
sinusoidal function of the distance z along the antenna and /," = 0, 
is for some purposes a satisfactory approximation for a practical 
antenna, this is not true in the definition of the input impedance of 
such an antenna. Nevertheless, the attempt is frequently made 
to define in the form given in (17.3) the radiation resistance Pj for 
a center-fed antenna or a base-fed antenna over a perfect conductor, 
Sec. 8, under the assumption that /o = /mw sin P. 

If this value of Jo is substituted in (17.3), using (17.5), 

sin* H 

Since P is always finite in any antenna that has a nonvanishing 
radius, (17.8) requires PS to become extremely lar^ as H approaches 
It, 2r, etc., and to become infinite at these values. This is a physical 
absurdity that is the result of assuming a physically impossible 
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distribution of current in an antenna of finite radius. This diffi- 
culty may be overcome by multiplying both sides of (17.8) by the 
dimensionless quantity sin^ H and defining a new quantity 72^ by 

(17.9) 

1 max 

where 22^ has the dimensions of a resistance so that it can be meas- 
ured in ohms. It is not a resistance in the ordinary sense (except 
when sin // = 1 and Rl = R^), because it is not the real part of an 



f If 2jr ^ 3<r 4jr H 


Fig. 17.1. — Radiation resistance Rm of center-driven antenna of zero radius referred 
to the maximum current Im» 

impedance that can be measured between two terminals in a circuit. 
It is the power supplied at a given pair of terminals divided not by 
the square of the magnitude of the current entering and leaving 
those terminals, but by the square of the magnitude of the current 
at another point {h — X/4) along the antenna (provided h ^ X/4) 
where the current is quite different, or (if A < X/4) by an entirely 
fictitious cxirrent that exists nowhere. The apparent advantage of 
Rit over Rt (for an infinitely thin antenna) is that, whereas Ri must 
become infinite as H approaches 2jr, etc., if the sinusoidal dis- 
tributicm of current is assumed, although incorrectly, Ri^ is always 
finite. 
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As defined in (17.9), also has been called the radiation resist- 
ance of an antenna, and the curve of Fig. 17.1, which shows 
for a center-driven antenna of half length A as a function of H and 
h/\ is frequently given to show the variation of radiation resistance. 
For a base-driven antenna of length h over a perfectly conducting 
half space, the values of in Fig. 17.1 must be divided by two. 
Actually, the function 72^ applies only to an infinitely thin antenna 
and even for this it does not give the input resistance. Neverthe- 
less, it is not without value in comparing the approximate power- 
transferring or radiating properties of antennas that are too intricate 
in structure to permit accurate analyses of the distribution of 
current so that it is necessary to be content with the rough estimate 
obtained by assuming arbitrarily a sinusoidal distribution. In 
order to distinguish from the radiation input resistance 72o> 
which is for practical purposes the actual input resistance Rq of 
highly conducting antennas, 72^ will be called the radiation resist- 
ance referred to a maximum sinusoidal current. 

HI. COUPLED ANTENNAS AND TRANSMISSION LINES 

18 . Coupled Antennas. — ^The term driven, as applied to an 
antenna, has been used heretofore to designate an antenna that 
has two input terminals that are well within the near zone of each 
other and across which a potential difference is maintained by a 
generator connected either directly or through a transmission line. 
It was specifically required in defining the input self-impedance of 
such an antenna at its terminals that no other antenna or other 
conducting or dielectric material be nearer than the limits specified 
by the condition for the far zone. Subject to these conditions, the 
currents that are maintained in any single conductor in the far zone 
by forces exerted upon them by moving charges in the driven 
antenna may be assumed so small that their reaction upon the 
charges in the driven antenna can be neglected as compared with the 
composite effect of the distant universe as a whole, i.e., each particu- 
lar antenna or conductor must be sufficiently far from the driven 
antenna that any change in its position that does not bring it 
nearer produces no measurable difference in the distribution of 
current and in the input impedance of the driven antenna. Under 
these conditions, the impedance at the terminals is called the input 
self-impedance of the driven antenna, and each conductor in the 
universe is individually only loosely coupled to the antenna. This 
self-impedance includes the composite effect on the antenna of the 
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universe, assuming all conductors and dielectrics to be in the far 
zone. This restriction now will be removed and special account 
taken of. neighboring antennas. 

Consider first a driven antenna 1 so placed that all other 
antennas and conductors are in the far zone. Their effects on the 
driven antenna are included in the composite effect of the universe 
as a whole, which is taken into account in the self-impedance^ Zq. 
The following equation can be written: 

= Iox(Z, + Zo) = hiZii ( 18 . 1 ) 

where Zn is the impedance completely around the circuit. Now 
let a distant conductor 2 be a driven antenna like 1 . Let it be 


^Zi 2 — Z21 

C 

hz 

0 


1 2 

Fig. 18.1. — Circuit configuration involving two coupled antennas. 

moved from the far zone with respect to. antenna 1 into the inter- 
mediate or even into the near zone. Antennas 1 and 2 are now 
so close together that the distributions of current and the input 
impedances of both are significantly changed by the mutual retarded 
interaction of the moving charges in each. The self-impedance is 
altered, and a mutual impedance is required. 

The following equations can be written for two driven antennas. 
The circuits are shown in Fig. 18.1 with the generator in circuit 2 
omitted. 




= Ioi{Zi + Z91) + loiZii = loiZn + I02Z12 ( 18 . 2 ) 

V2 = I01Z21 + Iq2{Z% -b Z,2) = I01Z21 + I02Z22 . ( 18 . 3 ) 

^ The self-impedance of an antenna depends on the distribution of current, 
so that it is in general not the same when the antenna is in the presence of 
another antenna as it is when isolated. The symbol Zo has been used for the 
self^impedance of an isolated antenna. The symbol Z^n will be used for the 
self-impedance of ^teima m in the presence of otiier antennas. In general, Ztm 
is a variable whose value depends on the configuration of neighboring antennas. 
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where Zsi is the input self-impedance of antenna 1 in the presence^ 
of antenna 2, Z ,2 is the input self-impedance of antenna 2 in the 
presence of antenna 1, Z 12 is the input mutual impedance of antenna 
1 with respect to antenna 2, Z 21 is the input mutual impedance of 
antenna 2 with respect to antenna 1, and Zi and Z 2 are lumped 
impedances in series with antennas 1 and 2, respectively. All self- 
and mutual impedances are referred to currents 7oi and / 02 . In 
all cases not involving media of variable permeability and dielectric 
constant, the following reciprocal relation is true (see Sec. 42) : 

Z 12 = Z 21 (18.4) 

Equations (18.2) and (18.3) are exactly the same in form as the 
equations for two coupled circuits in ordinary network theory. 
By use of the principle of superposition, 
the complex currents due to each applied 
voltage may be determined separately 
and the results combined algebraically. 

Accordingly, there is no loss in generality 
if 1^2 is set equal to zero. If 1^2 is zero, 
antenna 2 is said to be parasitic. If 72 
is not zero, its effect can be calculated by fig. i8.2.-~Antenna con- 
interchanging the subscripts 1 and 2 and ® transmission line as 

using the principle of superposition. 

The equations for one driven and one parasitic antenna are 

Fi = /oi(Zi + Z.x) + J 02 Z 12 (18.5) 

0 = / 01 Z 21 + /o2(^2 + 2 ^* 2 ) (18.6) 

If a transmission line is connected between the input terminals 
AB of antenna 1 and the output terminals of the conventional 
(near-zone) network containing a generator, Fig. 18.2, the symbols 
in (18.5) must be changed as follows: Write Vab (open) for Vi 
where Vab (open) means the open-circuit voltage across AB when 
the antenna is disconnected; instead of Zi write Zab where Zab is 
the impedance looking to the left bX AB with the generator replaced 
by its internal iml)edance. It follows from Th6venin's theorem 
that (18.5) as changed is a true equation. 

^ Z«i is the input impedance of antenna 1 in the presence of antenna 2 with 
antenna 2 open-circuited at the driving or load point where J 02 is defined. It 
differs from the self-impedance Zo of antenna 1 when isolated, because there are 
currents in antenna 2 even when open-circuited at the center. The fact that 
/oa is zero does not mean that J,a is everywhere zero. 
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By solving (18.5) and (18.6) for IoiZfg = F1//01, Fig. 18.1, 
the impedance Zfq offered to the generator is found to be 


Z12Z2I rr Z12Z21 


Z //7 I <7 \ -^12^21 (-7 ^^12^21 / 

FG = T" 7 y T ff -\ = ^11 If ( 

\lJ2 “T ^*2; ^22 

If (18.4) is used, and the following notation is introduced: 


(18.7) 


Z12 == 612 = tan “ 

Z22 ^ \Z22\^^^ O22 ~ tan “" 




(18.8) 

(18.9) 


Rfg ~ Rii ~y ~~ r cos (2012 — ^22) (18.10) 

Z22I 

Xfg = .3^11 — sin (2012 ““ ^22) (18.11) 

Z22I 

The input impedance Zab of antenna 1 in the presence of antenna 2 
has the resistive and reactive parts 


Rab = Ral cos (2012 "" ^22) (18.12) 

Xab = Xai ““ sin (2012 ^22) (18.13) 

1^221 

These relations reduce to those of ordinary transformer coupling 
if Ral and X,i apply to the primary coil, Z12 = jo)M, $12 = t/ 2 . 
For the transformer, 

Rab (trans) =* i2,i + -nf-y cos 022 (18.14) 

1^221 

Xab (trans) = X,i — sin 022 (18.15) 

1^221 

An important difference exists between the general case of two 
circuits coupled by the mutual impedance of antennas and two 
inductively coupled circuits in the near zone. Whereas Rab (trans), 
(18.14), is always larger than i?,i by the resistance reflected 
into the primary from the coupled secondary, Rab for the antenna, 
(18.12), may be larger or smaller than Rai, depending on the distance 
between the antennas. In the transformer, the coupled secondary 
always represents an increased load on the primary due to the 
power dissipated in the secondary and supplied by the primary. 
With the antenna, the presence of a neighboring antenna necessarily 
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implies an increase in the load due to the very small amount of 
power dissipated as heat in the coupled antenna, but it also means 
a change in the degree of coupling to the distant universe. This is 
manifested in certain directions by a complete or partial cancellation 
of the forces due to the currents in the two coupled antennas. A 
decrease in these directions in the power transferred to matter in 
the universe necessarily follows. This may be compensated by 
greater or smaller increases in other directions, so that the input 
resistance Rab may be either larger or smaller than the self-resistance 
Rti depending upon whether the presence of the closely coupled 
antenna increases or decreases the total power transferred to the 
distant universe. Analytically, this is determined by the algebraic 
sign of cos (2^12 — ^ 22 ). Note that an antenna that is self-reso- 
nant, f.e., adjusted to resonance when no other antenna is nearer 
than the far zone, is no longer resonant if another antenna is brought 
so near that the mutual impedance between the two is not negligibly 
small. The same conclusions are also true for more conventional 
coupled circuits. 

19. Mutual Impedance of Antennas. — ^The mutual impedance 
(referred to input current) of one antenna in the presence of another 
depends upon the size, shape, and orientation of the conductors 
forming the two antennas as well as upon their conductivities. 
The analytical problem of deriving formulas for the mutual imped- 
ance and for the modified self-impedance of each of an unrestricted 
number of arbitrarily oriented antennas has not been solved either 
rigorously or to a reasonable degree of approximation except in the 
special case of two parallel antennas of the same length and radius. 
Most of the available data for mutual impedance have been calcu- 
lated under the following assumptions: 

1. The distribution of current in a driven antenna or in a para- 
sitic antenna with arbitrary load or tuning reactance is the same 
when coupled to other antennas as when isolated. 

2. The distribution of current for all antennas whether driven 
or parasitic and irrespective of load or tuning reactance is sinu- 
soidal of the form. /, = /»» sin p{h — \z\). (Some writers even 
claim that ‘‘any convenient distribution of current may be 
assumed.) 

3. The self-impedance of an antenna is a constant independent 
of the presence of other antennas. 

These three assumptions are correct in one physically unrealiz- 
able special case only, m., when all antennas are indefinitely thin, 
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and of half length h — X/4. They are rough approximations for 
very thin antennas of half length h near X/4. Curves for Ru, Xn, 
\Zii\, 6ii, for the special case of infinitely thin symmetrical antennas 
of half length X/4 are shown in Fig. 19.1 for values of 6/X (spacing 
over wavelength) up to 1.3. More extensive sets of curves are 
available in the literature. 



Fig. 


‘»A 

(For ^ antennas over a perfect conductor divide R.X2 by 2) 

19.1. — Mutual impedance Zii = IZu -i- jXit = for parallel, infinitely 

thin antennas of half length h = X/4. 


A more accurate analysis of the problem of two coupled antennas 
of the same length and radius when center-driven or loaded in any 
way has been made proceeding from electromagnetic theory. 
Instead of assuming a distribution of current, the current in the two 
antennas is determined approximately, subject to boundary con- 
ditions. The self-impedances Z.i, Z,2 and the mutual impedances 
Zitt Zii are defined to be the coefiicients of loi and In as written 
in (18.2) and (18.3) with Zi =» 0, Zj = 0. For antennas of the 
same length and radius Z.i » Ztt) and by (18.4), Zm » Zti. Values 
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of 72,1, X»ij 72i2, Xn computed in this way are given in Fig. 19.2 
for antennas of half length h = X/4 for four values of h/a 

2 ^ 

corresponding to 12 = 2 In — = 10, 20, 30, co . The curves for 

CL 



Fio. 19.2. — Self- and mutual impedances for parallel antennas of half length h » x /4 
referred to currents at the centers. 

a = 00 coincide with those of Fig. 19.1 for mutual impedance 
and with the self-impedance Zo = 73.1 -f j42.5 for an indefinitely 
thin antenna. Values of Ro and Xo for an isolated antenna of the 
same radius are indicated at the right in Fig. 19.2. Curves for 
R,i and X,i for two parallel antennas of half length h = X/2 are 
shown in Fig. 19.3. Values of Ru and Xu for this length are in 
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Fig. 19.4. A range of Xn near its vanishing value is shown in 
Fig. 19.5. Note that for Figs, 19.2 to 19.5, driving conditions, 
tuning or load conditions do not have to be the same in the two 
antennas; only the lengths and radii must be the same. 

Although the curves for X,i, X 12 are correct only for 
two parallel antennas, a reasonable estimate for more than two 



b/x 

Fio. 19.3. — Self-impedances for parallel antennas of half length h « X/2 referred to 
currents at the centers. 

coupled antennas may be expected using the curves of Fig. 19.2 
for antennas of half length h = X/4. This is probably not true 
of Figs. 19.3 to 19.5 for antennas of half length h = X/2. 

20. Coefficient of Coupling between Antennas. — The input 
impedance of an antenna 1 in the presence of a single antenna 2 
closer than the far zone is ^ 

- Z.i - ( 20 . 1 ) 

liCt a complex coefficient of coupling between antennas 1 and 2 
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‘>A 

Fia. 19.4. — Mutual impedances for parallel antennas of half length h = X/2 referred 
to currents at the centers. 


be defined by 


*.2 _ ■^ 12^*1 
“ Z,iZ,i 

Then 

(20.2) 


(20.3) 

Loose coupling may be defined by 


1*1* < < 1 

(20.4) 


Condition (20.4) always is satisfied by antennas that are mutually 
in the far zone. Receiving antennas usually are loosely coupled 
to the transmitting antenna. The coefficient of coupling approaches 
but does not quite reach unity if the two antennas are self-reso- 
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nant and are very close together. The resulting circuit closely 
resembles the two-wire line. All degrees of coupling are possible 
with antennas, and effects may be expected similar to those for 
coupled circuits of more conventional noar-zone types. In par- 
ticular, double resonance peaks for greater than critical coupling 
may be observed. Two important differences obtain: first, that 



mutual resistances may be negative as well as positive, and second, 
that unless the antennas are very close together resonance peaks 
are always blunt owing to radiation. Extensive quantitative 
results of coupled-circuit effects in antennas are not at present 
available from either theoretical or experimental investigations. 

21. Coupling of Antennas and Transmission Lines* — In carrying 
out the mathematical analysis of two coupled antemuus, no assump- 
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tion was made regarding their orientation. The diagram of Fig. 
18.1 suggest that they may be parallel, as is often the case in 
so-called ‘^parallel arrays.'^ Other orientations, such as antennas 
placed end to end, are also useful. Instead of coupling antennas 
only through their mutual impedance, additional coupling using 
coils, capacitors, or sections of transmission line (so-called phase- 
reversing stubs is often provided for special purposes. Further- 
more, antennas are not always driven by potential differences 
maintained between two symmetrically placed terminals. Fre- 
quently they are asymmetrically driven by being coupled to each 
other more or less closely at one end or to a resonant or antiresonant 
section of a transmission line. The mathematical analysis of such 
cases depends on the intricate problem of providing data on mutual 
impedances. Consequently, calculation of the input impedance 
at the terminals of an antenna or of a transmission line that is 
coupled in one way or another to one or more antennas is not pos- 
sible at present. In some cases, the radiation resistance referred 
to a maximum sinusoidally distributed current has been computed. 
For available antennas, the distribution of current is often far 
from sinusoidal so that large errors in RSi are to be expected. 

In attempting to understand in a qualitative way the operation 
and the distribution of current in resonant systems consisting of 
several coupled components of which at least one is an antenna, it is 
well to bear in mind that usually only highly conducting antennas 
and lines are involved and that in these the charges are free to 
redistribute themselves continuously in such a way that, at every 
instant and at every point along each conducting surface, the inter- 
acting tangential forces practically cancel. Accordingly, any 
redistribution of charge that follows the coupling of two circuits 
must be of such a kind as to lead to a virtual cancellation of tan- 
gential forces along all the conductors. In circuits consisting of 
several more or less closely coupled components, there may be 
more than one possible mode of oscillation. The mode that is 
actually excited depends upon the natural periods of the modes, 
upon the relative directions and magnitudes of the tangential forces 
due to the several interacting parts of the circuit, and upon the 
degree of coupling of these parts to the distant universe. 

Before studying important coupled circuits involving both 
antennas and sections of transmission line, it is important to note 
that conventional transmission-line theory assumes that the cur- 
rents maintained in the two conductors are at all times and at all 
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opposite points equal in magnitude and in time-phase opposition, 
i.e., I\L == —I^L. Whether these assumed conditions exist or not 
depends largely on the method used to drive the line. Thus, if the 
line is driven only by a generator that is symmetrically connected 
across the terminals at one end or symmetrically coupled at any 
point along the line, and if the line is symmetrically loaded, cur- 
rents in the two conductors are equal and opposite, 
and radiation is extremely small with 6 < < < X, as 
explained in Sec. 3. Such equal and opposite currents 
are called properly transmission-line currents and are 
designated by subscript L. On the other hand, if the 
line is not symmetrically driven or is not symmetrically 
loaded with respect to the two conductors, entirely 
different conditions may exist. If, for example, a two- 
wire line is parallel to an antenna, currents are excited 
in the same direction in the two conductors of the line; 
the line behaves like an antenna and radiates as if it 
were a single conductor with Iia = Cage anten- 
nas depend on this fact. Currents of this sort may be 
called antenna currents and indicated by subscript A, 
The line in Fig. 21.1 in which the lower half of the 
antenna is parallel to the hne has both line and 
antenna currents. The resultant currents are 

h = IlL + IlA (21.1) 

I 2 = I 2 L + I 2 A = — /iL + IlA (21.2) 

with h not equal to h- Such a line is said to be unbalanced. The 
currents in every unbalanced line can be resolved into unidirectional 
antenna currents and equal and opposite line currents. The line 
currents may be analyzed by line theory; the antenna currents 
must be treated by antenna theory. The latter are always unde- 
sirable in a line that is used for transmission. In Fig. 21.1, the 
antenna currents in the line would be eliminated if the antenna were 
in a horizontal position with its halves symmetrical and at right 
angles to the line. 

It may be supposed that unbalanced currents are never observed 
on coaxial lines, because these are enclosed in a metal shield, but 
this is not true. Actually, large antenna currents may be on the 
outer surface of the coaxial line while the transmission-line currents 
are on the inner surface of the outer conductor and the outer surface 
of the iimer conductor. Thus, at high frequencies, a coaxial line 




o 

Fio. 21.1. 
— A n t e n n a 
center-driven 
by line that 
has unbal- 
anced cur- 
rents. 
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of the central unit to the outer two is decreased, it is simultaneously 
increased to the distant universe, though in a smaller measure, i.c., 
as less- power is supplied to the two outer antennas, more power is 
radiated by the central unit. This is because the currents in the 
parasitic antennas are both directed opposite to the current in the 
central unit, so that a partial cancellation of the forces exerted by 
them on charges in the distant universe must result in most, but 
not necessarily in all, directions. The radiation resistance referred 
to maximum sinusoidal current for the antenna. Fig. 22.1, is 106.5 
ohms, which is considerably less than three times the corresponding 
value, 73.1, for the central unit isolated. 



( 6 ) 

Fia. 22.3, — ^Like Fig. 22.2 with phase-reversing sections (a) of two-wire line, (b) of 

coaxial line inserted. 


In Fig. 22.3a, a quarter-wave bridged-end section of two-wire 
line is connected to the adjacent terminals of the antennas of 
Fig. 22.2. There are now five resonant circuits. The three 
antennas are coupled together just as in Fig. 22.2, but they are 
now also coupled to the upper ends of the stub sections of trans- 
mission line. Very little power is required to drive only the stubs 
as coupled secondaries of the central antenna since they radiate 
only slightly because of the cancellation of forces arising from their 
almost, but not exactly, equal and opposite currents close together. 
When the outer antennas are joined, the situation is different. 
The only possible condition of resonance of all the coupled circuits 
in Pig. 22.3a requires equal and opposite currents and charges in 
the parallel wires of the stubs, and this reverses the currents and 
charges in the outer antennas. Thus the coupling forces between 
the stubs and the outer antennas, forces that are confined to short 
distances near the points of contact, are in opposition to those 


Sec, 22] 


PHASE-REVERSING STUBS 


135 


existing directly between the antennas that act to produce the 
distribution of current and charge of Fig. 22.1. But so long 
as the stubs are adjusted to resonance, the forces between them and 
the antennas are very much the stronger, and the distribution in 
Fig. 22.3a prevails. 

Note that the currents in all three antennas are now in the same 
direction. This means that the coupling of the collinear array of 
three units to the distant universe is increased because cancellation 
of forces due to currents in different parts of the array is very much 
reduced for the array as a whole. Accordingly, for the same input 
current, much more power must be supplied to the collinear array 
of Fig. 22.3a than to the antenna of Fig. 22.1 or the coupled array 
of Fig. 22.2, i.c., the input resistance at resonance is much greater 
for the collinear array than for the straight antenna of the same 
length. An estimate of the difference is obtained by comparing 
the radiation resistances referred to maximum sinusoidal current. 
For Fig. 22.2, is 105.5 ohms; for Fig. 22.3a, is 316.5 ohms. 
As a coupling device for transferring power to the distant universe, 
the collinear array is three times as effective as the linear radiator 
of the same length, 3X/2, and over four times as effective as one 
unit alone, assuming equal currents. An arrangement equivalent 
to that of Fig. 22.3a is shown in Fig. 22.35. Coaxial sleeves have 
been substituted for two-wire stubs. Their operation is described 
in detail in Sec. 23 dealing with a completely coaxial, collinear 
array. An alternative arrangement is with the coaxial sleeves 
moved in to the feeder at the center of the array but with their open 
and closed ends interchanged so that the open ends are still X/4 
from the center. It is important to note that the inside diameter 
of the coaxial sleeves must be large compared with the diameter 
of the antenna and their length considerably less than X/4 if a 
complete reversal of phase is to be achieved. Movable sleeves 
that are adjustable in length are desirable. 

The collinear arrangement of Fig. 22.3a does not behave like 
a single tuned circuit as does the antenna of Fig. 22.1. It consists 
of five more or less closely coupled resonant circuits, and its behavior 
is correspondingly complex. If the tuned circuit analogue (Jbut not 
equivalent) of a single antenna is taken to be a series resonant circxiit 
coupled to an infinite line, as discussed in Sec. 16 and as shown in 
Fig. 22.4a, then the corresponding analogue of the collinear array 
approximates the circuit of Fig. 22.45. It is clear that complicated 
coupled*-circuit effects must be expected. In particular, the col* 
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linear array cannot be tuned to resonance merely by adjusting the 
length of the two outer units as can the antenna of Fig. 22.1. Each 
of the five circuits must be tuned separately, and multiple resonance 
peaks of current due to greater than critical coupling must be 
expected unless the separation of the parallel conductors in the 
stubs is extremely small. Because of the large load due to the 
coupled distant universe, resonance peaks are blunt. 

If one of the outer antennas is detuned, the amplitude of its 
current decreases to a small value. A slight readjustment in the 
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Fio. 22.4, — (a) Coupled circuit analogue {not equivalent) of antenna of Fig. 22.1. 

(6) Coupled circuit analogue {not equivalent) of the antenna of Fig. 22. 3o or Fig. 22.36. 

(1) Analogue of central antenna element of PTg. 22.3a. (2) Analogue of left 

antenna element of Fig. 22.3a. (3) Analogue of right antenna element of Fig. 22.3a. 

(4) Analogue of radiation load on central antenna element. (5) Analogue of radi- 
ation load on left antenna element. (6) Analogue of radiation load on right antenna 
element. (7) Analogue of left phase-reversing stub of Fig. 22.3a. (8) Analogue of 

right phase-reversing stub of Fig. 22.3a. 

tuning of the rest of the circuit keeps this in resonance with no 
appreciable change in the distribution of current. For the same 
input current, the radiated power is diminished, as is the input 
resistance. For the same applied voltage, the amplitudes of 
current in aU but the detuned antenna increase. 

If one, or preferably both, of the coupling stubs be detuned 
sufficiently, the periodically varying, high concentrations of charge 
at their upper ends decrease in amplitude, and the current induced 
by tangential forces in the attached ends of the outer antennas 
decreases. If the current induced in the outer antennas as a result 
of their coupling to the attached stub is reduced below the opposing 




Sec. 22] 


PHASE-REVERSING STUBS 


137 


current induced as a result of their coupling to the central unit, a 
condition smilar to that of Fig. 22.2 is established. If the length 
of stubs is increased to nearly X/2, Fig. 22.5a, resonance can be 
restored, and each stub acts as a single conductor^ with both wires 
in parallel and with currents in the same direction. In Fig. 22.56 a 
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Fig. 22.5. — (a) Three horiEontal half-wave elements coupled by half-wave short- 
circuited stubs which have equal currents in the same direction in both wires; (b) con- 
figuration equivalent to that of (a) ; like (a) but with the stubs open-circuited at the 
lower ends. 

single conductor tak6s the place of each stub. Now there is the 
equivalent of five coupled antennas — three horizontal, two vertical, 
and a corresponding change in the coupling of the array to the 
distant universe. If each half-wave stub is a section of coaxial 
line, closed at the bottom by a metal disk connecting the inner and 
outer conductors, there is practically no current in the completely 
detuned interior. On the other hand, the outer surface is simply 
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a thick antenna, which is self-resonant at a length somewhat less 
than X/2. 

If 4;he terminating bridge (or disk) at the bottom of the stub 
is removed, the two-wire line (or the two-conductor interior of the 
coaxial line) is self-resonant in the normal way with equal and 
opposite currents on the two conductors. However, since the other 
mode of oscillation as in Fig. 22.5a is still possible on the two- wire 
stub (or on the outside of a coaxial stub) so long as the over-all 
length is such as to make the stub self-resonant, both modes will be 
excited simultaneously on the stub. In the two-wire line, the equal 
and opposite line currents of the one mode are superimposed on the 
unidirectional antenna currents of the other mode so that the dis- 
tribution of Fig. 22.5c is obtained; in the coaxial line, the equal 
and opposite line currents and charges are on the inside, and the 
antenna currents and charges are on the outside. Since the two 
distributions on the stubs exert opposite forces on the charges in 
the outer antennas, the currents in these may be very small even 
though the antennas are adjusted to self-resonance. If a conducting 
bridge is moved up along each X/2 stub, an adjustment may be 
achieved for which the opposing forces are equal so that there are 
no currents on the outer antennas. It may be concluded from this 
example that coupling stubs that are used for phase reversing 
should be chosen so that their over-all length is not near self- 
resonance for antenna currents. 

If an open stub approximately a quarter wavelength long is 
connected at the center of each of the outer half-wave units. Fig. 
22.6a, a similar problem is presented. The currents at the stub 
terminals due to the currents in the outer unit before the stub was 
inserted are equal and opposite, and transmission-line theory may 
be applied therefore to determine the impedance of and the dis- 
tribution of current in the stub. For line currents, each stub is 
equivalent to a very low impedance connected at the center of the 
antenna. It can be adjusted to be a pure resistance of the order 
of magnitude of a few tenths of an ohm so that the stubs have little 
effect on the distribution of current in the array, insofar as only 
equal and opposite transmtssionrline currents are concerned. Taking 
these alone into consideration, the distribution of Fig. 22.6a is 
to be expected. In order to investigate the possibility of super- 
imposed antenna currents on the stubs in Fig. 22.6a, it may seem 
reasonable to replace them by single conductors, as in Fig. 22.65. 
However, this arrangement oscillates in the mode represented, 
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which is quite different from the actual distribution of antenna 
current on the open stub shown in Fig. 22.6c. Since both the 
transmission-line mode of Fig. 22.6a and the antenna mode of 
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Pig. 22.6. — (a) Fictitious distribution of current assuming only equal and oppo- 
site line currents in the open-end X/4 stubs. (6) Distribution with vertical X/4 
antennas in place of stubs, (c) Fictitious distribution assuming only antenna cur- 
rents in the open-end X/4 stubs, (d) Actual distribution obtained by superimposing 
(a) and (c). (s) Distribution of current with closed-end stubs; only antenna cur- 

rents exist in the stubs. 

Fig. 22.6c are possible, the actual distribution to be expected is a 
superposition of the two. This leads to a more or less complete 
cancellation of the currents in the outer conductor of each stub 
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and in the outer half of the antenna attached to it, Fig. 22.6d. If 
the stubs in Fig. 22.6a are bridged by a conducting bar at their 
open onds, they present a very high impedance to transmission-line 
currents at their terminals, but there is no change in their ability 
to carry antenna currents, as in Fig. 22.6c. The line currents are 
therefore very small, and the distribution of Fig. 22.6c obtains. 

If each stub in Fig. 22.6a is lengthened to a half wavelength. 
Fig. 22.7a, it presents an extremely high impedance to equal and 
opposite line currents at the center of each of the outer antennas, 
so that these currents are suppressed. 





TO TRANSMITTER 

ib) 

Fig. 22.7. — Possible antiresonant modes on an antenna (a) with X/2 open-end 
stubs; (b) with X/4 closed-end stubs. The outer sections of the antenna are detuned 
for the modes shown in both cases. 

It follows that the X/2 stubs in Fig. 22.7a effectively detune 
the outer halves of the outer antennas and, in fact, the entire 
antenna insofar as the original distribution with a maximum current 
at the input terminals is concerned. The antenna now has a high 
instead of a moderately low input impedance at its terminals. This 
does not mean that no current can be excited on the antenna. 
Actually the antiresonant distribution shown in Fig. 22.7a obtains. 
Owing to the fact that the stubs are X/2 in length, they can oscillate 
with large codirectional antenna currents in each wire. Since the 
impedance of a X/2 open-end stub to line currents is high, each of 
the X/2 sections also can oscillate with equal and opposite line 
currents. A superposition of antenna currents and line currents 
leads to cancellation of the currents in the outer wire of each stub 
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as shown in Fig. 22.7a. This part of the circuit is detuned. The 
same result is apparently also obtained with X/4 closed-end stubs, 
as shown in Fig. 22.76, where the natural mode of a part of the 
system is assumed to be excited. But the distribution of current 
shown in Fig. 22.76 involves only equal and opposite line currents 
on the stubs. Since the antenna currents of Fig. 22.6c also may 
be excited, the actual distribution is a superposition of the distribu- 
tions In Figs. 22.6e and 22.76. 

If the open-wire stubs are replaced by coaxial sleeves of suffici- 
ently large diameter somew’hat shorter than X/4, Fig. 22.8, the outer 
ends of the antenna are detuned as in Fig. 22.66. Currents in the 
rest of the antenna oscillate as in Fig. 22.76. 



Fig. 22.8. — Coaxial sleeves to detune outer ends of antenna. 

If the X/2 stubs in Fig. 22.7a are each bridged by a conductor, 
modes are possible wdth distributions along the horizontal antennas 
resembling a superposition in various proportions of those of Figs. 
22.6a and 22.7a. The relative amplitudes depend on the location 
of the conducting bridges along the stubs and on the precise location 
of the stubs along the antennas. With the bridges near the center 
of the stubs, the outer ends of the antenna may have no current, 
while the rest of the antenna is strongly excited, as in Fig. 22.7a. 
If the bridges are placed at the bottoms of the X/2 stubs, both dis- 
tributions may have almost equal amplitudes. The distributions 
along the stubs are superpositions of line and antenna currents. 

The several arrangements discussed have been described in 
order to illustrate some of the complex effects that must be expected 
in antenna circuits and arrays consisting of several coupled parts 
with several natural modes. An important application that is 
considered in Sec. 27 is the problem of detuning a conductor such as 
the outside of a coaxial line, which is not intended to be part of an 
antenna but which nevertheless may have large and undesirable 
currents. The principle involved is clear from the cases just 
discussed. A high-impedance stub must be inserted in a conductor 
at a point where the resonant current has its maximum without 
the stub. Care must be exercised that another resonant mode 
is not made possible thereby. 
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23. The Coaxial Collinear Array — ^Phase-reversing Sleeves. — 

An interesting and important alternative arrangement of the 
collinear array makes use of the inside of a coaxial pipe as feeder, 
of the inside surfaces of coaxial sleeves (each about a quarter wave- 
length long and spaced at intervals of about a quarter wavelength) 

as coupling and phase-reversing 
stubs, and of the outermost sur- 
face, consisting partly of the 
coaxial pipe itself and partly of 
the coaxial sleeves, as the rather 
thick units of the antenna. A 
cross section of this arrangement 
for two collinear antennas is 
shown in Fig. 23.1a with the 
cross-sectional dimensions en- 
larged. Actually, both the di- 
ameter of the pipe and the 
separation between it and the 
coaxial sleeves are small com- 
pared with the wavelength. The 
complete array consists of the 
following six coupled circuits: 

First, there is a coaxial feeder 
extending from the generator 
(below J in Fig. 23.1a) to K. 
F I G At least a part of this line near 

the top must be resonant, and 
the entire line may be. The 
true line currents on the outer 
surface of the inner conductor 
and the inner surface of the 
outer conductor are equal and 
opposite and extremely close to- 
gether compared with the wave- 
length so that the forces they 
exert at distant points cancel for all practical purposes. 

The second coupled circuit is the self-resonant center-driven 
antenna ABC of which one half is the central conductor AK and 
the other half the outermost surface JSC. (Because the section BC 
of the antenna is thicker than AK, it must be shortened much more 
below a quarter wavelength than AK if it is to be self-resonant.) 
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(a) ib) 

Fig. 23.1.— (a) Coaxial line feeding 
coaxial collinear array of two elements. 
(6) Distribution of current on outer sur- 
face of (a). 
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The direction of current and location of maxima at / = 0 are indi- 
cated by arrows; the location and sign of maximum charge a quarter 
cycle later also are shown. 

The third coupled circuit is the self-resonant stub of length near 
X/4 with open end at CD and closed end at B, It is formed by the 
inner surface of the sleeve and the outside of the pipe. Currents 
and charges are equal and opposite and very close together so that 
the forces they exert cancel at distant points. 

The fourth coupled circuit is the antenna consisting of the outer 
surface DEF 

The fifth coupled circuit is the resonant quarter-wavelength 
sleeve with open end at FG and closed end at E, 

A sixth circuit consists of the outer surface of the pipe from G 
to its end below H including all attached and coupled conductors 
such as the generator circuit and the earth. This sixth circuit 
may be resonant or detuned depending upon its length and the 
arrangement of other attached or coupled circuits. 

If power is to be transferred to conductors in the distant uni- 
verse primarily by coupling to the collinear array made up of the 
two antennas ABC and DEFj the outside of the feeder line to G 
must be kept detuned. Methods of achieving this are considered 
in Sec. 27. In this case, much as in one of the outer antennas of 
Fig. 22.3, the antenna DEF is coupled both to antenna ABC and 
to the section of transmission line with open end at CD. The 
induced currents from these two are nearly opposite in direction, 
but the currents due to the sleeve are greater if it is adjusted to 
resonance, as is assumed in Fig. 23.1. If this is not true, in par- 
ticular if the sleeve BC is removed or the open end at CD is closed 
with a disk, the retarded forces due to the moving charges in ABC 
are alone active, the current in DEF is reversed, and radiation is 
reduced. 

For maximum radiation, each antenna and each sleeve must be 
individually tuned. (Collinear arrays with more than two coupled 
antennas are readily constructed by attaching units above A and 
below H, Fig. 23.1.) This cannot be done as accurately in the 
coaxial collinear array of Fig. 23.1 as in the structurally less attrac- 
tive form of Fig. 22.3a, because the half length BC (outer surface) 
of the coaxial antenna cannot be made shorter than the half length 
BC (inner surface) of the sleeve. A section of a coaxial line that is 
open at one end and closed at the other always has a resonant length 
that differs much less from X/4 than does the half length of an 



144 


ANTENNAS 


[Chap. II 


antenna of the same or greater outer diameter. Since the antenna 
and sleeve are closely coupled, the adjustment for maximum and 
as nearly as possible equal currents in the two antennas is not pre- 
cisely that for self-resonance in each case. It depends on the degree 
of coupling; and, without an even approximate theoretical treat- 
ment available, it must be determined experimentally. In order 
to assure adequate coupling between the collinear antennas and 
the coaxial coupling section, the inner diameter of each coaxial 

sleeve must be much greater than 
the outer diameter of the con- 
ductor on which it is placed. 

24. End-coupled Half-wave 
Antenna. — A single antenna of 
length near X/2 may be center- 
driven from a parallel line as in 
Fig. 18.1 or from a coaxial line 
by the arrangement for the top 
antenna ABCj Fig. 23.1a. The 
sleeve EF is not present, and the 
outside of the line below D must 
be detuned by methods to be 
described. An antenna of this 
same length may be end-coupled 
to a resonant two-wire line or to a 
coaxial line or to a short imped- 
ance-transforming section of such 
a line using the arrangements of 
Figs. 24.1 and 24.2. The antenna is merely the continuation 
(either in the same direction or at right angles) of one of the wires 
or of the inner conductor of the coaxial line or pipe. Electrically, 
the length AJ5 is a self-resonant antenna closely coupled to the 
resonant two-conductor transmission line inside the coaxial pipe 
and also to the outer surface of the pipe, or it is coupled to the two 
wires of the open line acting simultaneously as a transmii^ion line 
and in parallel as a single conductor. If it is assumed that resonant 
currents on the outer surface of the coaxial line or on the two-wire 
line acting as a single conductor are minimized by detuning (either 
by adjustment in over-all length or by other methods to be described 
in Sec. 27), there remain only two closely coupled circuits, the 
antenna AB and the transmission line. These are coupled by the 
interaction of forces between charges near the junction point B 



(a) (6) 

Fiq. 24.1. — (a) Half-wave antenna 
forming a collinear continuation of (a) 
coaxial line, (6) two-wire line. 
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of antenna and line. The degree of coupling depends on the spacing 
of the two conductors of the line; but, unless this is very small, 
the coupling may be so close that double resonance peaks of current 
are observed as the tuning of antenna or line is varied. 

If the length of the line is such that the outer surface of the 
coaxial line or the two wires of the open line treated as a single 
conductor become resonant, this radiates as a coupled antenna. In 
the two-wire line, the resonant antenna'^ current is superimposed 
upon the transmission-line currents so that the two-wire line acts 
simultaneously as transmission line and antenna. If the two con- 
ductors are enclosed in a metal shield for their entire length, the 
unbalanced or ''antenna” current is on the outside of the shield just 
as on the coaxial line. 



Fig. 24 2. — ^Arrangements similar to those of Fig. 24.1 but with the antenna at right 

angles to the line. 


26. Unsymmetrical Antennas and Arrays. — The symmetry of 
an antenna or of an array is measured in terms of the geometrical 
arrangement of the conductors with respect to the input terminals. 
In order to define an input impedance for an antenna or an array 
in the conventional low-frequency or near-zone sense, the input 
terminals must be so close together that they may be connected 
as part of a near-zone network or, more commonly, to the end of a 
transmission line the conductors of which are sufficiently close 
together to satisfy the condition for the near zone. The currents 
at these terminals must be equal and opposite. In a coaxial line, 
an "antenna” current is on the outside of the outer conductor at 
sufficiently high frequencies so that separate equal and opposite 
transmission-line currents may be distinguished. On the other 
hand, in a two-wire line, an "antenna” current is in the same 
direction on both conductors of the line superimposed on the con- 
ventional transmission-line currents. Experimentally there is no 
way to separate these currents. 
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A long transmission line or a stub section of line does not carry 
a significant antenna’’ current if the coefficient of coupling between 
the line (acting as a single conductor) and the entire array is small, 
and if the line with all that is attached to it is detuned. In each of 
Figs. 22.1 to 22.3 the antenna or array is itself symmetrical and the 
two-wire line is symmetrically placed, so that the retarded forces 
tangent to the line (which are exerted by the moving charges in 
the antenna on the charges in the line) cancel and the mutual 
impedance vanishes. The two wires of the open line thus carry 
equal and opposite transmission-line currents and no ‘‘antenna” 
current. The input impedance of the array may be defined in the 
conventional way and can be determined experimentally by sub- 
stitution or bridge methods. The coaxial array of Fig. 23.1 and 
the end-fed antennas of Figs. 24.1a and 24.2a are unsymmetrical. 
The charges on the outer surface of the coaxial line (below G in 
Fig. 23.1a) experience uncanceled retarded forces from the moving 
charges in the antennas above, so that the coefficient of coupling 
does not vanish. The outer surface of the entire coaxial pipe (below 
G in Fig. 23.1a) must be detuned, or it will carry an antenna current 
and will be a part of the array. The input impedance of the entire 
array, which is also the terminating impedance of the coaxial line, 
may be defined in the conventional manner, because the inner 
conductors of the line carry equal and opposite currents except 
very near the open ends. Since a small end correction is always 
included with a terminating impedance of conventional type, the 
same may be done here. (The equations of the transmission line 
imply an infinitely long line. If the line is finite, the error made 
in assuming the constants per unit length of line to be the same 
near the ends as far from the ends is absorbed into the terminating 
impedance except when the end is open, when it appears as a small 
end correction in length.) 

In Fig. 24.1a or Fig. 24.2a, the component of current at the 
junction point B of line and antenna is the component dis- 
cussed in connection with (9.1) for an antenna of nonvanishing 
radius and of antiresonant length near X/2. The approximately 
equal and opposite current —I/' on the inner surface of the outer 
conductor of the line continues to the outside of the coaxial line 
at the upper end, even if this is detuned. For thin antennas, this 
current is small. A substitution or bridge method of measuring the 
impedance at the terminala of the antenna generally is not reliable, 
because the outside of the coaxial cable is a part of the antenna even 
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if detuned, and theoretically, therefore, it would have to be detached 
as part of the antenna and leave only the inside transmission line, 
which is physically impossible. On the other hand, if the constants 
and the length of the transmission line are known accurately, the 
input impedance of the line at the generator may be measured 
and the terminating impedance calculated. A similar situation 
exists when the inner rod of a coaxial line projects from the metal 
surface of an airplane. The antenna is the entire plane and the rod. 

In the unsymmetrical arrangements of Figs. 24.16 and 24.26, 
the two conductors of the two-wire line are unbalanced if an 
appreciable ‘‘antenna'^ current is in the same direction in both con- 
ductors. It is somewhat unbalanced even if this is avoided by 
careful detuning of the line treated as a single antenna, because the 

current at the junction point B of one of the con- y- 

ductors of line and antenna does not vanish if the 
antenna has a physically realizable radius. A 
component of current continues into the 

antenna, and this can have no equal and oppo- I A 2b 

site component on the other parallel wire, because ® 

this wire ends and the current must vanish. 

Accordingly, the two- wire line, Figs. 24.16 and 

24.26, is slightly unbalanced at best if the 

antenna is thin and the line is detuned as an 25.i.— An- 

antenna; at worst it is entirely out of balance if tenna center-driven 

the line is not detuned. 

Up to this point, nothing has been said of the possibility of sub- 
stituting a coaxial line for the two-wire line in the completely 
symmetrical arrangement of Fig. 25.1. It might be supposed that 
the circuit of Fig. 25.2a using a coaxial line is as symmetrical as 
that of Fig. 25.1 with the two-wire line. Insofar as the cancellation 
of tangential forces along the outer surface of the coaxial line is 
concerned, this would certainly be true everywhere except in 
proximity to the points A and B (where the antenna is attached) 
if the halves of the antenna carried the same current and charges 
of opposite sign distributed in the same way. The fact is, however, 
that the distribution of metal and hence the distribution of charge 
at the end of a coaxial line are unsymmetrical with respect to the 
halves of the antenna. In the enlarged line of Fig. 25.26, the peri- 
odically charged outer conductor at B^ maintains forces on the 
antenna between A and The same forces do not act on the 
lower half of the antenna, and a condition of unbalance therefore 
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exists. It can be reduced somewhat if the end of the coaxial line is 
cut away near the upper half of the antenna, Fig. 25.2c. 

A further unbalance results from the fact that the axis of sym- 
metry for electromagnetic effects due to the coaxial line is the central 
conductor, whereas the point of symmetry for the halves of the 
antenna is midway between the terminals A and B. Another way 
of expressing this same dissymmetry is in terms of the current into 
the halves of the antenna. That which is directed upward at A 
continues along the outer surface of the same conductor bent at a 
right angle, whereas that which turns down must change its rota- 
tionally symmetrical distribution along the inner surface of the 
outer conductor and converge to a single point JS. Accordingly, 



(a) (b) (€) 

Fig. 25.2. — Antennas center-driven from coaxial lines. 


the adjustment for resonance and the maintenance of similar dis- 
tributions and amplitudes of current and charge in the halves of 
the antenna are somewhat improved if the part of the antenna that 
is attached to the outer conductor of the coaxial line is made shorter 
than the other part of the antenna, Fig. 25.26, c. 

Neither cutting away the end of the outer conductor of the 
coaxial line nor shortening the lower half of the antenna is sufficient 
to assure symmetry. In fact, the geometrical structure of Fig. 
25.2c is so obviously asymmetrical as to make it perfectly clear that 
the forces acting on charges in the outer surface of the coaxial line 
in a direction parallel to its axis due to currents and charges in 
the halves of the antenna cannot be expected to cancel completely 
near the end of the line. If small tangential forces remain, there 
must be currents on the highly conducting outer surface of the 
coaxial line; and, if the outer surface of the line is not detuned, the 
currents will be large and the outer surface of the line will act as a 
coupled antenna. 
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If the radius of the coaxial line is very small (as required by the 
condition of the near zone) so that the distance AB in Fig. 25.2 is 
an extremely small fraction of a wavelength, the dissymmetry is 
relatively slight. Even so, currents due to resonance along the 
outer surface of the coaxial line may be significant. At very short 
wavelengths, it is not always possible to keep the radius of a coaxial 
line a small fraction of a wavelength, because spark-over can occur. 
If the distance AB is an appreciable fraction of a wavelength, as in 
Figs. 25.26 and 25.2c, the dissymmetry is great, and relatively 
large uncanceled forces may be expected to act on the charges in 
the outer surface of the coaxial line. This must be kept detuned 
therefore if resonant amplitudes are to be avoided. 

26. Transmission-line Feeders. — The connecting circuit be- 
tween a generator with its associated network and an antenna 



Fig. 26 . 1 . — Transmission-line feeder with matching networks. 


usually consists of a transmission line. Such a line is commonly of 
the two- wire, the four- wire, or the coaxial type, and it may be long 
or short. A typical circuit is shown schematically in Fig. 26.1. 
It consists of a generator with output terminals FG, a matching and 
tuning circuit for the generator with output terminals JSL, a 
transmission line with output terminals MN, and a tuning and 
matching network for the antenna with output terminals AB which 
are also the input terminals of the antenna. The most effective 
over-all transmission of power is achieved when the impedance 
looking to the right at FG presents the optimum had for the gen- 
erator, and the power losses in the line and in the matching networks 
are a minimum. The losses in the matching networks may be kept 
small by using only circuit elements with low resistance; if sections 
of line are used, they must be short. The losses along a transmission 
line are smallest when it is terminated in its characteristic impedance 
Zc, and the impedance Zuh looking to the right at MN should 
therefore be equal to Zc. Thus, the matching network for the 
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antenna must trans!'orm the input impedance Zab of the antenna 
into an impedance Zmn looking to the right at MN and given by 
Zmn (right) = Zc- If the generator is designed to feed a load 
Zopt for optimum performance (e.g. maximum efficiency, or maxi- 
mum power), Zfo (right) = Zopt. Accordingly, the matching net- 
work for the generator must transform the input impedance Zkl 
(right) of the line at KL into the desired Zopt at FG, If the line is 
terminated in Zc, Zkl (right) = Zc, and the matching network of 
the generator must transform Zc looking to the right at KL into 
Zopt looking to the right at FG. If the generator has been designed 
so that Zopt = Zc, the matching network for the generator is unnec- 
essary. For most lines, Zc = -Be + jXc is predominantly resistive 
with Xe very small and negative. Thus, for purposes of matching, 
Zc ~ Bcj Xe ^ ^ Be. 

If the condition Zmn (right) = Zc is fulfilled by a suitably 
adjusted matching network for the antenna, the transmission line 
is said to be nonresonant. A nonresonant line is a line that is 
terminated specifically and only in its characteristic impedance. 
Advantages of the nonresonant line are low losses, the absence of high 
resonant voltages, and broader band frequency characteristics of the 
system as a whole. If the line is short, not over one or two wave- 
lengths, the losses in the line are negligibly small compared with the 
power transferred to the antenna; and, insofar as losses are concerned, 
it is unimportant whether the line is or is not nonresonant. If the 
line is long, the losses in the line may be excessive unless it is 
nonresonant. 

Even though terminated in its characteristic impedance, it 
may be impossible to make a line nonresonant if the supporting 
insulators or spacers are incorrectly placed. At long wavelengths, 
supporting insulators are usually separated a negligible fraction of 
a wavelength for both two-wire and coaxial lines, and no difficulty 
is encountered. At extremely high frequencies, the spacing of 
dielectric beads or other supports may be an appreciable fraction 
of a wavelength. If the beads occur at intervals of slightly lei^ than 
X/2, successive partial reflections occur at each bead, and the effect 
is cumulative. Accordingly, resonant amplitudes may be built 
up even though the line is correctly terminated. The contrary is 
true if the beads are arranged in pairs, the spacing between the 
two beads being approximately X/4, and with no restriction as to 
the interval between successive pairs. At one frequency, a partial 
reflection at one bead is canceled practically by that at the next 
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bead of the pair. An important disadvantage of the nonresonant 
line is that it does not lend itself readily to multiband operation, 
because it is not possible to provide a single matching network that 
will terminate the line in its characteristic impedance at more than 
one or at most two frequencies. 

For short distances and for multiband operation, resonant 
transmission lines may be used. In this type of operation, the 
antenna-matching network is not required. The impedance Zrlj 
Fig. 26.1, looking to the right at KL is that of the transmission line 
terminated in the antenna. The condition for optimum perform- 
ance of the generator requires the network matching the generator 
to transform (right) at terminals KL into Zpo (right) “ ^opt 
at terminals FG. The condition Xra (right) = Xopt is usually 
equivalent to tuning the entire circuit including the transmission 
line to resonance using the matching network of the generator. 

27. Detuning Sleeves; Line Transformers. — In analyzing 
transmission lines, it is assumed that “antenna” currents are absent 
either in the form of an unbalanced current on open-wire lines or a 
current on the outer surface of a coaxial line. Such currents 
usually can be avoided if symmetrical center-fed systems are used 
in conjunction with symmetrically placed open-mre lines as feeders. 
They are automatically avoided where a transmission line, either 
open or coaxial, is very close to the surface of a highly conducting 
earth upon which an array of any configuration is erected. The dis- 
tribution of charges and currents in the highly conducting earth is 
always such as to lead to a virtual cancellation of all tangential 
forces along its surface. 

If a cancellation of tangential forces along the transmission line 
cannot be accomplished by a symmetrical arrangement, the currents 
can be minimized by detuning the line (open or coaxial) treated as a 
single conductor. In fixed installations, this can be accomplished 
sometimes by adjusting the over-all length. It often can be 
accomplished by following the method already mentioned in Sec. 22 
in connection with Fig. 22.6& where part of a resonant antenna is 
detuned by cutting it at a point of maximum current and connect- 
ing the terminals so obtained to the open end of a high-impedance 
stub. 

Any conductor, or group of conductors excited in parallel as a 
single conductor, can be detuned with respect to a particular mode 
by inserting a high-impedance stub at a point where a current 
maximum would be if the conductor were resonant without the stub 
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However, as is pointed out in conjunction with Fig. 22.6, another 
mode of oscillation that has a minimum of current at the open end 
of the inserted stub may be excited if the effective over-all length 
of the line from this open end of the stub is electrically equivalent 
to an integral number of half wavelengths. A change in this length 
or additional stubs suitably placed to detune this mode then are 
required. A number of arrangements for detuning two-wire lines 
and coaxial lines as single conductors are shown in Figs. 27.1 to 



Fig. 27.1. — Arrangement for detun- Fig. 27,2. — Arrangement for detun- 
ing a two-wire line end-driving a X/2 ing coaxial line end-driving a Xy2 
antenna. antenna. 


27.4. In all these, the transverse dimension is exaggerated for 
clarity. 

In Fig. 27.1, a closed-end detuning stub is connected. into the 
two-wire line of Fig. 24.16. The two sides of the stub are mutually 
at right angles, and there is therefore no interaction of the equal 
and opposite transmission-line currents; whereas, to the antenna 
current (which is in the same direction at corresponding points 
of the two parallel conductors), the two wires of the line are in 
parallel. A resonant antenna current would have a current 
node at the upper end or junction with &e antenna. The first 
current loop, therefore, woidd be X/4 from the end. If the line is 
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cut at this point and a X/4 closed-end stub is inserted, Fig. 27.1, the 
line is detuned as an antenna. 

In Fig. 27.2, the same thing is accomplished for a coaxial line. 
A X/4 detuning sleeve is provided with its 
open end a quarter wavelength from the 
end of the ine. The sleeve might equally 
well be moved down X/4 if the upper end 
were open and the lower end were closed. 

In Fig. 27.3, the center-fed antenna 
uses the outer surface of the phase-revers- 
ing or coupling sleeve as its lower half. 

The inside of this sleeve is a resonant- 
coupled circuit, as explained in Sec. 23. If 
the second (lower) sleeve were closed at the 
top and left open at the bottom, it also 
would be a phase-reversing or coupling 
sleeve. Fig. 23.1a. However, with the 
open end at the top and the closed end 
at the bottom. Fig. 27.3, the lower sleeve 
serves to detune the outside of the coaxial 
line. Such a sleeve could be added in Fig. 

23.1a to detune the feeding line. 

In Fig. 27.4, the outside of the coaxial 
line used to center-feed an antenna is 
detuned by a detun' ng sleeve. The effects 
of the partly uncanceled forces acting 
tangentially along the outside of the line 
may be summarized roughly by stating that a part of the current 

from the lower antenna is along the 
outside instead of only along the inside, 
as it would be if no dissymmetry 
existed. A resonant current on the 
outside has its maximum directly at 
the end. Therefore, the open end of 
a coaxial X/4 detuning sleeve must be 
placed there. If more convenient, it 
could also be placed with its open end 
a half wavelength from the terminals 
of the antenna. When an antenna is 
fed from a flexible coaxial line, Fig. 27.4, a detuning sleeve is essential ; 
for, if the cable is moved or coiled, its electrical length is altered and 



Fig. 27.3. — Detuning 
sleeve on a coaxial line 
center-driving a coaxial half- 
wave antenna. 


DETUNING 

SLEEVE 


4 


Fig. 27.4. — Detuning sleeve on 
a coaxial line center-driving a 
half-wave dipole. 
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resonauce may be established in one position and not in another. 
This is a most undesirable condition, since the impedance at the 
terminals of the antenna and the power radiated depend on the 
manner in which the cable is coiled. To provide adequate coupling, 
detuning sleeves must be considerably larger in diameter than the 
coaxial line. To permit adjustment for maximum detuning, it is 
desirable to have them variable in length near X/4. This is easily 
accomplished with a telescoping sleeve. 

COAXIAL LINE 
WITH 

DETUNING 

TWO-WIRE LINE SHIELDED PAIR — 


Fia. 27.5. — Sirnple two-wire to coaxial-line transformer consisting of a section of the 
shielded pair of adjustable length. 

When a two-wire line and a coaxial line are connected, as in 
Fig. 27.5, unsymmetrical conditions exist at the junction point 
not unlike those discussed for a symmetrical antenna center-driven 
from a coaxial line. As a result, antenna currents may exist on the 
outer surface of the coaxial line and as unbalancing currents on the 
two-wire line. A simple method of reducing these is to insert a 
shielded pair, preferably adjustable in length, between the coaxial 

SLIDING CONTACT 



line and the two-wire line and, if necessary, to detune the outer 
surface with coaxial sleeves. The shielded pair may consist of a 
tube or pipe around the two-wire line for the required distance, 
Fig. 27.5. The length of the tube must be such that resonant cur- 
rents do not exist on its inner surface. A modification^ of the 
shielded-pair transformer is shown in Figs. 27.6 and 27.7. The coax- 
ial line on the left is modified from Z) to C by moving the inner 
^ Patent applied for. 
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jonductor closer to the bottom of the shield. This concentrates 
ihe current on the bottom of the shield for better transfer to the 
ower conductor of the shielded pair that begins at C'. It also 
equalizes the over-all electrical length of the two sides of the line 
n the transforming section DD' to AA\ In order to transfer all 
:he current from the shield to the lower wire of the shielded pair 
between C' and A', the shield is slotted for a distance somewhat 
exceeding X/2 and connected to the upper conductor of the shielded 
pair at il, to the lower conductor at A', using metal end plates. 
By adjusting the length of the slotted section (using a movable 
sleeve enclosing the entire shield) to near X/4, so that the impedance 


\ 

4 


X 

4 


H 



Fia. 27.7. — Circuit diagram of slotted shielded-pair transformer. 


of the closed-end stub, consisting of the upper half of the slotted 
shield and the upper wire of the pair, is very high, any current in 
the upper half of the shield must turn either to the lower wire 
of the pair or to the lower half of the slotted shield. The path is 
by way of the sleeve and its connection to the lower wire of the pair. 
The currents on the lower half of the slotted shield combine at A' 
with those on the lower wire. Both inner and outer surfaces of the 
slotted section of the shield from AA' to the sleeve are equivalent 
to high impedance, X/4 closed-end stubs across A A'. The slotted 
shielded-pair transformer is superior to the arrangement of Fig. 
25.2c for center-driving a symmetrical antenna from a coaxial line. 
Detuning sleeves are usually not required on the outside of the 
shield if the unit is proportioned correctly. If the bends in the sec- 
tion DC are omitted for simplicity in construction, a detuning 
sleeve is desirable, especially if a voltage-fed antenna is connected 
directly at AA' in place of the open-wire line. 
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If the frequency is suflBiciently high, a cavity resonator, Chap. Ill, 
may be inserted between a two-wire line and a coaxial line, as a 
balanced-to-unbalanced-line transformer, Fig. 27.8. Another use- 
ful device for connecting a two-wire line to a coaxial line is a T 
section to transfer from a single coaxial line to two coaxial lines. By 
having one of these X/2 longer than the other and connecting the 
two-wire line to the two inner conductors, a smooth transfer results. 


CAVITY RESONATOR 


TWO-WIRE LINE 


COAXIAL LINE 


MOVABLE PISTON 


Fig. 27.8. — Two-wire line to coaxial-line transformer using a cavity resonator. 


28, Impedance Transforming or Matching Sections. — In order 
to fulfill the conditions for optimum operation of a transmission 
system that includes generator, line, and antenna (or other load), 
matching networks must be provided at both ends of the trans- 
mission line if this is long. The matching network for the antenna 
serves to provide a line terminated in its characteristic impedance 
and hence assures minimum losses along the line. The matching 
network at the generator is necessary in order that the generator be 
correctly loaded for optimum output. Several types of network 
are available, some useful for both ends or for either end of the line, 
others serving the more special function of matching at the end 
connected to the load. They will now be reviewed. 

a. T Section with Reactive Elements, — T section of practically 
resistanceless reactive elements is useful for matching, especially 
at low frequencies. Such a section may be designed for use at 
either the input or the output end of the line. Since only two 
variables are necessary in order to achieve a match, it is always 
possible to select arbitrarily one of the three reactances form- 
ing the T. A match can be obtained with one series and one 
shunt element. Matching sections of this type are useful at all 
frequencies that are not so high that the reactance of a coil or of a 
capacitor becomes difficult to predetermine. In such cases, sections 
of transmission line are usually more convenient because their 
input impedance can be calculated accurately in terms of their 
length. 

b. General Resonant Line with Adjustable Taps, — A very general 
form of network constructed of a short terminated section of trans- 
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mission line that may be used as a matching network is shown in 
Fig. 28.1. The conditions for match are 

Rmn (into matching network) == Rc (28.1) 

(into matching network) = 0 (28.2) 

The impedance of the load at the terminals ^ JS is Zab == Rab + JXab- 
(In some instances, it may be more convenient for physical reasons 
to have Zab the input impedance of a short section of line connected 
to the load and treated as a part of it.) The characteristic imped- 
ance of the long line is Zc ^ Rc) that of the short matching section 



2y Zy 

(a) (6) 


Fig, 28.1. — General matching network. 

is Ze = Rc. The matching section of line is terminated at one 
end by Z«, and at the other end by Zy, Both Z«, and Zy must be 
high-Q impedances; usually they are the impedances of open or 
bridged ends. 

The conditions for providing the optimum load impedance 
ZfQ = Zopt for the arrangement of Fig. 28.1a are 

Rfq (into matching network) = R^t (28.3) 

Xfq (into matching network) = Xopt (28.4) 

The impedance Zrl is the input impedance of the line. If the 
line is terminated in Rcy then Zkl ^ Rc 

Usually only two variables are necessary to fulfill the conditions 
(28.1) and (28.2) or (28.3) and (28.4). There are available the three 
lengths Wy Xy y) the characteristic impedance Ze) and the terminal 
impedances Z^ « iZw + jXyo and Zy = + jXy, By arbitrarily 
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assigning convenient values to all except two of these, but in such a 
way that losses in the entire matching section are kept very small, 
a large variety of possible arrangements with somewhat different 
properties can be devised. They include the X/4 transformer, 
single- and double-stub tuners, which are analyzed in Chap. I. 

An arrangement using a X/4 matching 
transformer and a detuning sleeve with 
a coaxial line driving an antenna is 
shown in Fig. 28.2. 

c. Delta Match^^ for Antennas , — 
Instead of inserting a matching net- 
work consisting of a resonant section 
of transmission line between the input 
Fig. 28 . 2 .— Antenna center- terminals of an antenna and the long 

driven by coaxial line with - , ... ± j-r 

quarter-wave transformer and de- lecder, it IS possible tO modify the 

tuning sleeve. antenna itself in such a way that the 

input impedance at its terminals is equal to the characteristic 
impedance of the line. The usual arrangement, Fig. 28.3, is to 
attach conductors at points CD along the antenna (which are not 
sufficiently close to be in the near zone) and then join these to the 
new input terminals at AB, The accurate calculation of the input 
impedance at AJ3 of the modified antenna as a function of the 
distance CD and the lengths AC and BD 
has not been accomplished. Methods that 
treat the antenna as a highly attenuated 
section of transmission line give only rough 
approximations for small separations CD, 

The delta circuit permits an approximate 
match that is convenient experimentally. 

It is to be noted that the matching section 
is a part of the antenna, in that equal and 
opposite currents are not so close together 
that forces exerted at distant points are neg- 
ligible compared with those exerted by the Fiq- 28.3.— Delta-matched 
currents and charges in the antenna proper. antenna. 

Regardless of the particular structure of the matching section 
that is inserted between a transmission line (that is to be made 
nonresonant thereby) and an antenna or generator, the matching 
network is always a part of the resonant circuit and not a part of 
the nonresonant line. Accordingly, power dissipated in a matching 
network may be considerable unless the network is properly designed. 
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IV. THE RECEIVING ANTENNA AS A CIRCUIT ELEMENT 

29. Distribution of Current and Charge along a Thin Unloaded 
Receiving Antenna Parallel to an Electric Field. — The distribution 
of current in a single parasitic antenna loosely coupled to all other 
conductors in the universe (including in particular a driven antenna) 
is known for a (;ylindrical and symmetrical antenna of small radius. 
This is the important case of a single receiving antenna in the far 
zone of a transmitter. The distribution of current along a cylindri- 
cal receiving antenna of moderately small radius is as intricate as 
that along a similar driven antenna. Much valuable information 
about receiving antennas as circuit elements can be derived, how- 
ever, using only the relatively simple leading terms in the dis- 
tribution function. These give a surprisingly good approximation 
for many purposes involving moderately thin antennas. 

As is explained in general terms in Sec. 1, the interaction of 
electric charges in two separate conductors, such as a transmitting 
and a receiving antenna, is analyzed in two steps. The first of 
these is the definition of the electromagnetic field due to moving 
charges in the transmitting antenna. Since it is assumed here that 
the receiving antenna (and every other conductor) is in the far zone 
of the transmitter, the distributions of charge and current in the 
receiving antenna have a negligible effect on the current in the 
transmitter. Accordingly, the electromagnetic field may be defined 
directly in terms of the distribution of current already discussed for 
the driven antenna, and this is done in Sec. 35, 

The second step in the analysis consists in expressing the force 
on the charges in the receiving antenna in terms of the electro- 
magnetic field defined for the transmitter. Since there is no 
significant reaction of the receiver on the transmitter, the dis- 
tributions of current and charge in the receiver may be obtained 
directly from the expression for the force on the charges subject 
to the conditions imposed by the shape and material of the antenna. 
Intricate simultaneous equations thus are avoided in this far-zone 
case. 

The electromagnetic vectors in the far zone of a transmitting 
antenna may be taken to lie approximately in a plane insofar as a 
relatively short receiving antenna is concerned. The distribution 
of current in the receiving antenna can be expressed in terms of the 
electric vector or the magnetic vector. Either one is sufficient 
For a straight receiving antenna, the electric vector is more con- 
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venient; for a loop or frame antenna, the magnetic vector usually is 
preferred. The distribution of current in the straight antenna 
depends on the direction of the electric vector, not merely on the 
component of the electric vector parallel to the antenna, as has 
sometimes beeii assumed erroneously. For optimum performance 
the receiving antenna is usually placed parallel to the electric field, 
and for the present the discussion is limited to this more important 
and simpler case. 

The leading terms in the distributions of current 
and charge along an extremely thin, highly conduct- 
ing thread of half length A, Fig. 29.1, are con- 
tained in the following expressions for the complex 
amplitudes : 
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Fig. 29 . 1 .— 
Unloaded receiv- 
ing antenna in a 
uniform electric 
field parallel to 
the antenna. 


(?) 


(29.1) 
sin fiz (29.2) 

(29.3) 

(29.4) 

(29.5) 


8 is the electric field due to a distant transmitter so 
oriented with respect to the receiver that the electric 
vector is parallel to the axis of the receiving antenna. 
Expressions for 6 are given in Sec. 37 for linear 
radiators. It is interesting to compare (29.1) and 
(29.2) with corresponding formulas for the center-driven antenna, 
Sec. 8. These are written below. 




f _ f sin PQi - \z\) 
‘ ^ sin ph 

. la cos 0(h - \z\) _ A 
^ ■■ sin /3A 


Vc 


COS j8(A — |z|) 


(29.6) 

(29.7) 


Note that, whereas the distributions along the receiving antenna 
depend upon the distance \z\ from the center of the antenna, those 
along the transmitting antenna depend upon the distance h — |2| 
from the ends of the antenna. They have the same form only when 
fih »= (2n + l)ir/2 (n = 0, 1, 2, • • • ), when both distributions 
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reduce to 


Iz I Q cos fiz 

(29.8) 


Oz = —j ” sin fiz = Qmax sin fiz 

Vc 

(29.9) 

Also 


•fmax — i 0 and Qmtkx — Oa 

(29.10) 


The distribution functions (29.1) and (29.2) are plotted in 
Fig. 29.2 for several values of h. They should be compared with 


X 



Fig. 29.2. — Distributions of current and charge in a receiving antenna without 
load in an electric field parallel to the antenna. Amplitudes shown for successive 
antennas are not to scale. 

the corresponding distributions along a transmitting antenna of 
the same length, Fig. 8.2. 

The fact that T, becomes infinite when cos fih — 0 in the receiving 
antenna or when sin fih — 0 in the driven antenna is a conse- 
quence of retaining only the leading terms in the distribution func- 
tion. In terms of the complete solution, the current may become 
large but never infinite. This is discussed for the driven antenna in 
Sec. 9. Analogous conditions exist in the receiving antenna but are 
not described here. However, it may be concluded that the current 
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in the unloaded antenna is maximum (though not infinite) near 
cos == 0 or A = X/4. The condition for maximum current is 
that desired when a coupled load receives negligible power. The 
condition for maximum power to the load is not the same as for 
maximum current, as is shown in Sec. 32. 

30. Distribution of Current along a Highly Conducting Sym- 
metrical Loaded Antenna of Extremely Small Radius. — In normal 
operation a receiving antenna is connected to a load impedance in 
the form of a network of tuned circuits either directly or by means 
of a transmission line. In some instances, it is necessary or desir- 
able to design the load and the antenna so that maximum power is 



ACTUAL EQUIVALENT 

CIRCUIT CIRCUIT 


(a) (6) 

Fia. 30.1. — ^Loaded receiving antenna. 

mission line loaded at the outi 


transferred from the distant 
transmitter to the load. In other 
cases, the receiver itself is made 
so sensitive that it need dissipate 
only negligible energy as heat, 
and practically all the power 
received by the antenna is rera- 
diated. This case then becomes 
approximately that of an un- 
loaded antenna. 

Consider the general case, Fig. 
30.1, of a receiving antenna 
placed parallel to the electric field 
S of a distant transmitter. A 
load impedance Zl (which may 
be the input impedance of a trans- 
t end) is connected across two 


terminals at the center of the antenna. These are assumed to be 


sufficiently close together to be in the near zone with respect to 
each other. With the aid of the compensation theorem, the analysis 
of this circuit can be reduced mathematically to that of an equiv- 
alent circuit consisting of an unloaded receiving antenna with 
an impedanceless generator at its center. According to this 
theorem, any impedance Zl that carries a current /© may be 
replaced by an impedanceless generator with an emf equal 
to the potential drop across Zl, or 


L = 


(30.1) 


If the substitution (30.1) is made, the circuit of Fig. 30.1a is equivRr- 
lent to that of Fig. 30.12>. 
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By direct application of the principle of superposition, the total 
current /o is the resultant of the current Iqv due to the generator 
and the current /oe due to the action of the distant transmitter as 
expressed in the electric field 8, or 

Iq ~ — Iqv (30.2) 


The current for due to the impedanceless generator is the same as 
that in a driven antenna, or 



(30.3) 


where Zo is the self-impedance of a center-driven antenna that has 
the same dimensions as the receiving antenna under consideration. 
For an extremely thin antenna, the leading term over most of the 
range is (10.4) 

Zo = jXo = -"jGOO cot fih (30.4) 

With (30.1) and (30.3), (30.2) may be written 


Joe = /o + ^0 



(30.5) 


At any point z along the antenna, the current by the principle of 
superposition is also the algebraic sum of the separate currents due 
to the electric field and the generator, or 


It — ItZ — ItV — lozfzi^) — lovfviz) (30.6) 


where /fX^) smdfviz) are the distribution functions for an unloaded 
receiving antenna (Zl = 0) and a driven antenna. In an extremely 
thin antenna, the leading terms are 

. , V cos fiz — cos fih far, . o \ /orv 

/e(z) = l -cosffft 

Sv{z) = (jSA not near x) (30.8) 


These are rough approximations for thin antennas, provided that 
their lengths are not such as to make the denominators in (30.7) 
and (30.8) very small. With (30.3) and (30.5), (30.6) can be written 
in the form 

/. = /. [(i + 


(30.9) 
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For thin antennas, the approximate distribution of current is 


9 9 COS - cos ^h\ Zi sin ^{h - |z|)l „„ 

L\ \~T^^-^h~) ~ T, Slfe J 

where 

"" sfe ( cos/s/ ) (z7^z;) ^ 


In general, this is a complicated function, since may be complex. 


«1 






Ve 


Zl 


Fig. 31. lo. — Loaded receiving antenna 
parallel to electric field. 


Fig. 31.16. — Circuit equivalent to 
(a) insofar as current in load is con- 
cerned. 


An important and simple special case is an antenna of half length 
X/4, where (30.10) reduces to 

It = /o cos pz (30.12) 

for any load. If Pl is infinite, h is zero in (30.11). 

31. The Equivalent Circuit for a Receiving Antenna in the 
Far Zone of a Transmitter. — The relation (30.5) for the components 
/o€ and /ov of the total current To may be rewritten using (30.3). 

IqB^O = loi^L + Zo) (31.1) 

This equation gives the correct amplitude of the current To entering 
or leaving the load Zl connected at the center of a symmetrical 
receiving antenna placed parallel to the electric field of a distant 
transmitter, Fig. 31.1a. Actually, however, (31.1) is the equation 
of the same antenna with the same load at its center when driven 
by an impedanceless generator, Fig. 31.15. The emf of the gen* 
erator is 

f. = fosZo 


(31.2) 
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Thus the forces acting on the charges distributed along the receiving 
antenna in the actual circuit are replaced in the equivalents^ cir- 
cuit by forces due to an impedanceless generator acting as a con- 
centrated emf at the center of the antenna. 

For the purpose of determining the current fo, the two circuits 
are equivalent, but they are not equivalent for all purposes. For 
example, the distribution of current along an extremely thin receiv- 
ing antenna is given approximately by (30.9), whereas the dis- 
tribution along the antenna in the equivalent circuit is given to the 
same approximation by (29.6). The two distributions are not simi- 
lar in general, and they lead to quite different electromagnetic 
fields, i.e., the power that would be radiated from the ‘^equivalents^ 
driven antenna would be transferred to different parts of the distant 
universe from the power radiated from the actual antenna. Where- 
as the fictitious emf (31.2) is chosen so that the current /o is the 
same in the actual and “ equivalent ss circuit, the total power radiated 
from the driven antenna in the “ equivalent ss circuit is not equal to 
the power reradiated from the receiving antenna. From the point 
of view of the power absorbed in the load this is immaterial, and 
the two circuits are equivalent. 

The emf in the equivalent circuit. Fig. 31.16, is evaluated readily 
for a sufficiently thin antenna where Jos is given approximately 


by (29.3) and Zq approximately by (30.4). With H = 
substituting (29.3) and (30.4) in (31.2), 

ph, and 


(31.3) 

or 


f . = j tan (i//) 

(31.4) 

The quantity 


2h. = 1 tan (ill) = - tan (iH) 
p w 

(31.5) 

is called the effective length or height of the “equivalent” antenna 
of length 2h. (For a receiving antenna of length h erected vertically 
over a perfectly conducting horizontal plane to which one end of Zl 


is attached, the effective length of the “ equivalent ss antenna is K.) 
Thus the emf at the center of the ‘‘equivalent's circuit of a receiving 
antenna of length 2h is 




(31.6) 
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This can be determined experimentally by measuring t with a 
field-intensity meter at the location of the receiving antenna (with 
antenna removed) if the effective length is known. It can be com- 
puted approximately from (31.5) for very thin antennas that are 
well below h = X/2 in half length. If the antenna is not thin or 



Fiq. 31.2. — The |A«| A for an antenna parallel to the electric field. 

if it approaches or exceeds h = X/2 in half length, the curves of 
Fig. 31.2 may be used to determine K, They are computed from 
the actual distribution of current for the indicated thickness. 
The curve marked 0 « « is computed using (31.5). It is inter- 
esting to note that the curve for infinitely thin antennas is a good 
approximation even for thick antennas, provided that these are 
well below h « X/2 in half length. 
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If the antenna is not parallel to the electric field but lies in a 
plane of constant phase of the electric field, i,e,, is perpendicular to the 
line joining the receiving antenna with the distant transmitter, Fig. 
31.3 with 6 1 = 0, the analysis applies throughout if the component 
of the electric field parallel to the antenna, viz,, 8 cos rp, is written 
for t in (31.3) and (31.6). The value of he is not changed. Thus, 
for the receiving antenna in the plane of the electric field, use 

f, = 2A.g cos ^ (31.7) 

with he obtained from Fig. 31.2. 



Fig. 31.3. — Receiving antenna in an electric field. In the diagram the vector 
representing the field is shown at a distance from the antenna. The field used in 
calculation is that cU the center of the antenna. 

If the receiving antenna is neither parallel to nor in the plane 
of the electric field but is oriented as in Fig. 31.3, it is not correct 
merely to use in (31.3) and (31.6) the component of the electric 
field parallel to the antenna, viz., & cos 0i cos 4'- Since with 6i 7^ 0 
one end of the antenna is inclined toward and the other end away 
from the transmitter, the phase of the electric field is not the same 
at the same instant at points along the receiving antenna. The 
field experienced by the nearer end is due to a current in the distant 
transmitter at a later time than the field experienced at the same 
instant by the more distant end. Merely projecting t on the 
antenna does not take into account this difference in time but 
assumes that the electric field at all points along the receiving 
antenna is due to the current in the distant transmitter at one and 
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the same instant. Only if the antenna is quite short, h < X/4, 
and 01 does not exceed 10° is it a moderately good approximation 
to write t cos ^ cos 0i for & in (31.3) and (31.6). 

If the receiving antenna is inclined at an appreciable angle 0i 
with the plane of the electric field, the effective length 2h, for an 



infinitely thin antenna of full length 2h is 

2^ = - r cos (// sin ^i) — cos H 
* L sin if cos 0i 

This reduces to (31.6) with di = 0. For practical antennas, the 
effective half length h, may be obtained from Figs. 31.4 to 31.6. 
These figures give h,/\ as a function of h/\ for three different thick- 
nesses of antenna (Q = 10, 20, 30) and for the angles corresponding 
to sin Si = 0.2, 0.4, 0.6, 0.8, or Si = 11°.5, 23°.6, 36°.9, 53°.l. 
For an arbitrary orientation of the receiving antenna, the value of 
A, obtained from these curves may be substituted in (31.6) with 
S cos ^ written instead of fi, i.e., is given by (31.7) with A, taken 
from Figs. 31.4 to 31.6 for the appropriate value of Si and 0. Inter- 
mediate values may be estimated. 


(31.8) 
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It is important to note that the effective half lengths he in all 
these figures are magnitudes of complex quantities. The phase 
angles are of no significance if only a single field is involved. On 
the other hand, if interest lies in the combined effect due to a distant 



transmitter and a reflection from the ionosphere or due to any 
arbitrarily oriented, elliptically polarized electric field, the current 
in the load of the receiving antenna cannot be determined without 
the phase angles, which are available in the literature.^ 

^Charles W. Harrison, Jr., and Ronold King, Proc, InsL Radio Engrs., 
Vol. 82, pp. 35-49, January, 1944. 
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If a receiving antenna is in the presence of other antennas that 
are not in the Jar zone, the current through its load Zl may be deter- 
mined with Th^venin^s theorem applied at the terminals ^4.5 of 
the antenna. Thus 

/o = (31.9) 

where V'ab (open) is the open-circuit voltage at the terminals of 
the antenna and Zab is the input impedance of the receiving antenna 



•-A 


Fig. 31.6. — Like Fig. 31.4 but with U « 30. 

in the presence of the other antennas in which all generators have 
been replaced by their internal impedances. In general, the com- 
putation of Vab (open) and of Zab has not been accomplished. If 
the receiving antenna is far from all other antennas, the computer 
tion is precisely that just given, in which Zab reduces to Zo and V'ab 
(open) is the same as V", of (31.6). If only two paraUel antennas 
are involved, see Sec. 43. 

32. Maximum Power Transferred to the Load. — ^The power 
transferred to the load Zi, Fig. 31. lb, is a maximum when Zi. is 
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the conjugate of the input self-impedance Zo of the antenna with 
obtained from (10.4) or from the curves computed therefrom. 
The power transferred to the matched load {Rl = i?o; 
of a thin antenna is one-half the total power supplied. The total 
power is \ V'e\^/^RL- The power to the load is 


8Ri, 2i?i, 


(32.1) 


where is the emf of the generator in the “equivalent” circuit. 



parallel to the electric field. 


The effective length 2h» of a thin antenna of length 2h is given in 
(31.5). With it and using t = 8 




(32.2) 


By introducing the radiation resistance RU referred to maximum 
current [as defined in (17.9) and plotted in Fig. 17.1] in place of Bt 
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according to 

^ tan* (iH) = 
/to 


= Ro sin* H 


sin* H\ (l - cos^Y 
, R%, }\ BinH ) 


(1 - cos//)* 
Rtn 


(32.3) 

(32.4) 


Substituting (32.4) in (32.2), with /3 = 2 t/X 


_ (£X)* (1 - cos //)* _ (8X)* (h\ 

^ (2b-)* Rt^ 2407r*-^VV 


The function 



60(1 - cos ff)* 

RL 



(32.5) 


(32.6) 


is represented in Fig. 32.1 by the curve Q = oo. Corresponding 
curves for il = 30, 20, 10 are also shown. 

Figure 32.1 shows that, for an infinitely thin antenna, (Pl),«. 
can be made a maximum with 


^ = 0.637; /(y = 1.65 


(32.7) 


Thus 


(Pi)»« = 1.65 = 0.7 • 10-»(8X)* watts (32.8) 


This value is approximately double that for a matched load with 
an antenna of half length X/4. Similar results are obtained for 
antennas with nonvanishing radius, the maximizing value of h/\ 
being only slightly less than 0.637. 

If the electric field is not parallel to the receiving antenna, it 
may be represented as in Fig. 31.3. With this orientation of the 
electric field 


with 



(6X)^ 

2407r2 


cos® \p f 



(32.9) 




cos {H sin 6>i) — cos H 
cos Si 


(32.10) 


For h/\ less than about 0.7, the maximum power is always obtained 
with the antenna parallel to the electric vector. For antennas 
longer than 1.4X, this is not true; maximum power in the matched 
load is obtained when the antenna is inclined even at large angles 
with respect to the electric field. 
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33. Maximum Current through the Load — Maximum Potential 
Difference across the Load. — The root mean square current through 
the load is given by 


T - 

“ Zo + Zr. 

(33.1) 

This is 

a maximum with respect to Xl if 


so that 

0 

1 

II 

><! 

(33.2) 


o 

If 

o 

(33.3) 


If the receiving antenna is parallel to the electric field, Ve can be 
varied only by changing the length of the antenna. This also 
changes lio, and not according to any simple relation. For any 
given value of Kl, the maximum value of lo and the maximizing 
half length h may be determined easily by plotting Iq in (33.3) as 
a function of A, using values of he and Ro obtained from the appro- 
priate curves. In the special case in which 

= 0 (33.4) 

lo = & = /os (33.5) 

This has its maximum value practically at resonance. 

The voltage across the load Zl is 

Fi = /oZz, = 1 + {Zo/Zl) 

This has its largest value if Zl is made very large compared with Zo, 

|2o| < < |Z^| Vl = Ve (33.7) 

If the receiving antenna is parallel to the electric field, Ve is a 
maximum with respect to the length of the antenna if this length 
is adjusted for antiresonancej ^.c., with the half length h somewhat 
less then X/2 by an amount depending on the thickness of the 
antenna. 

V. BLBCTROMAGNETIC FIELD OF ANTENNAS AND A^i^YS 

34. Vectors and Complex Numbers — General De iftions. — 
Before entering into a discussion of the electromagnetiagndds that 
can be calculated for different antennas or arrays of— Thtnnas, a 
possible source of confusion must be clarified. It is iemely inction 
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between space vectors and complex numbers represented by rotat- 
ing vectors in the complex plane. 

A space vector is a quantity that has both direction and magni- 
tude. Three space coordinates, such as rectangular, cylindrical, 
spherical, or ellipsoidal, are required to specify the three mutually 
perpendicular components of a vector. A mathematical function 
that assigns a vector to every point in a given region is called a 
vector-point function. The electric-field vector 8 and magnetic- 
field vector 5C arc vector-point functions in that a vector 8 and a 
vector 5C are assigned to every point in space. Such a vector may 
be constant in both magnitude and direction, as in electrostatics or 


Z 2 2 

‘ ' ! 

I I I 



LINEAR CIRCULAR ELLIPTICAL 


(a) (6) (c) 

Fig. 34.1. — Polarization of a vector. 


magnetostatics; or it may vary in magnitude or in direction or in 
both magnitude and direction, as time passes. 

The direction of a vector is often referred to as its polarization. 
If the electric vector, for example, varies periodically in magnitude 
but is always directed along a fixed line such as the z axis, it is said 
to be linearly polarized. Fig. 34.1a. If it is constant in magnitude 
but rotates in a fixed plane in space, e,g,, in the xz plane with a 
constant angular velocity «, it is circularly polarized, Fig. 34.16. 
If both magnitude and direction vary periodically in the xz plane, 
it is ellipiicaUy polarized in that plane. Fig. 34.1c. Elliptical 
polarization is the general form; linear and circular polarizations 
are special cases. The distant field of a single straight antenna is 
linearly!^''olarized, as is that of two crossed antennas with currents 
of equaf Amplitudes and in the same phase. If the currents in 
two era™! antennas lying along the x and z axes are equal in 
amplitif^^^^it differ in phase by a quarter period, the distant field 
for poi/P®®^ Sng the y axis is circularly polarized; if the current* 
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have different amplitudes and arbitrary phase relations, the distant 
field is elliptically polarized. If the electric vector is linearly 
polarized along an axis perpendicular to the surface of the earth, it is 
said to be vertically polarized; if it is parallel to the surface of the 
earth, it is horizontally polarized. 

A linearly polarized vector 8 that varies periodically in time 
may be represented in the form 

Sinst ~ 8 cos = real part of (34.1) 

where 8 is a vector fixed in space in the direction of the maximum 
of fiixuit at f = 0, Fig. 34.2. As time passes, the length of the vector 
is reduced until at = Tr/2 the 
length vanishes. It then increases 
in the reverse direction until at 
0)1 == T it is again at maximum 
length. The instantaneous length 
of the vector may be looked upon 
as the projection on the axis of 
polarization of fictitious ^‘vector” 
of constant magnitude |8| rotating 
with an angular velocity w. This 
fictitious rotating vector is a 
graphical representation of the 
complex number of which only 
the real part has a physical meaning in the present case. Great care 
must be exercised not to confuse a circularly polarized vector, z.c., one 
that actually rotates in a real plane in space, with the fictitious 
‘^rotating vector used to obtain the magnitude of a linearly 
polarized vector that varies periodically in time. This fictitious 
rotating vector is defined in the complex plane so that it is not a 
space vector. (The name phasor has been suggested.) In the 
theory of alternating currents, complex numbers are frequently 
called vectors, because they can be represented graphically by a 
directed magnitude in the complex plane- This terminology is not 
used in this chapter. It is important to note that a linearly polar- 
ized complex space vector is not a rotating ‘‘vector,” and a rotating 
space vector is not complex. In the following discussion, only 
space vectors are called vectors. 

36. Leading Term in the Instantaneous Electromagnetic Field 
of a Thin Center-driven Antenna near Resonance. — The electro- 
magnetic field of an antenna of finite radius is extremely intricate 


AXIS OF 
REALS 
I 

! ^inst 


0 ) 



Fiu. 34.2. — Complex number 
of whieh the real part is the magnitude 
of the instantaneous space vector Sinat. 
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because of the complexity of the distributions of current and charge 
from which it must be computed. On the other hand, if only the 
leading term in the distribution of current is retained, the problem 
is reduced to the idealized case of an infinitely thin conducting 
thread with its sinusoidal distribution of current. This permits an 
amazingly simple solution in terms of a highly instructive electro- 
magnetic field that adequately portrays for most qualitative and 
many quantitative purposes the field due to the current in a thin 
antenna near resonance. 
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Fig, 35.1. — Instantaneous directions and relative magnitudes of the electric 
field of a center-driven antenna of vanishingly small radius and half length h » X/4. 
Only the upper half of the antenna and the field in one quadrant are represented. 


An electromagnetic field may be described in terms of mathe- 
matical surfaces of simple geometric shape on all points of which a 
suitably chosen component of the electric or magnetic field has the 
same phase. Such a surface is called an equiphase surface. When 
it moves with a finite velocity, it is called a wave front. For a 
conducting thread of length 2h = X/2, the equiphase surfaces are 
all ellipsoids of revolution with the ends of the antenna as foci. On 
each ellipsoid drawn around these two foci, the complete electro- 
magnetic field consists of three mutually perpendicular components, 
two of the electric vector and one of the magnetic vector. The two 
components of the electric vector are a component tangent to 
an ellipse that when rotated about the antenna as axis forms an 
equiphase ellipsoid of revolution, and a component 8^ perpendicular 
to this ellipse (tangent to an orthogonal hyperbola). The entire 
magnetic field is represented by OC*. It is tangent to circles around 
the axis through the antenna, and thus tangent to the same ellip-' 
soids of revolution as 8« but in a direction perpendicular to 8«. 
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The components 8* and at any point are always in phase. The 
component Zh always lags at the same point in space by a quarter 
period in time. All thrde components 8 a, and 3C* may be 
expressed in simple form in confocal (ellipsoidal-hyperboloidal) 
coordinates. For the present qualitative discussion, it is sufficient 



t-0: i IS MAX. UP; 
q»0 


t«X; i=0; 

4 

q IS +MAX. AT TOP 



t=f : i IS MAX. DOWN; f=^: i=0 

q-0 q IS-MAX. AT TOP 

Fxo. 35.2. — Instantaneous direction of the electric field of a center-driven antenna 
of vanishingly small radius and half length h » X/4. Only the upper half of the 
antenna and the field in one quadrant are shown. 

to represent them graphically, Fig. 35.1, where the instantaneous 
directions and relative magnitudes of the two components of 6 are 
shown by the arrows. (Their lengths are shown to decrease in cor- 
rect sequence but not at all to scale.) The instant chosen is f « 0 
with to = To cos ui. 

In Mg. 35.2, the instantaneous directions of the electric field 
are shown by contours for i « 0, < = r/4, t =» T/2, t » 87/4, 
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where T is the period. The magnitude of 8 is not constant along 
the contours. Since the electric field at every point is composed 
of two components 8* and Zh, which are mutually perpendicular 
and which differ in phase by a quarter period (8^ lags 8«), the result- 
ant electric vector is elliptically polarized. The plane of polariza- 
tion at any point is always the plane containing the point and the 



0 0.1 0.2 0.3 0.4 0.5 0.6 


Ftq. 36.3. — Ellipses of the end points of the elliptically polarized electric vector S 
at different fixed points in space about a vanishingly thin antenna of half length 
h » X/4. Only the upper half of the center-driven antenna and the field in one 
quadrant are represented. 

antenna. Since complete rotational symmetry exists, any such 
plane is typical. The ellipses corresponding to the loci of the end 
points of the vectors at different fixed points in space are drawn in 
Fig. 35.3. They lie in a plane passing through the antenna and are 
perpendicular to the ellipsoidal surfaces of constant phase. The 
dimensions of the ellipses are drawn to scale so that the relative 
magnitudes of 8« and 8* at any point are given by the major and 
minor semiaxes of the ellipse. Zh is larger than 8« near the z axis; 
8« is larger than Zh near the mid-plane. A line of circular polariza- 
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tion along which Zh and have the same magnitude is shown dotted 
in Fig. 35.3. 

It is of primary importance that the electric field even very 
close to an antenna cannot he described in terms of an instantaneous 
electrostatic field. That this is not possible is seen perhaps most 
easily by comparing the electric field near the upper end pf an 
antenna of length 2h = \I2 at an instant when this end is charged 
positively and the lower end charged negatively with the electro- 
static field of a dielectric rod which always has the same distribution 
of charge as the antenna at the instant considered. Whereas 
the electrostatic field near the upper end of the charged dielectric rod 
is calculated in terms of positive charge at the top and negative 
charge at the bottom, the electric field of the antenna must be cal- 
culated in terms of the charge distributions along the antenna at 
earlier times. Thus the field near the upper end (at the instant 
when this has a maximum positive charge) due to the extreme lower 
tip of the antenna (one-half wavelength away) must be calculated 
not in terms of the maximum negative charge that is actually there 
at that instant, but in terms of the charge that was there one-half 
period earlier. This was a maximum positive charge. For other 
points, the charge at appropriately retarded times must be used. 
Thus the electric field of the antenna is entirely different from the 
electrostatic field of the charged dielectric rod even though, at the 
instant in question, the charge distributions are exactly the same, 
simply because the field of the antenna is nowhere determined 
exclusively by the charge distribution at that instant. The charge 
distribution at different points and different times along the antenna 
is involved. 

36. Phase and Group Velocities; Wavelength; Ellipsoidal, 
Spherical, and Plane Waves. — ^If attention is focused on any one 
of the ellipsoidal surfaces on which at a given instant the components 
8« and of the electromagnetic field of a center-driven antenna of 
negligible radius are a maximum, while the component 8* is zero, 
the following is observed: First it is noted that, at the given instant, 
there exists an infinite family of confocal ellipsoidal surfaces on 
each of which 8« and 3C<t simultaneously are a maximum while 8* is 
zero. These ellipsoids differ in size in such a way that the distance 
between successive ones as measured along the z axis is exactly one 
wavelength X, where by definition 



(36.1) 



180 


ANTENNAS 


[Chap. II 


The radial distance between them as measured along the mid-plane 
cannot be a constant. Very near the antenna, i.e., within several 
wavelengths, the radial distances along the mid-plane between 
successive ellipsoids are much greater than X. At greater and 
greater distances from the antenna, the intervals approach X 
asymptotically. 

After having noted the family of confocal ellipsoidal surfaces 
on each and all of which at a given instant 6e and are maximum 
and Zh is zero, let the behavior of these surfaces be observed at 
successive instants. As time passes, these surfaces expand in 
such a way that their points of intersection with the z axis all travel 
outward in the z direction with the constant velocity = 3 • 10* 
m/sec. Since the ellipsoidal surfaces in expanding become more 
nearly spherical, the outward velocity (along a hyperboloid) 
at any point other than that traveling along the z axis must exceed 
Vc- The highest velocity is along any radial line in the mid-plane. 
Since the velocity described in this way is the velocity of a par- 
ticular phase in a continuous periodic phenomenon (the phase 
for the maximum of €« and 5C#, and the zero value of Zh have been 
chosen for convenience), this is a phase velocity Vp. 

The ellipsoidal surfaces associated with constant phases of the 
components of the electromagnetic field are called expanding elec- 
tromagnetic waves. They may be regarded as mathematical 
envelopes traveling through space, carrying with them particular 
phases and components of the electromagnetic vectors. Near the 
antenna, the waves are ellipsoidal; at great distances (in the far 
zone), they become practically spherical. Over any sufliciently 
small part of an ellipsoidal or spherical surface, the electromagnetic 
waves may be treated as approximately plane.. In the far zone, 
the length of a receiving antenna is the chord for a sufficiently small 
arc to permit treating the passing spherical electromagnetic waves 
at the antenna as plane waves. 

In order to transmit a signal in the form of a change in current 
observed in the loudspeaker of a distant receiver, it is necessary 
to vary the current induced in the receiving antenna. Since this 
current is proportional to the tangential electric field, and this in 
turn depends on the current in the transmitting antenna, a variation 
in the transmitter current is required, i.e., the steady carrier must 
be modulated in some way. 

The delayed time at which a modulation sequence (e.g., in the 
form of a change in amplitude) is observed in the receiver after 
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being applied to the transmitter is not necessarily the same as the 
delayed time computed for a given phase of the carrier. Much as a 
particular crest in a train of circular wavelets set up by a stone 
dropped into a smooth pool travels and dies out more rapidly than 
the group of wavelets as a whole, so a given phase in the train of 
carrier electromagnetic waves of an antenna may travel more 
rapidly than the envelope of a modulation. The velocity of such 
an envelope is called the group velocity and is denoted by Vg. For 
the antenna of length 2h = X/2 in free space, the phase and group 
velocities are equal along the z axis and are 




= («»). 

= Vc = 3 * 10® m/sec 

(36.2) 

Along the mid-plane. 

on the other hand, 




Mr = 

Vc 

VI + (AVr*) 

(36.3) 



(fp)r = 

Vc ^ 

(36.4) 

so that 






VpVg = 

t’c 

(36.5) 


where r is the radial distance out from the center of the antenna. 
Note that h is written for Ve/if in (36.3) and (36.4). Thus {Vp)r 
approaches Vc asymptotically from larger values, and {Vg)r approaches 
Ve asymptotically from smaller values as (h/ry diminishes with 
increasing distance. The term (h/ry may usually be neglected at 
distances from the antenna exceeding a few wavelengths. 

The electromagnetic field of a base-driven antenna erected 
vertically over a highly conducting half-space. Sec. 12, is the same 
in the upper half-space as the field of a symmetrical center-driven 
antenna the upper half of which is identical with the base-driven 
antenna. In Fig. 35.3, for example, the lower half of the antenna 
(not shown) may be disregarded and all space below the mid-plane 
may be supposed filled with a good conductor. Along the surface 
of this conductor, the electric field is perpendicular, the magnetic 
field tangent to the surface. By applying appropriate boundary 
conditions, Chap. Ill, (5.4) and (5.5), radially expanding concen- 
trations of surface charge are found to exist where the perpendicular 
electric field 8< and the tangential magnetic field are nonvanish- 
ing. Each ring of charge concentration on the surface travels 
outward with the same radial phase velocity as the field just above 
the surface. Rings of outwardly moving concentrations of positive 
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charge, constituting radially outward surface currents, alternate 
with rings of outwardly moving concentrations of negative charge 
constituting radially inward surface currents. Radially expanding 
circles of constant phase for the surface current and charge are called 
traveling waves of surface current and charge or surface waves. At 
suflSciently great distances from the antenna and on a perfectly 
conducting surface, their radial phase velocity is Vc — ^ • 10^ m/sec, 
and the distance between successive circles of constant phase is X. 



Fig. 37.1. — Components &0 and of the far-zone field of a center-driven linear 
radiator; polar coordinates R, 0, 

Near the antenna, the phase velocity Vp exceeds Vc, and a coastant 
wavelength cannot be defined. 

37. Leading Term in the Distant Field of a Thin Center-driven 
Antenna near Resonance. — The far zone with respect to a trans- 
mitting antenna of half length h may be defined by 

fiR>>l; |<<1 (37.1) 

where R is the distance from the center of the antenna to a point 
in the far zone. When these conditions are satisfied, the ellipsoids 
of revolution in Figs. 35.1 to 36.3 practically become spheres, and 
the hyperboloids become radial lines. The confocal system of 
coordinates approaches a spherical system B, Fig. 37.1 and 
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8 . and 8 * approach 8 » and 8 «. The formulas for the field with 
A = X/4 have the following simple structure for the time dependence : 


io = Iq cos wt 


(5C®)inst 


(Sje)in*t — - 


60/„ 


COS ( ~ cos Bj 

— si 

sin d 

(5 


(37.2) 


sin (o>t — fiR) (37.3) 


cos (oil — fiR) 


(37.4) 


The numerical factor 60 is the approximate value of 


= 59.96 ohms 


(37.6) 


Except for very small or vanishing values of 0, or those near *• 
(near the z axis) where 89 becomes small or actually zero, the second 
condition in (37.1) permits writing 


8b < < 8« 


(37.6) 


for most of the range of 6 from zero to tt. The larger R becomes as 
compared with h, the greater is the range of 0 over which (37.6) is 
true. At very great distances (for which h/R << 1), it is usually 
justifiable to neglect 8b. (When 89 becomes as small as 8b near 
0 = 0,&R likewise may be neglected.) In this important and useful 
case, the entire distant electromagnetic field is given by the simple 
formula (37.3). In verifying the magnitude of (37.3) experimentally 
it is important to note that the form (37.3) for 89 is correct subject 
only to A* < < R^ instead of (37.1), but 8 s is not negligible. If 
a receiving antenna is oriented to respond only to 89, it is immaterial 
whether 8 b is negligible or not. 

The function 


F{0) = 


(37.7) 


is called the ‘‘vertical” characteristic or factor of the field, the 
“vertical” direction always being taken along the axis of the 
antenna however this may be oriented in space. F(0) is plotted 
in polar form in Fig. 37.2 for the range 0 0 to $ — *12. The 

lower half from 0 => *12 to =« t is not shown, becaiise it is an 
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image of the upper half. Since the antenna is rotationally sym- 
metrical about its axis, this pattern is correct for all values of 4>, 
and the '‘horizontar’ field pattern is a circle. 

If the antenna of height h is erected vertically over a perfectly 
conducting half-space, the pattern of Fig. 37.2 applies directly. 





quadrant. 


If the lower half-space is not perfectly conducting, the field pattern 
is modified, Fig. 37.3. 

The physical significance of the field patterns of Figs. 37.2 and 
37.3 is easily visualized. Consider a straight receiving antenna 
placed at a great distance from the transmitter with its axis parallel 

to the distant electric field of the 
driven antenna, i.e., tangent to a 
meridian on a great sphere drawn 
around the driven antenna. Let 
the receiving antenna be moved 
always tangent to the meridian 
beginning at a point directly above 
the antenna {9 — 0) and continu- 
ing through an angle of 90® to the 
mid-plane. The current induced 
in this antenna when held at any 
angle B will be proportional to the 
length of the radial line drawn from the origin in Fig. 37.2 or 37.3 to 
the curve at the angle 0. For Fig. 37.2, for example, the induced 
current will increase from zero when the receiving antenna is directly 
above the driven antenna to a maximum when it is parallel to it in 
the mid-plane. 



Fig. 37.3.— “Vertical” field pattern 
of a vanishingly thin antenna of length 
h ■» X/4 over variously conducting 
earths: solid line, perfect conductor; 
broken line, good conductor; dotted 
line, poor conductor. 
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In terms of the convenient complex notation in which 

io = V"' (37.8) 

with the understanding that only the real part is physically sig- 
nificant, the instantaneous electric field in the far zone is given by 
the real part of 

(S0)in.t = (37.9) 

where 

t,= (37.10) 

38. Directivity and Gain. — ^The field patterns of Figs. 37.2 and 
37.3 show that the degree of coupling between a very thin trans- 
mitting antenna for which A = X/4 and a distant receiving antenna 
placed parallel to the electric field of the driven antenna depends 
upon the spherical coordinate 6 measured along any meridian. 
The driven antenna has directional properties such that the induced 
voltage in the receiving antenna is not the same when this is placed 
successively so that 0 has different values, even though all other 
possible variables are maintained unchanged. (In other types of 
antenna which are not rotationally symmetrical, the degree of 
coupling between transmitter and distant receiving antenna 
depends upon the angle ^ as well as the angle 0.) This directional 
characteristic of an antenna is of great practical importance. 
Indeed, the purpose of most antenna arrays is to modify and make 
use of it so that receiving antennas in one or more directions receive 
a strong signal, while those in ail other directions are able to detect 
no signal at all or merely an extremely weak one. A quantitative 
measure of the directional properties of an antenna is given by its 
absolute directivity D. This may be defined by 

Z) = ^ (38.1) 

where P is the power radiated from the antenna of directivity D 
when it maintains an electric field of amplitude (§«)mu at a great 
distance R in that particular direction in which is a maximum. 
(The direction is specified by the spherical coordinate or more 
generally by the two coordinates and In Fig. 37.2, $„ = 90®; 
in Fig. 37.3, Om is approximately 60® for the antenna over a poorly 
conducting earth.) P^ is the power that would be radiated from 
a physically fictitious omnidirectional antenna that maintained an 
electric field of the same amplitude at the same distance R 
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as the actual antenna but in all directionsy t.e., for all possible 
values of both 6 and <l>. A simple method of calculating the absolute 
directivity of an antenna in terms of its distant electromagnetic 
field is described in Sec. 44. The directivity of the dipole for which 


F{e) = 



sin 6 


is 1.64 for Btn = 90®. Neglecting power dissipated in heating the 
antenna, this means that 1.64 times the power actually supplied 
to the dipole would have to be delivered to a completely nondirec- 
tional antenna in order to maintain the same field Se B.t $ = v/2. 

In comparing the directional properties of antennas and arrays, 
it is often convenient to use the simple X/2 dipole (the thin center- 
driven antenna with h = X/4) as a standard of comparison. This 
is done by defining a relative directivity Dr by 


Dr = 


D 

1.64 


(38.2) 


The gain in decibels of an antenna of absolute directivity D referred 
to a half-wave dipole is 

G{dh) = 10 logic Dr (38.3) 


39. Distant Field of Linear Radiators. — If the half length h of 
a very thin center-driven antenna (or the full length h oi a base- 
driven antenna erected vertically over a perfectly conducting plane) 
is not restricted to /i = X/4, the leading term in the distant electro- 
magnetic field differs from (37.3) only in the form of F{6). Thus 


= -^Fo(e) sin (ut - PR) 

„ cos (H cos $) — cos H 
“ sin e sin H 


(39.1) 

(39.2) 


and H ph = 2irh/\. The formula (39.2) reduces to (37.7) with 
H = jr/2. Since both To and sin H vanish for H = nv, an inde- 
terminate form results. This is due to the fact that only the 
leading term in the distribution of current has been retained. The 
difficulty can be avoided by introducing the maximiim amplitude 
given by 

U 

sin H 


I 


(39.3) 
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and writing 

(Sff)in«it = (Hc(3C«i»)inBt = F sin io)t pK) (39.4) 

F.V). F,(,) sin II . (39.6) 

The function Fm{B) is plotted in Fig. 39.1 for four values of h includ- 
ing X/4. As long as h does not exceed X/2, there is only a single 
ear in the field pattern, with its maximum value occurring always 
at ^ = 90°. The absolute directivity when h = X/2 for 6m = 90° 



Fig. 39.1. — The “vertical” field factor FmiB) == — y — with 

Bin $ 

fiirh 

H «= for the following values of h: h ^ X/4, dotted curve; h X/2, curve in 
X 

broken line; h » 3X/4, curve in dot dash; X = X, curve in dot dot dash. The solid 
curve is a semicircle of unit diameter for reference. 

is 2.41; the relative directivity referred to the dipole with h = X/4 
as standard is 

= 1.47 (39.6) 

The gain in decibels referred to the dipole (h = X/4) is 

G{db) = 10 logio Dr = 1.67 (39.7) 

The absolute directivity when h = 3X/4 for = 42° is 2.11; the 
relative directivity is 1.29, and the gain in decibels over a dipole 
is 1.1. 

If an antenna is very short compared with the wavelength, 
(39.2) reduces to the form 

Fo(e) = iH sin 0; (F* < < 1) (39.8) 

This applies to a short antenna of half length h with vanishing 
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current at the ends. If the antenna is so end-loaded that the 
current is sensibly uniform over the entire length 2hy 

Fo(e) = H sin 6; {IP < < 1) (39.9) 

The absolute directivity in both cases is 1.5, and this value, instead 
of the value 1.64, is sometimes used as the standard in defining 
relative directivity. 

An interesting case is that of an antenna with h = 0.681X. 
Approximately this value for the half length was recommended 
for use at broadcast frequencies to minimize the field at small 
angles 6 from the vertical and so to reduce ionospheric reflection. 



— Infinitely thin antenna = 0; 

— Moderately thick cylindrical antenna 9; -J* = 0.022) 

Fig. 39.2. — "Vertical” field patterns computed for an antenna of half length 

h - 0.681X. 

For h — 0.581X, the principal ear at = 90“ is a little flatter than 
that for h = X/2, and the secondary ear is still so small that its 
contribution to the field is insignificant. The computed field 
pattern is shown in solid line, Fig. 39.2. So long as the antenna 
is sufficiently thin so that the leading term in the distribution of 
current is sufficient, the pattern shown in solid line in Fig. 39.2 is 
a fair approximation. For most practical antennas, the component 
tn", Sec. 9, is not completely negligible compared with as can 
be seen from Fig. 9.3. Its effect on the field pattern is shown in 
Fig. 39.2 for a moderately thick cylindrical antenna. The principal 
effect of the nonvanishing radius is to increase the size of the 
secondary ear while the sharp zero between the two ears is rounded 
off. In a still thicker antenna or an equivalent tower antenna, the 
field at high angles increases so that stronger ionospheric reflections 
may be expected with thick than with thin antennas. 

If a base-driven antenna of full length h is erected over an 
imperfectly, conducting earth, the field patterns of Fig. 39.1 or 
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39.2 bend in to zero near 6 = 90° much as in Fig. 37.3 for the special 
case = X/4. In addition, the sharp zero values between ears 
are very much rounded off in a way similar to Fig. 39.2. This 
rounding off of zero values between ears is due to components of 
current a quarter period out of phase with the principal component. 
In a thick antenna, this component is in the antenna itself; 
in a thin antenna over an imperfectly conducting earth, the out-of- 
phase component is in the earth. If a thick antenna is erected 
over an imperfectly conducting earth, out-of-phase components of 
current are in both antenna and earth, and the components of 
fields due to the two combine to round off still further the sharp zero 
values between ears that exist in the idealized case of an infinitely 
thin antenna over a perfectly conducting half-space. 



Fig. 40.1. — Collinear antonnas separated at a distance of 2d between centers. 

40. Distant Field of Collinear Arrangements of Antennas; 
Vertical Antenna over the Earth; Collinear Array. — ^The distant 
field of two center-driven antennas erected one above the other, 
Fig. 40.1, is readily obtained by direct combination of the individual 
fields if it is assumed that to a first approximation the distribution 
of current along each unit is the same as when it is far from the 
other. Assume that the point P where the field is to be calculated 
is so distant from both antennas that the vertical distance 2d 
between centers is very small compared with R and R'. Under 
this condition, no significant error is introduced by setting O' 
equal to 0 and R' equal to R, except in the phase factors pR and pR'. 
Although (R' — E) may be negligible compared with R, P(R' — R) 
may be an appreciable fraction of 2r and ther^ore significant. 
Accordingly 

PR' A p(R + 2d cos e) (40.1) 

in phase angles. 



190 


ANTENNAS 


[Chap. II 


If it is assumed that the currents in the two identical antennas 
are equal in amplitude and phase, the resultant complex electric 
field at a distant point is 

te = j ^ <’»’ (40.2) 

or 

g, = j — J--® F(0) cos (0d cos ««• t) (40.3) 

Multiplying both sides of (40.3) by and retaining only the real 
part, the instantaneous value of the distant field due to both 
antennas is 

(6d)in«t = — F(d) cos (^d cos 6) sin [oit — P(R + d cos ^)] (40.4) 

Comparing (40.4) with (37.3), using (37.7), it is seen that the 
amplitude of the distant field due to both antennas differs from that 
due to a single antenna by the factor 

A{0) =2 cos {fid cos B) (40.5) 

A more restricted but often useful expression for A{0) may be 
derived in terms of the height D (Fig. 40.1) of the point P (where 
the field is calculated) above the mid-plane and the horizontal 
distance s along the mid-plane between the points directly below 
the antenna and below P. Instead of wTiting {R' — P) = 2d cos B 
as in (40.1), it is possible to write 

R' - R = Vs^~+WTW - Vs" + {D- d)* (40.6) 

(40.7) 

(40.8) 


(40.9) 

A (0) is called the array factor of the two-antenna array. The com- 
bined vertical field pattern is given by the product F(0) A(0) of the 
vertical characteristic F(0) of a single antenna and the array factor 
A (0) of the two antennas. Depending upon the length of the anten- 
nas, F(B) may be given by (37,7) or more generally by (39.5). 


If the condition 
is satisfied 

so that 


8 > (D -[- d) 


R' -R 


. 2dD 


A (6) =2 cos 


(^) 
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An important application of the analysis of two collinear anten- 
nas is the approximate determination of the distant field of a vertical 
linear radiator with its center at a height d (not 2d) above the 




Fia. 40.2. — “Vertical” field pattern of vertical, center-driven antenna of half 
length h ^ \/4 with its center at height d over conducting earth. Solid lines, 
perfectly conducting earth; broken lines, poorly conducting earth. 


2h=-|- 


a ’•"* 

\ 

\ 

\ 


surface of the earth. If the frequency is not too high and the 
conductivity of the earth is large, a rough estimate is obtained by 
treating the earth as a perfectly conducting half-space, in which 
case the field at points above the earth is given exactly 
by (40.4). This is true because a perfectly conducting 
half-space can always be replaced by an image antenna 
which has its current reversed with respect to corres- 
ponding image points. For a vertical antenna, this 
means that currents are in the same direction in the 
image and the antenna, since the image point corres- 
ponding to the upper tip of the antenna is at the extreme 
bottom of the image, and that corresponding to the 
bottom of the antenna is at the top of the image. 

Vertical field patterns for the antenna at a height d 
over a perfectly conducting half-space, or for two 
isolated antennas separated a distance 2d between 
centers are shown in solid lines for two values of d, Fig. 

40.2. The corresponding patterns for the same 
antenna over a poorly conducting earth are shown in 
broken lines. 

If more than two antennas are arranged along a 
common axis, their resulting field is determined as with 
two antennas, by direct combination. Especially 
simple expressions are obtained for a collinear array of 
N identical end-to-end units each of half length h = X/4, Fig. 40.3, 


Fig. 40.3. 
Center-driven 
collinear array 
with sinus- 
oidal current 
in broken 
lines. Phase- 
reversing sec- 
tions are 
shown as 
closed-end 
open- wire 
stubs of length 
X/4. 


for JNT = 3. The construction of such an array is discussed in detail 
in Secs. 22 and 23. If the array is perfectly adjusted so that each 
unit carries the same current in both magnitude and phase, the array 
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factor reduces to 


A{e) = 


sin [j\r(x/2) cos 6] 
sin 1(t/2) cos 6] 


(40.10) 


Along the mid-plane, 6 = ?r/2, the pattern F(d) of a single unit is 
multiplied by the number of units N ; in other directions, it is not 
magnified in proportion to JV, although small sharp ears do appear. 
The result is a considerable flattening of the vertical field pattern 
with a corresponding increase in the directivity for 6m = ^r/2. 
Typical vertical characteristics are shown in Fig. 40.4 for iNT = 1, 
4, 8, assuming the same current amplitude maintained in each 



Fig. 40.4. — Polar plots of F(d)A(6) for collinear arrays of N units each of half length 
h s= X/4. All units have equal currents in phase. 


extremely thin unit irrespective of the number of units. This 
does not mean the same power for each unit. Since the input 
resistance at the terminals AB, Fig. 40.3, of an array of N units is 
greater than N times the input resistance of a single unit, more 
than N times as much power must be supplied to an array of N 
units in order to obtain the same current in each unit and N times 
the magnitude of the electromagnetic field for 6 = ir/2. The 
relative directivity of N units as referred to a single unit is not N 
but roughly only about N/2. A great increase in ‘WerticaF^ 
directivity for dm = 90° may be achieved with the collinear array. 
Note that ‘‘vertical'' refers to the axis of the array regardless of its 
orientation in space. 

41. Distant Field of Parallel Arrays — ^All Units Driven. — If two 
identical driven antennas are parallel to each other, Fig. 41.1, both 
the “vertical" and “horizontal" field patterns in general differ 
from those of a single unit. This is primarily a result of the super- 
position of the fields due to the currents in the two units; it is also 
partly due to a changed distribution of current along each antenna 
when each is near and hence quite closely coupled to the other. The 
leading term in the distribution of current in each of the two 
antennas when these are in proximity is the sinusoidal distribution 
of an infinitely thin isolated antenna. For calculating the far- 
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zone field, this simple approximation is adequate for most purposes 
and will be used. 

The array, Fig. 41.1, is not rotationally symmetrical (as was 
the stacked or collinear arrangement), and the distant electro- 
magnetic field must depend therefore on both spherical coordinates, 
B and 4>. The angle B is measured from the ‘‘verticaF^ axis along 
any meridian; the angle ^ is measured in the mid-plane from a line 
drawn through the array. At very distant points such as P where 
the electromagnetic field is to be determined, it is possible to write 
B for B' and R for R' (except in 
phase angles), provided that R and 
72' are large compared with both 
the horizontal" separation b and 
the half length h of the antennas. 

In phase angles, it is necessary to 
write 

pR^ = /3(72 — b sin B cos <^) 

(41.1) 

If the complex current at the cen- 
ter of antenna 2, Fig. 41.1, is 
related to that at the center of 
antenna 1 by /02 = where 

k is an arbitrary amplitude factor 
and 8 is an arbitrary phase angle, 
the complex amplitude of the distant field of both antennas is 
obtained using (37.10) and is 

^0 = j »«»♦)] (41 2) 

If the currents in the two antennas have the same amplitude so 
that A; = 1, (41.2) may be written 

t,=j^F(0) (41.3) 

with the array factor defined by 

= 2 cos [i(5 — 0b sin 0 cos $)] (41.4) 

Thus the “vertical” characteristic F(0) of a single antenna is 
multiplied by il(^,^) to give the general field characteristic of the 
array of two antennas. Interest is usually in the “horizontal’’ 
field factor, which is obtained from the general relation F(0) A (9,4>) 



Fig. 41.1. — Two parallel antennas. 
The left-hand unit (No. 1) has its 
center at the origin. (R and i2' 
should be very much greater relative 
to h and b for correct proportions with 
P in the far aone.) 
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with B = ir/2. Thus the ‘‘horizontar^ field factor of the two 
antennas is given by F(7r/2) A(7r/2, ^). For h = X/4, F(t/2) = 1, 
and the horizon taF^ factor is 


The “vertical” field factor for the particular value of for 
which the horizontal factor is a maximum is important and is given 
by F(e)A(e,^m)- 

The meaning of these rather general formulas may be illus- 
trated by special cases. 

Case 1: Broadside arrangement: 8 = 0; fib = t. In the 
so-called “broadside array” the currents in the two antennas are 
equal in phase and amplitude. Choosing 6 = X/2 and 5 = 0, the 
general field function for an array of dipoles (extremely thin resonant 
antennas of half length A = X/4) is 


)= 


1 = 2 cos [i(5 ~ fib cos ^)] 


(41.5) 



cos COS ✓ \ 

F{B) ~ ^ ^ 

The “horizontal” factor with $ = ir/2 is 

F A #) = 2 cos cos 4>) (41.7) 

and is plotted in Fig. 41.2. It has maxima at = ±7r/2 given by 


The “vertical ” factor in the direction for maximum horizontal field is 


( \ cos cos $] 

Thus, in the broadside array, the “vertical” field factor in the 
direction 4>m is the same in form as that for a single antenna. 

Case 2: Double-end-fire arrangement: 5 = ir; jSb = tt. If the 
conditions of the broadside array are all maintained except that 
the currents in the two antennas are opposite in phase, 5 = ir 
instead of 5 = 0, the general characteristic of the array is 



F{e) A{B,^) 
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The “horizontal” field factor with 6 = ir/2 is 

F (l) A (^, = 2 sin cos (41.11) 

and is plotted in Fig. 41.3. It differs from the broadside factor 
plotted in Fig. 41.2 in having its maxima rotated an angle of 
90® in space, reversing the phases in the two antennas and shifting 
the maxima from the double-broadside positions at ^ = ±7r/2 to 
the double-end-fire positions at ^ = 0, tt. The vertical field factor 



Fig. 41.2. — “Horiaontal” field pattern of a two-element “broadside array” 
with half- wavelength spacing. The circle in broken line is the “horizontal” pattern 
of a single unit. 


in the direction of the maximum horizontal field is the same in form 
as for a single unit. 

Case 3: End-fire arrangement: b = 7r/2; = 7r/2. If the 

two antennas are separated horizontally by 6 = X/4 and the phases 
are adjusted so that current /02 in antenna 2 lags current /oi in 
antenna 1 at the origin by a quarter period, the general field fimc- 
tion is 


F{e) = 




— sin B cos 


.)]! 

(41.12) 


The “horizontal” pattern with 0 = ir/2 is plotted in Fig. 41.4 from 



2 cos 



— cos $) 


] 


(41.13) 
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It is seen to be broadly unidirectional in the sense that there is only 
a single maximum in the direction = 0 (in the direction from the 
antenna with leading current toward the antenna with lagging 
current) with a zero value in the opposite direction, €> = ir. 



Fig. 41.3. — “Horizontal” field pattern of a two-element, double-end-fire array 
with half- wavelength spacing. The circle in broken line is the horizontal pattern 
of a single unit at the center. 


The “verticar^ pattern in the direction $ = 0, in which the 
‘ ' horizontal factor has its maximum, is plotted in Fig. 41.5 from 

cos I ^ cos ^ j r 1 

F(e) A(e,ir) = ^ 2 cos (1 - sin 6 ) J (41.14) 

It differs only slightly from the “verticaT^ pattern of a single 



Fig. 41.4, — “Horizontal” field pat- 
tern of two-element end-fire array with 
quarter-wavelength spacing. The cur- 
rent in the right-hand unit lags by a 
quarter period. 



Fig. 41.6. — Upper half of the “ver- 
tical” field pattern of the array of Fig. 
41.4 along the line of the array. « 0 
to the right; $ » v to the left. 


antenna but is entirely different and of negligible magnitude in the 
opposite direction, = ir. 

The analytically derived facts regarding the horizontal field 
patterns of the three special cases may be illustrated graphically 
if it is recalled that at distant points surfaces of constant phase for 
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either the electric or the magnetic field are spheres that differ in 
radius by X. (This is not true near the antenna.) Thus, in two 
antennas driven with currents in phase and with the same ampli- 
tude, two great circles of the same radius, one drawn around each 
antenna, represent contours along which the electric field is every- 
where in the same phase. Points of intersection therefore are 
points at which the fields due to the two antennas add directly 
and give a maximum. Circles drawn around the same antennas 
with radii that differ from that of the first pair of circles by w/2 
represent contours along which the electric field is opposite in 

direction to that of the first pair 

and nearly equal in magnitude as ^ 

in the first pair of circles. Hence, 

intersections of a circle of the ^ ^ 

first pair with a circle of the / / / \ \ '\ 

second pair locate points of j f / ] 1 

almost complete cancellation of i ^1 I v--* I P 1 

the field. In Fig. 41.6, the first \ V V ^ J J J 

pair of circles is drawn in solid \ V J 

lines and their intersections give \ / 

the directions M of maxima; \ \ 

intersections of solid lines with ^ ~ ^ ^ 

broken Unes give zeros at 0. , 4i.6.-Circles of constant phase 

® for broadside array. The field at the 

If the two antennas are sepa- circles in broken line is 180° out of phase 
rated by a half wavelength, with the field at the solid circles. 

b = X/2, and are driven with currents of the same amplitude and 
opposite phase, two circles of the same radius drawn around the two 
antennas must be drawn, one with a solid line and the other with a 
broken line. The same rules apply as before for locating maxima and 
zeros in Fig. 41.7. 

If the two antennas are separated by a quarter wavelength, 
b = X/4, and are driven so that the two units carry currents of the 
same amplitude but with that in the right-hand unit in Fig. 41.7 
lagging that in the left-hand unit by a quarter period, the phases 
of the electric field due to each current on two circles of the same 
radius R drawn around the two anteimas differ by a quarter period. 
On the other hand, the phase of the field on a circle of radius 
R -i- X/4 drawn around the left-hand unit is the same as that on a 
circle of radius R drawn around the right-hand unit, and points of 
intersection of these two circles indicate directions for a maximum 
of the ‘‘horizontal” field pattern, M in Fig. 41.8. If circles are 


Fig. 41.6. — Circles of constant phase 
for broadside array. The field at the 
circles in broken line is 180° out of phase 
with the field at the solid circles. 
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drawn with broken lines to represent loci of fields that differ by 
180® from those represented by the circles with solid lines, then 
points of intersection 0 of a circle in solid line with one in broken 
line indicate cancellation of the field due to the two units. 

The directional properties of the broadside and of the end-fire 
arrangements can be increased greatly by using more than two 
antennas. It is assumed for simplicity that the distribution of 


current along each unit is to a 



Fig. 41.7. — Circles of constant phase for 
double-end-hre array. 


first approximation the same as 



Fio. 41.8. — Circles of constant phase 
for an end-fire array with lagging cur- 
rent on the right. 


when it is isolated. This assumption certainly is justified for units 
of half length h near X/4. 

The array characteristic of N parallel identical antennas with 
all currents the same in amplitude but differing progressively in 
phase by d is 




sin [kN{8 si n 6 cos <!>)] 
sin [i(5 — fib sin 6 cos ^)] 


(41.15) 


Principal maxima of magnitude N occur in directions for which 
both numerator and denominator in (41.15) vanish. Zeros occur 
in directions for which the numerator in (41.15) vanishes but the 
denominator does not. Minor maxima in the ‘‘horizontal'' plane 
(6 « ir/2) occur for values of ^ approximately midway between the 
angles giving zeros, except when a principal maximum occurs 

there. The general formula (41.15) is of the form with 

N smx 

X ■» t(6 — sin 0 cos f»), and is tabulated in Table 41.1 for a 
range of values of x* It is specialized for a broadside array, in 
which all currents are in the same phase and have the same ampli- 
tude, by writing 5 « 0. 
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Table 41 . 1 .- 


sin Nx 
N Bin X 
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Asie,^) 


sin sin d cos 

sin {ifih sin B cos $) 


(41.16) 


A typical ‘^horizontar^ field pattern for B = v/2 and with 0b < 2v 
is shown in Fig. 41.9. (If fib approaches or exceeds 27r, some of the 
minor lobes become large, and the array ceases to be bidirectional.) 
The maximum value for B = t/2, = ±^/2, is N, Since the 

input resistance of each antenna in the presence of the others when 
all are driven in phase with the same input current is somewhat 
less than the input resistance when isolated, the power required to 



^ 2 


Fio. 41.9. — “Horizontal” field pattern of a broadside array of five units spaced 
one-half wavelength. The circle in broken line is the “horizontal” pattern of the 
central unit alone with the same current. 


maintain N times the field of one antenna in the directions B — ir/2, 
$ = ±ir/2, is not N times as great as that required for the single 
unit alone. The optimum spacing of units is not critical but lies 
between X/2 and 3X/4. 

The general characteristic of the end-fire array of N units 
driven so that all units have currents of the same amplitude but 
with phases such that each la^ its neighbor on the left by S and 
leads its neighbor on the right by S, with 6 ^b,iB 


AM{e,9) - 


sin [itJV/3b(l — sin 0 cos ^)] 
sin — sin cos #)] 


( 41 . 17 ) 
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A typical horizontal pattern for $ = v/2 and with < 2ir is 
shown in Fig. 41.10. The vertical pattern in the direction ^ = 0 
is given in Fig. 41.11. The true end-fire characteristic with only 
a single direction in which the field attains a maximum com- 
parable with N is achieved only with spacings that are in any case 



Fig. 41.10. — “Horizontal” field pattern of an end-fire array of five units spaced one- 
quarter wavelength with lagging currents on the right. 


less than X/2. The optimum spacing is between X/4 and 3X/8. 
If h becomes as large as a half wavelength, the pattern is that of a 
double end fire. The relative directivity of an end-fire array of N 
units with optimum spacing of elements is somewhat less than N, 
The ‘‘vertical” field pattern of the end-fire array in the direction 

in which the horizontal pattern 
has its maximum, resembles the 
“horizontal” pattern if N is large. 

For small values of iV, the “verti- 
cal” pattern is more sharply direc- 
tive than the “horizontal” pattern, 
as can be seen for two units by com- 
paring Figs. 41.4 and 41,5 or for 
five units by comparing Figs. 41.10 
and 41.11. 

The distant field of an antenna placed horizontally at a distance 
6/2 over a highly conducting half-space is closely approximated by 
the distant field of the same antenna with the entire conducting 
half-space replaced by an image antenna carrying a current opposite 
to that in the actual antenna. The image antenna is at a distance 
6 below the actual antenna. The distant field of the antenna with 



Fig. 41.11. — Upper half of the 
“vertical” field pattern of the array 
of Fig. 41.10 in the vertical plane 
containing the array. 
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its image is simply that of two parallel antennas driven 180® out 
of phase except that the antennas are horizontal instead of vertical. 
With this change in orientation, the field of a horizontal antenna 
over a conducting plane may be derived directly from that of two 
parallel antennas. With h = X/2, i.e., an an enna placed hori- 
zontally over the conducting earth at a height X/4, the entire field 
pattern is roughly that of a sphere in contact with the earth directly 
below the center of the antenna. The shape of the pattern changes 
greatly as the antenna height is increased with several ears appear- 
ing at heights of a half wavelength or more. But, for all heights, 
the value of the field at the surface of the earth is vanishingly small. 



bg j-^ for broadside array 

Fio. 41.12. — Array of arrays consisting of five broadside rows of collinear antennas in 
end fire. Horizontal plane and principal oar of horizontal field pattern are shown. 

Highly directional arrays of arrays of antennas that have almost 
cigar-shaped, unidirectional field patterns in both horizontal and 
vertical planes may be constructed by combining the properties of 
broadside, end-fire, and collinear arrays, as shown in the horizontal 
plane in Fig. 41.12. Each dot is a collinear array of several X/2 
dipoles arranged with suitable phase-reversing sections. Each 
widely spaced row (spacing hs) consists of antennas in broadside; 
each more closely spaced row (spacing hs) at right angles to the 
broadside rows consists of antennas in end fire with lagging currents 
at the right. Appropriate spacings are hs = X/2, bs = X/4. The 
characteristic of the array of arrays is obtained by multiplying 
together the characteristics of the broadside, end-fire, and collinear 
arrays. Since the angle # in all parallel arrays has been measured 
from the line of antennas, the angle for the broadside rows in 
Fig. 41.12 differs from for the end-fire rows by 7r/2 or 90®. 
Accordingly, if only one angle, that for the end-fire array, is to 
be used, $ in (41.16) for the broadside array must be replaced by 
— W-/2. The characteristic of the array of arrays is 

= Ac(ff) As(^ff, - 0 A,(fi,^s) (41.18) 

Since cos = cos (#* — t/2) — sin it is merely necessary 
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to write sin ^ for cos in (41.16) in order to use it as a factor in a 
general formula using the angle 

For identical units of length A = X/4, (41.18) becomes 

sin Nc Z cos 6 sin UN sPhs sin 6 sin ^e) 

= _L2 J 

sin ( 2 ^ sin 0 sin 4>^) 

sin [^ NEphEil — sin $ cos <l >g)] . . 

sin — sin B cos 4>£)] ^ ' 

The subscripts C, B, E refer to collinear, broadside, end-fire arrays; 
the subscript A stands for the complete array of arrays. The 
magnitude of the distant field of the array of arrays is obtained by 
multiplying the magnitude of (37.10) for one unit by Aa{6,^). 

The problem of driving all the antennas in an array so that the 
relative amplitudes and phases of the currents are as desired is 
usually not a simple one if practical difficulties are considered. 
Theoretically, it is certainly possible to drive all units from the 
same generator if individual transmission lines and amplifiers are 
provided. If a matching section is arranged for each antenna so 
that all lines are nonresonant, the relative phases can be fixed in 
terms of the relative lengths of the feeders, and the amplitudes can 
be adjusted with the amplifiers. Since most arrays require the 
currents in the several units to have the same amplitude, the 
amplifiers are not necessary if the lines do not differ greatly in 
length. At very high frequencies, amplifiers are difficult to provide. 
For a broadside array, all nonresonant feeders must have the same 
length; for an end-fire array, they must differ in length by the same 
fraction of a wavelength as the fraction of a period that the currents 
differ in phase, the shortened lines going to the units with leading 
currents. If coaxial feeders are used, these are easily coiled if their 
correct length for phasing exceeds that required physically. Two- 
and four- wire open l.nes can be zigzagged. Practical difficulties 
are encountered because of the presence of insulators, which always 
reduce the actual length of a line below its electrical length by an 
amount that is difficult to compute accurately and may vary owing 
to moisture. In addition, there may be appreciable antenna cur- 
rents on the outer surface of a coaxial line or superimposed on the 
line current on an open-wire line. Detuning sleeves or stubs are 
usually necessary, therefore, if the entire system of transmission 
lines is not to act as part of the antenna array. 
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Instead of providing individual nonresonant lines for the severa’ 
antennas, it is possible to arrange the antennas as loads along a 
resonant line. This is most easily accomplished for a half-wave- 


> 

\ 

1 


i 

/ 

/ 

— L.J 

A , 

N 

\ 

\ 

\ 

f 

t 

t 

U 

T 


\ 

B 

> 1 ■■ 

/ 

1 ’ 

/ 


\ 


/ 

\ 

/ 


\ 


/ 

\ 

f 


N 



> 




X ^ 


_ X 

2 ^ 

2 ^ 

r 2 ^ 


Fig. 41.13. — Center-driven resonant antennas in double-end-fire array. Approxi- 
mate distribution of current is in broken lines. AB are high-impedance terminals. 

length spacing of antennas with phase differences of a half period 
between units, Fig. 41.13, or (by transposing the line) with all 
units in phase, Fig. 41.14. By bending, coiling, or zigzagging the 



Fig. 41.14. — Center-diiven resonant antennas in broadside array. Approximate 
distribution of current is in broken lines. AB are high-impedance terminals. 


half-wavelength sections of line between antennas, the spacing 
may be reduced. The input terminals should be at the center and 
should be provided with a matching network for properly terminate 



B 

Fig. 41.15. — Broadside array of end-driven units. 


ing the long line. Single end-driven units (like the two vertical 
units in Fig. 22M) may be used with open-wire and coaxial lines, 
Figs. 41.15 and 41.16. Note that a resonant line coupled to reso- 
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nant antennas constitutes a complicated network of closely coupled 
circuits. The antennas are all coupled; they are low Q circuits 
because of the radiation load. The sections of line are high Q. 
Arrays may be constructed also by appropriately bending or zig- 
zagging a long antenna; one possible broadside arrangement is 
shown in Fig. 41.17. This is known as a Bruce array. The dis- 
tribution of current is not the same as along the same wire when 



Fig. 41,16. — Double-end-fire array end-driven from a coaxial line. (A broadside 
array is obtained by omitting every second unit and folding the line so that the 
remaining units are spaced X/2.) 

Straight, because the forces acting on the charges in the several 
parts of the conductor are changed. A very rough approximation 
for sufficiently thin wires is given by (8.3) with z and h measured 
along the conductor. If the array is long, a very large component 
of current corresponding to I” in (9.1) exists even for the thinnest 
useful wire. Accordingly, the distant field as calculated under 
the assumption of a sinusoidal current is only a rough approxima- 
tion. The principal contribution to the field is made by the currents 


+ + + 



Fig. 41.17. — Broadside (Bruce) array of five vertical units each of length X/4. 
Maximum currents are at the centers of the vertical elements. Location of maxima 
of charge, a quarter period after maximum upward current, is indicated with 
and — . AB are low-impedance terminals. 

in the vertical elements of Fig. 41.17. The currents in the hori- 
zontal elements are small and are in opposite directions in the 
halves of each element. 

42. Distant Field of Parallel Arrays with Parasitic Elements; 
Reflectors. — ^The parallel arrays described in the preceding sections 
consist entirely of driven antennas in that each is connected to a 
generator either directly or by a transmission line. In such an 
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array of driven elements, both the amplitude and the phase of the 
input current in each unit are individually adjustable to any desired 
values. It is by suitably fixing the relative amplitudes and phases 
of the units as well as their spacing that various directional field 
patterns are obtained. 

In a parasitic array, only one antenna is driven directly by a 
generator, and all the power is supplied to it. All other antennas 
have no generator and have minimum load. They are placed 
sufficiently close to the driven unit and to each other for large forces 
to act to induce currents in them. The distant field is that due to 
all the currents in both driven and parasitic units. Since the 
spacing of the antennas in the array is neither so small that the 
condition for the near zone is satisfied nor so great that they are in 
the far zone with respect to one another, general electromagnetic 
coupling exists. Because the relative amplitudes and phases of the 
currrents in the parasitic elements are not individually variable 
by controllable driving voltages, as are the currents in the units of 
a driven array, the variety of available distant field patterns is 
much more restricted unless other means for adjustment are 
provided. 

If all antennas in the array have the same length and if the 
parasitic elements consist merely of straight conductors, the only 
variable is the spacing of the elements. The amplitudes and phases 
of the currents are determined completely by the spacing and the 
relative location of the elements. If, on the other hand, the para- 
sitic elements are adjustable in length or if they are provided with 
variable reactances at their centers, an additional parameter is 
available for controlling the relative phases of the currents. By 
adjusting the spacing and either the length or the tuning reactance 
(which at very high frequencies may consist of a short section of 
transmission line of variable length), a variety of directional field 
patterns can be obtained. 

A single parasitic antenna placed parallel to a driven antenna, 
Fig. 42.1, may be analyzed in terms of (18.5) and (18.6) for two 
coupled antennas. 

Fi = loiZn + I 02 Z 12 (42.1) 

0 == "h I 02 Z 22 (42.2) 

where Zn ^ Zi + Z.i; Z 22 - Z 2 + Z, 2 ) Zn and Z ,2 are the input 
self-impedances of the driven antenna and the parasitic antenna 
for the. actual distributions of current; and Zx 2 and Z 31 are the 
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corresponding mutual impedances and are equal if the two antennas 
are immersed in a medium for which /i and e are constant, as is 
usual. If it is assumed that both antennas are the same in length 
and radius, 

Z.i = Z.2 (42.3) 

and Zai and Zu are given in Figs. 19.2 to 19.5; for indefinitely thin 
antennas Z*i = Zo, and Z 12 is given by the curves of Fig. 19.1 for 
h = X/4. On solving (42.2) for the current at the center of the 
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Fia. 42.1. — Center-driven antenna (1) with parallel parasitic antenna (2). 


parasitic antenna, 

/02 = -foi f?- = -Toi im (42.4) 

where ^22 = tan“^ X22/R22 and ^21 = tan~^ ( 42 . 5 ) 

Using the notation of ( 41 . 2 ), 

^ « = O 22 - (42.6) 

|^ 22 | 

The distant field of the two parallel antennas is given by (41.2), 
using (42.5) and with F{d) given by (37.7). It is 


te 





|Zl2 

IZ22 


6 COB 




(42.7) 


This is an approximate general expression for the distant field of a 
center-driven antenna at a distance b from a parallel parasitic 
antenna. It is approximate because F{0) applies rigorously only 
to the infinitely tUn antenna. The “horizontal" field factor is 
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defined by setting $ = t/2. Three typical theoretically determined 
patterns for infinitely thin antennas with A = X/4 are shown in 


90* 



-——Theoretical horizontal pattern for antenna 1 
driven and antenna 2 parasitic . 

— Parasitic antenna 2 used as director 

Parasitic antenna 2 used as reflector 

Fig. 42.2. — Possible “horizontal’* field patterns of a driven antenna with single 
parasitic antenna. Both antennas are assumed to be infinitely thin. 



Fig. 42.3. — Experimental “horizontal” field patterns of a driven antenna (1) with 
a single parallel parasitic antenna (2). For both antennas h » X/4. 

Fig. 42.2. Many other types are possible. Two experimentally 
determined horizontal patterns for thick antennas with h »= X/4 
are shown in Fig. 42.3. The “vertical” field pattern in the “for- 
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ward” direction (i.e., from the parasitic toward the driven antenna) 
is obtained by setting 4> = a- or 180°. The “vertical” field pattern 
in the “backward” direction (f.e., from the driven toward the 
parasitic antenna) is obtained with $ = 0. In practice, it is usually 
important to maximize the ratio of forward to backward field or 
the ratio of backward to forward field. If the ratio of forward to 
backward field is maximized, the parasite is called a reflector; if the 
ratio of backward to forward field is maximized, the parasite is 
called a director. The field in the forward direction ($ = *•, 
0 — v/2) is 

t» = 3 “ |fc| (42.8) 

The field in the backward direction (# = 0 , ^ = 7r/2) is 

U = j j (42.^) 

Since there are several parameters and variables involved, these 
expressions may be maximized in a number of different ways by 
holding one or more parameters constant. The most common 
variable is the spacing 6. Since the input impedance of the driven 
antenna varies with the spacing, the input current ioi is itself a 
function of the spacing for constant power Pi supplied to the driven 
antenna, and hence to the array. Thus, 

- ^/s 

where Rab is the input resistance of the driven antenna in the 
presence of the parasite, as given by (18.12). If (42.10) is sub- 
stituted in the magnitude of (42.7), 
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.4 .3 .2 .1 0 .1 .2 .3 .4 


Fia. 42.4a. — Calculated ratio of the magnitude of the far-zone field of parasitic 
array of two antennas to the field of a single antenna with constant current in the 
driven unit. For each unit h == X/4, il = 20, 



4 ,3 .2 .1 0 .1 .2 .3 .4 


Fio. 42.46. — ^Like Fig. 42.4a but with constant power to the driven unit. 


of (42.11) to (42.12) is 


8» (array) 

f *2- 

[i z.,* 

8» (1 unit) 

XRab 

L ^ Zn 


— 2 ^ cos (fin — Bn — fih sin. B cos <&) | (42.13) 
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In the mid-plane, B = ir/ 2 ; in the forward direction, $ = tt; in 
the backward direction, <i> = 0. The front-to-back ratio is 


= tt) 

8 (j($ = 0) 


1 + 2 ^ cos (022 — 021 + fib) 

£22 £22 

1 + ■“ 2 cos (022 “ 021 fib ) 

Z22 -<^22 


(42.14) 






This ratio is independent of the power supplied to or the current 
in the driven element. For thin 

3 5 

antennas with A = X/4, maximum 
forward field with constant power 
to the driven antenna is obtained 3 3.0 
with h near 0.15X and with X 22 c 
near +10 ohms. Maximum for- g 2.5 
ward field with constant current 5 
in the driven antenna is obtained ^ 
with 6 between 0.25X and 0.3X with q 
I Z 22 I small. Maximum backward ^ 
field with constant power is ob- < 1.5 
tained with b between 0.05X and i 
O.IX and with Z 22 between zero jp 
and 10 ohms negative. There is ® 
no maximum in the backward field g 
with constant current in the driven “ 
antenna for small spacings. The 

forward and backward fields for 0 ^ ^ ^ ^ ^ 

constant current and for constant b/ 

power in the driven antenna, as 42.6.-Ratio^ of forward to 

calculated for two antennas each backward field for a driven antenna 
of half length h = X/4 with 
Q >= 20, are shown in Fig. 42.4o 

and b. Curves for the front-to-back ratio of the field are shown in 


warn 




Fig. 42.5. 

Since the circuit reactance Xt» - X,a -f- Zs of the parasitic 
antenna with its tuning reactance differs little from zero for either 
maximum ratio of forward to backward or backward to forward 
field, the required values actually are obtained easily without an 
external tuning reactance, i.e., with Xi = 0 , by adjusting the length 
of the parasitic antenna. Although the mutual impedance is con- 
siderably changed from that for h =■ X/4, even for small adjust- 
ments in length, so that Figs. 19.1 to 19.5 do not apply, the following 
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2 13 4 

Fig. 42.6.— 
Side view of a 
driven antenna 
(1) with one re- 
flector (2) and 
two directors (3, 
4) for maximum 
field to the right. 
If no tuning re- 
actances are 
available, (2) 
should be longer, 
(3, 4) shorter 

than (1). 


conclusions are certainly qualitatively justified: A parasitic antenna 
that is to be used as a reflector to maximize the forward field by 
varying length and spacing of the antenna (employing no auxiliary 
tuning reactance) should have a half length h that 
is somewhat longer than the self-resonant half length 
obtained from Fig. 10.14 but is usually less than X/4. 
A parasitic antenna that is to be used in the same 
manner as a director to maximize the backward 
radiation should have a half length h that is some- 
what shorter than the self-resonant half length and 
hence considerably shorter than X/4 in all practical 
cases involving antennas of reasonable thickness. 

A single row of parasitic reflectors is often used 
with a broadside array of driven antennas (a reflector 
behind each driven antenna) in order to make the 
array unidirectional. 

The horizontal directivity of a driven antenna 
with a single parasitic director or reflector may be 
increased considerably by using both director and 
reflector, or several of each. They may be arranged in a single line 
as in Fig. 42.6; the reflectors may be arranged in the shape of a 
slightly flattened cylindrical parabola with the driven antenna near 
the focus, Fig. 42.7a; and parabolic metal 
sheet also may be used instead of the 
parallel parasitic antennas, Fig. 42.76. 

Such an arrangement corresponds roughly 
to a unidirectional broadside array of 
length equal to the width of the opening 
of the parabola. 

The parabola must be slightly flat- 
tened in order to obtain a plane surface 
of constant phase for the electromagnetic 
field a short distance in front of the array, 
because the driven antenna is not suffi- 
ciently far from all parts of the con- 
ductors forming the parabola for the 
expanding ellipsoid of constant phase to 
have become sensibly spherical with a 
phase velocity equal to Vo, This is illustrated in Fig. 36.3. 
If the parabola is made so large that the distance from the 
focus to the nearest part of the reflecting array is so great that 



(a) 


Fiq. 42.7. — Section through 
an array consisting of a 
driven antenna (a) with para- 
sitic antennas arranged in a 
slightly flattened parabola; 
(&) with a flattened parabolic 
cylinder of sheet metal. 
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surfaces of constant phase expanding from the driven element 
are practically spherical, the reflecting parabola need not be flat- 
tened, and the driven unit should be placed at the focus. It is 
clear from Fig. 35.3 that an approximately spherical equiphase 
surface obtains even as short a distance as X/2 from the center of a 
half-wave dipole, a distance not approaching the far zone. For 
wavelengths exceeding a few meters, such large cylindrical parabolas 
are inconvenient, and relatively smaller ones must be used. These 
may either be flattened, or, in the array of Fig. 42.7a, the phases 
of the currents in the outer units may be adjusted by changing 
their lengths or by using tuning reactances. For some purposes, 
much flatter or deeper arrangements, which do not produce plane 
surfaces of constant phase in front of the array, are advantageous. 

The vertical directivity of any parasitic array of parallel ele- 
ments can be increased by stacking several identical arrays to form 
a collinear array. 

It is possible to obtain great directivity in both horizontal and 
vertical planes if a metal paraboloidal reflector (parabola of revolu- 
tion) is used instead of the cylindrical parabola. For effective 
operation, the diameter of the paraboloid should approximate 10 
wavelengths, and it is therefore not practically useful except at very 
high frequencies. (The cylindrical parabola needs to be only a 
half wavelength long.) The driven antenna is placed at the opti- 
mum point in the paraboloid; this differs only slightly from the 
optical focus if the focal distance of the paraboloid is considerably 
greater than a half wavelength. Experimentally determined field 
patterns are shown in Fig. 42.8. An additional parasitic reflector 
in front of the driven antenna, so spaced that it minimizes the for- 
ward direct field due to the driven antennUy increases the directivity 
still further. Such a reflector may consist of a straight conductor 
that is longer than the self-resonant length and is placed parallel 
to the driven antenna at a distance near 0.15X, Fig. 42.9, or it may 
consist of a smaller paraboloid with opening toward the larger one. 

The distant field of an arrangement like that in Fig. 42.9 is 
due almost entirely to the sheet of surface current maintained on 
the inside of the paraboloid. If the paraboloid extends out so far 
that an axis through the antenna intersects it in two points, the 
current at these points due to the field of the antenna is zero, 
because the magnetic field due to the antenna vanishes there. 
If it is assumed that these points are centers of maximum charge 
density, of opposite sign, the surface current may be visualized as 
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in the direction from one of these points toward the other with 
maximum amplitude crossing a line equidistant from both. This 
sheet of current is primarily up and down (if the antenna is vertical 
as in Fig. 42.9a), and its effect at distant points resembles that of 
a parallel row of vertical antennas. If the reflector were per- 
fectly parabolic and sufficiently large compared with the wave- 
length, the currents in the equivalent array of antennas would be 
all in phase, and the surfaces of constant phase of the electro- 
magnetic field just outside the reflector would be plane. If, on 
the other hand, the reflector were flattened, the currents in the 

/ 


(a) (b) 

Fig. 42.9. — (a) Section, with an- 
tennas vertical, of paraboloidal reflector 
of sheet metal with the driven antenna 
near the focus and one parasitic antenna 
as reflector; (6) section with antennas 
horizontal. 

middle units of an equivalent array would have to lead the current 
in the outer units in phase, because the surface of constant phase 
just outside the reflector would be convex outward. If the reflector 
were made more concave than a parabola, an equivalent row of 
antennas would have to have lagging currents in the central units, 
because a surface of constant phase must be concave outward. By 
adjusting the curvature of the reflector, the shape of the pattern 
and the relative magnitudes of minor lobes can be varied. 

Metal reflectors may have shapes other than those of cylindrical 
parabolas and paraboloids, and sheets of current or layers of charge 
separated an appreciable fraction of a wavelength may be produced 
in other ways than by an antenna placed in front of the reflector. 
The antenna may be arranged, for example, inside an extension of 
a conical or hom-ehaped reflector, a so-called “electromagnetic 
horn,” Fig. 42.10a, provided that the diameter of this extension is 
not too small. (This is discussed in detail in Chap. III.) By 
suitably adjusting the position of the antenna and of the piston 




(b) 

Fig. 42,8. — (a) “Vertical,” (6) “hor- 
izontal” field pattern of a driven antenna 
with a paraboloidal reflector. 
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behind it, large resonant currents can be set up on the inside walls 
of the horn-shaped reflector and its extension. These currents 
have large components parallel to the antenna in the side walls of 
the horn and establish concentrations of alternately positive and 



FEEDER 

LINE 


(a) (b) 

Fig. 42.10. — Electromai^netic horns. 


negative charges along the upper and lower edges of the horn, 
Fig. 42.10a. If these are separated an appreciable fraction of a 
wavelength, a unidirectional distant field is set up resembling that 
of a row of antennas all driven in phase. An alternative method 
of driving the antenna is shown in Fig. 42.106 with reflector and 
horn of rectangular rather than circular 
cross section. Whatever the shape of the 
horn and its extension, the dLstant field 
always is due primarily to the distributions 
of current and charge on the horn. There 
may be some current on the outer surface 
behind the mouth of the horn. Unless a 
condition of resonance exists on the out- 
side, owing to an unfortunate choice of 
dimensions, this current will not be large. 

An antenna that is useful because 
of its broad-band charcteristics may be 
constructed by flaring and folding back the 
outer conductor of a coaxial line and 
enlarging the inner conductor to a cone 
that must be an appreciable fraction of a wavelength long, Fig. 42.11. 
This arrangement is called a biconical horn. If the flare angle is 
large, its characteristics somewhat resemble those of a thick center- 
driven antenna. For small flare angles, the field patterns are similar 
to those of a circular ring of antennas all driven in phase. 
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43 . Rayleigh-Carson Reciprocal Theorem, — ^The distant field 
of an array consisting of a single driven antenna and any number 
of parallel parasitic antennas may be determined experimentally 
by moving a receiver in such a way that the receiving antenna 
(which is assumed to be center-loaded and symmetrical) is always 
tangent to a meridian on a great sphere around the transmitting 
array as center. The ‘‘verticar’ axis of the array coincides with 
the radius 0 = 0. The current Ji" through the load in the receiver 
is proportional to and hence a measure of the electric field due 
to the transmitter when driven by an emf F 2 " for any point 
0,^> on the sphere and may be used to determine the directional 
properties of the array. 

Let the load in the receiver be replaced by a generator of emf 
Vi' with the same impedance as the load; also let the generator in 
the single driven antenna of the transmitting array be replaced by 
a load with the same impedance as the generator. The current in 
the load is h'. In this way, the fixed transmitting array has been 
transformed into an identical receiving array, whereas the movable 
receiver has become a similarly movable transmitter. The Ray- 
leigh-Carson reciprocal theorem states that, if an emf Vi in array 1 
produces a current 1 2 in array 2, and if an emf F 2 " in array 2 
produces a current h" in array 1, the following relation is true: 

^ or = h'Vt" (43.1) 

In particular, if the same emf is applied to the transmitters in the 
two cases so that Vi' = Vi”, the currents in the loads are likewise 
the same, h” = /*', provided that the movable antenna is in the 
same position relative to the fixed array. Thus the directional 
properties of the fixed array are the same when used as a receiver 
as when used as a transmitter. Accordingly, the directional prop- 
erties, including the magnitude of the current in the load, of a 
receiving array may be obtained conveniently from the directional 
properties (measured or calculated) of the same array used as a 
transmitter with the load replaced by a generator having the 
same impedance as the load. It may be concluded that parallel 
directors and reflectors, cylindrical parabolic reflectors, paraboloids, 
and electromagnetic horns. Sec. 42, are equally useful and in the 
same way to obtain sharply directive receivers. 

Used as a receiver, a unidirectional array responds strongly 
only to a signal from a given direction; used as a transmitter. 
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the same array maintains a strong electric field only in that same 
direction. 

As a specific example of the use of the reciprocal theorem, 
consider the directional properties as transmitter and as receiver 
of an array, designated by the number 2, consisting of a sym- 
metrical center-driven or center-loaded antenna with one parallel 
parasitic antenna. Let antenna 1 be a single center-loaded or 
center-driven antenna. When used as a transmitter, the parasitic 
array 2 is driven by a generator of emf F2"; the resulting current 
in the load Zli of antenna 1 used as receiver in the far zone is Zi". 
When the generator and load are interchanged, an emf Vi in the 
single antenna produces a current Z2' in the load Zl 2 of antenna 2 
used as receiver. Since each array is to have the same impedance 
in the circuit when transmitting or receiving, it is assumed that the 
impedance of the generator Za is the same as the impedance of the 
load Zlj so that 

Zg] = Zg2 == Z II = Zl2 = Zl (43.2) 

If 2hei is the effective length of antenna 1 when used as receiver 
parallel to the far-zone electric field 82" of array 2, the current in 
the load with F2" applied to array 2 is 

Ti" = (43.3) 


where Zo is the self-impedance of the single isolated antenna. [Use 
(31.2) and (31.6) in (31.1) to obtain (43.3).] The far-zone electric 
field 82" due to array 2 is given by (42.7). The subscript B is omitted. 


82" 


Zab + Zl 


F,{e) 


-m 


[ 1 (I.OB*) 

IZnj J 


(43.4) 


Zab is the input impedance of the driven antenna in array 2 in the 
presence of the parasite as defined in Sec. 18. The substitution 



AB + Zl 


(43.5) 


is made in obtaining (43.4) from (42.7). 

f„ ^ „ jmKxFijB) 

{Z. + ZlKZab + Zi) R 



With (43.4) in (43.3), 




] 


(43.6) 
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If the same voltage is applied to the two antennas when driven, 
so that 

f i' = f »" (43.7) 

the reciprocal theorem (43.1) permits writing 

L' = /i" (43.8) 

where h" is given by (43.6). 

If the same power P is supplied to the driven antenna in each 
case and for all orientations and spacings, the applied voltage is 
not the same, and it is therefore necessary to use the reciprocal 
theorem in the more general form (43.1). The applied voltages 
F 2 " and V I may be expressed in terms of the constant power and 
the impedance of the circuit. Since 


p == i 
^ 2 


^ 2 " 


\ZaB + Zl\ 

\f,"\ = \Z^B+Z. 




* 1 
Rab = 2 




f.' 


Zo + ZA 


Po 


(43.9) 

(43.10) 

(43.11) 


[If (43.10) is substituted in (43.4), this becomes (42.11).] 

Upon substituting (43.10) and (43.11) in (43.1) written for 
magnitudes, i,e., in 

|/i"| Ifi'I = 1 / 2 'i \f2"\ (43.12) 

and solving for |/*'|, 

= 1^1 


Zo + Zl 


\Zab H“ Zi\ 
If (43.6) and (43.10) are used in (43.13), 


I Rab 
\Ro 


(43.13) 


1^*1 


120heiFi(e) | 2 pr 

l]z A3 "f* Zl\ |Po L 1^221 

— 2 cos (^22 — 9it — Pb sin 0 cos 4>)1| (43.14) 


The power in the load Zl of the parasitic array 2 used as receiver, 
if this is always kept conjugate matched so that 

Zh “ or Pl Rab and Xl ~ "^Xab (43.16) 



POYNTING VECTOR 


219 


Sbc. 44 ] 


is given by 
Pl = 



_ fe»i/ 60 f’,(e) Y/P«\ 

Ro \ R / \Rab/ 

1 Z I 

cos (022 — 021 — Pb sin 0 cos 

Z22I 



(43.16) 


This differs only by the constant factor hH/Ro from the expression 
|8^|^ obtained from (42.11). This verifies, under the special con- 
ditions of (43.14), the general reciprocal relation that the directional 
pattern |8^|® for the driven array 2 for constant power is the same 
as the directional pattern of the same array used as receiver in 
terms of the power transferred to the load. In particular, the 
curves of Fig. 42.46 giving for constant power give the correct 
variation for \/Pl if the same array is used for reception with the 
load conjugate matched for each spacing. 

44 . Posmting Vector and Effective Cross Section. — It is pointed 
out in general terms in Sec. 1 that, because of the complexity of 
the general law of force between moving charges in widely separated 
conductors, it is convenient to define an electromagnetic field as a 
mathematically useful intermediate step in calculating such forces. 
Specific use is made of this fact in determining the current (or 
more specifically the forces producing a deflection of an ammeter 
calibrated in terms of current) in a receiver in terms of the electric 
field parallel to the receiving antenna. Since the electromagnetic 
field is defined at all points in space directly in terms of distributions 
of moving charge in transmitting and receiving antennas, it is 
mathematically possible to express the transfer of power from a 
transmitting antenna to a receiving antenna, or to the distant uni- 
verse as a whole, directly in terms of the electromagnetic fields 
due to the currents in the transmitting and receiving antennas. In 
fact, it is possible to define energy functions in terms of the electro- 
magnetic vectors from which the entire transfer of power can be 
calculated. It can be shown that the real part of the integral over 
any surface completely enclosing an antenna of the component per- 
pendicular to the surface of a complex vector point function § is a 
measure of the time-average power transferred from a driven 
antenna within the surface to antennas and to the universe outside, 
or from antennas and from the universe outside the surface to the 
antenna within the surface if this is a receiving antenna. The 
vector g is called the complex Poynting vector. It is always 
directed perpendicular to the plane containing the electric and 
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magnetic vectors, and in the direction of advance of a right-hand 
screw when 8 is turned into 3C through the shortest arc. Its com- 
plex magnitude is 

S (watts/m^) = sin (44.1) 

where JC* is the complex conjugate of 5C, and <f> is the angle in space 
between the vectors 8 and 3C. If the closed surface is a great 
sphere in the far zone around a driven antenna where 8 and 3C have 
only the components 8^ and X* that are mutually perpendicular 
and in phase, and that differ in magnitude only by the factor (Rc, 
§ is real and directed radially outward. Its magnitude §« is given 
by ^ 

S« (watts/m*) = = A = £» (44.2) 

The average power radiated (transferred from the moving charges 
within the sphere to those outside) is 

P (watts) = j$Rd<T (44.3) 

sphere 

where do- is an element of the spherical surface, and §« is the value 
of the radial Poynting vector at that element. Note that, whereas 
the real part of the integral of the normal component of the com- 
plex Poynting vector g over the surface of a great sphere (or any 
other completely closed surface) correctly and imiquely gives 
the average power lost by the moving charges on one side and 
gained by the moving charges on the other side of the surface, the 
conclusion cannot be drawn that the real part of the complex 
Poynting vector at some point on the surface is itself a measure of 
the fraction of the total power that is transferred across a unit area 
at that point. There is nothing in the mathematical analysis to 
justify such a conclusion, and experimental verification is available 
only for the total power as measured by the complete integral. In 
fact, it is analytically possible with equal correctness to define a 
variety of energy-flow functions that are entirely different from 
the Poynting vector. Each of these functions gives a different 
value to the power transferred across a particular unit area, but 
they all give exactly the same total power when integrated over 
the same closed surface. It is the integral of the normal com- 
ponent of the Po3mting vector over a closed surface that is impor- 
tant, not the Posmting vector itself. Thus, with the aid of this 
integral; it is possible to estimate the total power radiated from 
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an intricate array of antennas if an approximate (sinusoidal) dis- 
tribution of current is assumed along each conductor. By deter- 
mining the far-zone electric field 8^ for this distribution of current, 
the total power radiated is given by 

P (watts) = ^ f da (44.4) 

^ y spherical 
surface 

By dividing this power by /L*, the radiation resistance referred 
to maximum sinusoidal current is obtained (17.9). This calcu- 
lation is usually simpler than the accurate analysis of the dis- 
tribution of current and the determination frem it of the input 
impedance. The result obtained is, however, only approximate, 
because an assumed and only roughly correct distribution of cur- 
rent is involved. If the accurate distribution of current is known, 
the current at the input terminals is also known and hence the 
input impedance, and there is no point in evaluating the integral 
of the normal component of the Poynting vector. 

It is frequently assumed in practice (without analytical or 
experimental justification) that the Poynting vector is unique 
among all the possible power-flow functions that could be defined, in 
that it gives the actual direction and magnitude of the flow of 
energy through space, rather than being merely a mathematically 
convenient intermediate step in calculating the total power lost 
from one antenna or gained by another. Some consequences of 
such an assumption are considered in the following examples. 

Consider first a transmitting antenna containing a generator 
at its center. If the Poynting vector is assumed to specify cor- 
rectly the direction of flow of energy, the following conclusions 
are unavoidable. First, no power leaves the antenna. On the 
contrary, the small amount of power that is dissipated in heating 
the antenna enters it radially from space. Second, all the power 
that is radiated plus that which is dissipated in heat in the antenna 
is transferred directly from the generator to space. However, if 
the same potential difference were maintained across the same 
terminals of the generator without the antenna attached, no power 
would be transferred to space. It seems difficult to coordinate the 
conclusion that the antenna has no direct part in the radiation with 
the original postulate that it is the moving charges in the antenna 
that exert uncanceled forces and hence presumably do work on 
charges elsewhere in the universe. 
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As a second example, consider a receiving antenna parallel to 
the far-zone electric field of a transmitting antenna. The antenna 
is itself tangent to the surface of a great sphere on which the Poyn- 
ting vector due to the field of the transmitting antenna is outwardly 
directed. If the Poynting vector were a measure of the total power 
transferred across unit area perpendicular to the vector, it would be 
reasonable to suppose that the normal component of the Poynting 
vector integrated over the area cut from the sphere by the receiving 
antenna, viz,, its length times its diameter, would be a measure of 
the maximum i total power that could be transferred to the load of 
the receiving antenna. Actually, this area has nothing to do with 
this power. It follows from (37.3) that the distant field of a very 
thin center-driven antenna 1 of half length h near X/4 has an ampli- 
tude in the mid-plane, 6 — tI2, of 

e /"volts'^ 60 /oi 2/01 (He fAA 

where R is the distance between transmitter and receiver, (Rc ~ 376.7 
ohms, and /o is the input current of the driven antenna. If a thin 
receiving antenna 2 of half length A = X/4 and with a load Rl at 
its center is placed parallel to the far-zone electric field as given by 
(44.5), the power delivered to the load may be calculated by treating 
the receiving antenna as a driven antenna with a generator of emf 

Vi = (44.6) 


in series with the load and the antenna. If the antenna is adjusted 
in length to be self-resonant as a center-driven antenna and the 
load Rl is made equal to the input resistance of the antenna, the 
total power transferred to the load is 


Pl (watts) 


iJth 2 Rl 


(44.7) 


The magnitude of the Po 3 Titing vector at the receiving antenna, as 
given by (44.2), is 

S» (watts/m*) = ^ (44.8) 

The ratio Pi/gs in square meters is 


Pt 



hi 


(44.9) 
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This is given roughly by XV8. For a practical antenna for which, 
12 = 12, it follows using Figs. 10.10, 10.13, and (31.5) that 

fto = = 60; ph = 1.50; /3/t, = 0.93 (44.14) 

Ce = 0.15X2 (44 15) 

Although the power received by an antenna clearly has nothing 
to do with its actual cross section, it is still possible to insist on 
retaining the arbitrary assumption that the Poynting vector does 
measure the actual flow of power per unit area by introducing a 
fictitious ‘‘effective cross section’^ for the receiving antenna. Such 
an “effective cross section^^ for a matched load in the “equivalents^ 
circuit for the receiver is defined, if it must be defined, by (44.9). 

A physically crude “ equivalent for a center-driven antenna of 
half length A = X/4 is often used. This is based on the incorrect 
assumption that such an antenna is equivalent to a physically 
impossible antenna of half length h/2v with a uniform distribution 
of current along its entire length. The radiation resistance of such 
a fictitious antenna is 80 ohms; the corresponding area C« is 


While somewhat in error compared with (44.13) and (44.15), this 
value is frequently adequate for engineering purposes. 

A different load with the same antenna requires the definition of 
a different “effective cross section” for the identical antenna. 
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The assumption that the Poynting vector itself specifies the 
direction and magnitude of the rate of flow of energy, which is 
then concluded to be spatially distributed, is an interesting illus- 
tration of the fact that, in physical theory, it is always possible to 
introduce arbitrarily defined parameters or variables together with 
theories to make them plausible, provided that equally arbitrary 
correction factors are also defined wherever necessary to obtain 
correct results. 


VI. CLOSED CIRCUITS AS ANTENNAS 

46. Frame or Loop Antenna for Transmission. — An antenna or 
array need not be constructed of straight and parallel conductors 





Fig. 45.1. — Folded dipole driven from a 
two-wire line. 



(O) W 

Fig. 45.2. — Circuits which, when 
combined, are equivalent to the folded 
dipole of Fig. 45.1. 


each of which is an open circuit. Any closed loop of wire that is 
not confined to the near zone and that does not carry equal and 
opposite currents very close together radiates at least a fraction 
of the power supplied at its terminals. The distribution of current 
around the conductor and hence also the input impedance at the 
driving terminals vary greatly with the size of the loop and its 
shape and with the thickness of the conductor. A rigorous analysis 
for the distribution of current and the impedance of a loop unre- 
stricted in size and shape is not available. Even an approximate 
analysis that assumes a sinusoidal distribution of current and 
employs the Poynting-vector method does not lead to a simple 
integrated formula for the radiation resistance referred to maximum 
current. In practice, two special forms of the loop are important, 
both of which can be analyzed approximately by relatively simple 
methods. The first form is a narrow rectangle called the folded 
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dipole; the second is a loop of any shape that is small compared with 
the wavelength. They will be considered in turn. 

The folded dipole is shown in Fig. 45.1. It consists of a resonant 
section of two-conductor transmission line that is driven at the 
center of one of the long sides instead of at one end. Its length is 
X/2 — hy and the two conductors are separated a distance h between 
centers that is so small that it is possible to write, as for a trans- 
mission line, 

h<<<\ (45.1) 


It may be analyzed in two steps, as follows: Consider first the circuit 
of Fig. 45.2a, in which identical impedanceless generators with 
emf iF, driven in phase, are connected at the centers of the long 
sides. Except near the ends, these sides are like parallel identical 
antennas driven in phase with equal antenna currents in the same 
direction. 


With identical sides, = Z, 2 , = Z 2 iand/o 2 = /oi. 

(18.2) reduces to 

iF = /oi(^i + Zn) 

“ 2(Z.i + Zn) 


Hence, 

(45.2) 

(45.3) 


where Z,i and Z 12 are given in Fig. 19.2. 

Consider next the circuit of Fig. 45.26, which differs from Fig. 
45.2a only in having one of the generators reversed so that the two 
sides have equal and opposite transmission-line currents. In this 
case, the circuit is equivalent to two generators in series with two 
extremely high impedances — several hundred thousand ohms. 
Accordingly, the transmission-line currents are small compared 
with the antenna currents in Fig. 45.2a. Let the two circuits, 
Fig. 45.2a and 6, be combined so that on the left side there are two 
generators in series, in the same phase, and equivalent to a single 
generator of emf F, while on the right equal generators in series 
and in phase opposition are equivalent to a conductor. By the 
principle of superposition, each pair of generators continues to 
maintain the same current, so that the resultant current at the 
center of each side consists of the antenna current /oi in (45.3) and 
very small equal and opposite line currents. The latter are so 
smdl that they may be neglected, and the entire current at the 
center of each side and hence the input current on the left side is 
given therefore by (45.3). It is to be noted that the fact that the 
transmission-line currents at the centers of the long sides are 
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extremely small does not mean that they are small in the short 
sides. Whereas the antenna currents have their maxima at the 
centers of the long sides and vanish at the centers of the short sides, 
the line currents are smallest at the centers of the long sides and 
maximum at the centers of the short sides. The radiation due to 
the line currents is small, as discussed in Sec. 48. The impedance 
seen by the single generator of emf V at the center of the left side 
is 

= 2(Z.i + ZiO (45.4) 

i 01 

Although Fig. 19.2 does not give values of Zu and Zn for as small 
values of b/\ as are involved in the folded dipole except for infinitely 
thin conductors, it is clear nevertheless that, for thin conductors, 
Zu and Zi 2 do not differ greatly from each other or from Zo, the 
value for an isolated center-driven dipole. As a rough estimate, 
therefore, 

Zu = 4Zo (45.5) 

Thus the folded dipole has an input impedance approximately four 
times the simple dipole, so that a two-wire-line feeder requiring 
no matching section may be constructed. By connecting two or 
more rectangles in parallel, the input impedance can be multiplied 
by factors greater than 4. The distant field of the folded dipole is 
the same as that of the simple dipole, since the two parallel antenna 
currents are equivalent to a single current equal to their sum in 
determining the distant field. 

The loop antenna of small size compared with the wavelength 
is of importance particularly at low frequencies. The distance 
around a loop of this type is usually only a very small fraction 
of a wavelength, so that near-zone circuit analysis and experi- 
mental techniques (which assume a current of uniform amplitude 
at all points around the loop) give good approximations for the 
input impedance, which is equivalent to an inductive reactance 
in series with a resistance. Formulas for the inductance of single- 
turn or several-turn loops of different shapes are given, for example, 
in Bulletin 74 of the Bureau of Standards. Although the input 
impedance computed from near-zone formulas is a good approxi- 
mation for sufficiently small loops, the value so obtained does not 
and cannot take into account radiated power. WThen, as in the 
present case, the effect of radiation on the distribution of current 
is negligible, the small radiation resistance R* may be computed 
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independently by general electromagnetic methods and simply 
added to the ohmic resistance. Thus the contribution to the input 
resistance of a single-turn loop which carries a current of sensibly 
uniform amplitude at all points of the loop has the simple form 

/e* = 20/5M2 (45.6) 

where A is the area enclosed by the loop and P ~ 2^/\, 

Formula (45.6) is a good approximation for a loop of any shape 
(which encloses a singly connected area) that satisfies the inequality 

Ps ^ 1 (45.7) 

If the loop is driven at one pair of terminals, s is +he distance around 
the loop; if it is driven at several points around its periphery, s 
may be taken to be the longest distance measured along the wire 
between any pair of terminals. If the loop has N turns and one 
pair of terminals, s is roughly the total length of wire. In the 
specific case of the single-turn loop commonly used as aircraft 
beacons in the frequency range 200 to 400 kcps, s may be of the 
order of magnitude of 150 m, and ps is therefore approximately 0.6. 
The radiation resistance of such loops may be below 0.01 ohm, and 
very large currents must be used to radiate appreciable power. 
Usually more energy is dissipated in heat than is radiated, and it 
is obvious that loop antennas of this type are selected not because 
they are efficient radiators — which they are not — but because of 
other properties, in particular their directional characteristics and 
constructional features. 

For use at ultra-high frequencies, transmitting loops with much 
larger radiation resistance may be constructed by means of suitably 
placed phase-reversing stubs, or by using the loop both as antenna 
and tank circuit of a triode oscillator that has several tubes appro- 
priately spaced around its periphery {e,g.y at the corners of a square). 

The distant field of a rectangular loop is computed readily by 
combining four terms of the form (37.10) to determine the charac- 
teristic of the array consisting of four straight antennas. If the 
length of each side of the rectangle is a small fraction of a wave- 
length, Fo(B) for each has the form (39.5) multiplied by 2. The 
factor 2 appears because in the sides of the rectangle the current 
does not vanish at the ends [as assumed for (39.5)] but has approxi- 
mately the same value as at the center. The average amplitude 
thus is doubled. If the systems of polar coordinates used for the 
several sides are all referred to a single system R, $fj Fig. 45.3, 
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with origin at the center of the frame and vertical axis perpendicular 
to its plane, the far-zone electromagnetic field has the following 
complex form, also valid for loops of other shapes, 

S*, = -(Ra3C,, = sin (45.8) 

The subscript F will be used where convenient to distinguish quan- 
tities and coordinates for the frame or loop antenna. 

Formula (45.8) may be compared with the corresponding expres- 
sion for a short vertical antenna of half length ft < < X, given by 
(37.10) using (39.5). An antenna of this type is also shown in 
Fig. 45.3a. Its distant field is 

tn = (ReX* = j sin 6 (45.9) 

Clearly, the electromagnetic fields in the far zone of a small horizontal 
loop and of a short vertical antenna differ essentially only in having 
electric and magnetic fields interchanged. Thus, in the loop, the 
radiation-zone electric field is directed along great circles in vertical 
planes. If Fig. 37.1 were to be changed to apply to a horizontal- 
frame antenna instead of to a vertical antenna along the z axis, it 
would be necessary merely to write Sf for 5C and — Xp for 8. On 
the other hand, since electric and magnetic fields in the radiation 
zone differ in magnitude only by a constant factor, the shapes of 
the vertical and horizontal field patterns for a small horizontal loop 
and for a short vertical antenna are identical, Fig. 45.3c. Both 
types of antennas have sharp nulls along their axes. 

Several loop antennas may be combined into directional arrays 
in the same way as straight antennas are combined if the axes 
perpendicular to the planes of the loops are oriented just as are the 
axes of the straight antennas in the arrays already described, and 
phase and amplitude relations in the several loops are adjusted 
appropriately. In each case, corresponding field patterns result 
but with electric and magnetic fields interchanged. The field of a 
loop antenna oriented in any way over a perfectly conducting plane 
may be obtained by constructing an exact geometrical image of 
the loop below the plane, reversing the currents in all conductors 
of the image, and computing the field due to the loop and the image. 

Loop antennas may be combined also into arrays with straight 
antennas. An interesting array often used in direction finders is 
that of a loop antenna with its axis horizontal and a straight antenna 
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with its axis vertical, Fig. 45.4. The electric fields due to both 
antennas are perpendicular to the xy or ypZp plane. In this plane, 



(a) 



SHORT ! . f 

Al AMTCMMA I ^ ^ n 


XfVp and 
xy plane 


(C) ' 

Fia. 46.3. — (a) Coordinate systemp for a horiaontal loop or frame antenna (sub- 
acript F) and for a short vertical antenna. (6) “Horizontal” field pattern for a 
horisontal loop antenna, (c) “ Vertical” field pattern for a horizontal loop antenna. 

B = ir/2, and ^ — t ± Bf. If a unidirectional horizontal pattern 
is desired, it is necessary merely to require that 

J, - if 0 H = 



(45.10) 
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By combining (45.8) with (45.9) subject to (45.10), the resultant 
electric field in the xy plane is 

• g. = j e-^o«(l + sin #) (45.11) 

The electric vectors due to the loop and the straight antenna are 
shovm in Fig. 45.4. The horizontal characteristic of the array is 

A(4.) = 1+ sin # (45.12) 

This gives a cardioid like Fig. 41.4 but with the zero line of shifted 
backward 90°. 


4 



Fig. 46.4. — Coordinates and directions of electric field for a loop or frame antenna 
(subscript F) and a straight antenna. 


46 . Loop or Frame Antenna for Reception. — The loop antenna 
may be used for receiving as well as for transmitting. The funda- 
mental equation for the loaded loop antenna immersed in an electro- 
magnetic field is the same in form as for the straight receiving 
antenna, (31.1) with (31.2), 

7«(Zo + ^i.) = Ve (46.1) 

where lo is the current entering and leaving the load Zl; Zoia the 
self-impedance of the loop; V, is the open-circuit voltage at the 
load termiimls of the antenna. For a loop unrestricted in size, 
Zo and V, have been determined analytically for only the single- 
turn circular loop, in a linearly polarized electric field, but the 
results have not been translated into a practically useful form. 
For the “small loop,” which satisfies the condition (46.7), F, is 
readily evaluated by direct analysis or by application of the recip- 
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rocal theorem. Referring to Fig. 46.1, Ve may be written 

Te = /le5C6lc COS ^ COS ^ (46.2) 

with 

he = cos Bi (46.3) 

where 5C cos ^ is the component of the magnetic field in the plane 
containing the axis of the loop and a line drawn from the center 
of the loop to the transmitter (or a line perpendicular to the planes 



Fio. 46.1. — Horizontal loop antenna in an arbitrarily oriented, linearly polarized 

magnetic field 2fC. 

containing the S and JC vectors), and A. is the effective length of 
the loop and has exactly the same form as the effective length of a 
short straight antenna insofar as the trigonometric factor is con- 
cerned. If the axis of the loop is in the plane of constant phase 
for both 6 and 3C, di = 0, and 

h, = (46.4) 

If the loop consists of N turns instead of one turn, Zo is changed. 
In addition, V, and hence h, are multiplied by N . 

The loop antenna has the same directional characteristics for 
receiving as for transmitting. They bear the same space relations 
to the magnetic component as those of a short straight antenna do 
to the electric component of a plane-polarized electromagnetic field. 

47. Unbalanced Loop Antenna— Shielding.— In describing the 
properties of the loop or frame antenna for both transmission and 
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reception, all consideration of the construction and the location of 
the generator or load as well as of the transmission line that may 
lead to one or the other was omitted in order to simplify the dis- 
cussion. Accordingly, the transmitting and receiving properties 
of the frame antenna as described are correct only if the presence 
of the generator or load or of the connecting transmission line does 
not produce a condition of unbalance in the loop. This presup- 
poses that the loop itself as well as an attached transmission line 
and the load or generator are symmetrical with respect to a plane 
perpendicular to the plane of the loop and passing midway between 
its symmetrically located terminals. Furthermore, if the trans- 
mitting or receiving loop is near a conducting surface such as the 
earth, this surface must be perpendicular to the plane of symmetry 
across the loop. When all these requirements are fulfilled, the 
forces acting on the charges in the loop are distributed symmetrically 
with respect to the input or load terminals, and the ideal conditions 
and characteristics described in the preceding sections obtain. 
Symmetrical systems of this type are not always easy to design, 
because all unbalanced elements such as coaxial lines, and loads 
or generators not symmetrical with respect to a center tap (which 
may be grounded) must not be used. If a system is unsymmetrical, 
the same difficulties arise that are encountered in an unbalanced 
transmission line. For example, in a driven loop with horizontal 
axis, supported at some distance above the earth and using a con- 
necting coaxial transmission line, the entire outer surface of the 
system may be excited as a single vertical antenna with the loop 
serving as a top load. The resulting field pattern is a superposition 
of that of a loop and that of a vertical antenna. Obviously the 
sharp nulls in the distant field of the loop will not be observed. 

If a receiving loop is placed well above the surface of the earth 
(with its axis horizontal), and a two-wire line runs vertically down 
from it to a receiver. Fig. 47.1, an electromagnetic field with hori- 
zontal magnetic and vertical electric component induces currents 
in the loop and in the line that can be resolved into two parts. 
There is a circulating current around the loop as a consequence of 
the small difference ^ 8in«t (right) — 8in,t (left), in the values of the 
electric field along the two vertical sides of the loop due to the 
phase difference resulting from their separation in space. Half 
of this difference in field is considered conveniently to be acting 
downward on the left and half upward on the right. The remaining 
components of the electric field on the two sides are both equal to 
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i[6in,t (right) + 8ia.t (left)] and are directed upward. They induce 
equal and codirectional up-and-down currents in both sides of the 
loop. If the spacing of the transmission line is assumed to be 
practically zero, the same field (right) + (left)] acts on 

both conductors simultaneously and induces equal and codirec- 
tional currents in the two wires, ix., the line acts as a single con- 
ductor with the loop as a top load. If the spacing of the Avires is 


^inst (left) ^inst (rm) (left) (right) 



(a) (b) 

Fig. 47.1, — (a) Symmetrical loop receiver. The vertical-antenna current Iv 
maintains no potential difference across the receiver B. (b) Unsymmetrical loop 
receiver. The vertical-antenna currents Iv maintain a potential difference across 
the receiver B because a part of iw continues through the coupling coil, (The 
dimensions of the loop are assumed to be small compared with the wavelength.) 

not SO small compared with the wavelength that it may be taken 
to be zero, the line acts as an extension of the loop. 

The circulating current around the loop is the desired one. It 
produces a true transmission-line current in the connecting line, 
and this maintains the required potential difference across the load. 
The codirectional currents, on the other hand, contribute nothing 
useful but cannot be avoided entirely. If, however, as considered 
here, they are eqiial currents in the same direction in the two sides 
of a symmetrical loop and line, they can alternately charge and 
discharge the ends of the line, but they cannot maintain a potential 
difference across the load, 'provided that this is symmetrical with 
respect to its terminals. If the load or the line or the loop is 
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unsymmetrical, or if the line is attached to the side of the loop 
instead of at the bottom, currents of this second type in general can 
maintain a very significant potential difference across the load. 
If this is true, the sharp nulls of current in the loop when turned 
parallel to the magnetic field are obscured by a uniform signal that 
does not depend upon the purely circulating currents in the loop. 
Consequently, unless a loop or frame antenna with all its accessory 
circuits is symmetrical with respect to a plane perpendicular to the 

loop passing midway between its ter- 
/-GAP IN THE SHIELD characteristics obtained 

are a combination of the characteris- 
tics of a loop and a vertical antenna. 

It is possible to achieve complete 
structural symmetry for a transmit- 
ting or receiving system using a loop 
LOOP enclosing it entirely in a metal 

shield that has a gap at the top, Fig. 
47.2, (or in some instances at the 
bottom). In the transmitting loop, 
essentially only currents that are on 
the outside of the metal shield are 
"rRANSM^SSlON effective in setting up a significant 
distant field. But this outside surface 
is excited uniquely by the field main- 
tained in the immediate vicinity of the 
gap by a potential difference estab- 
lished across it by a large current on 
LOAD the inner surface of the shield. Con- 

Fia. 47.2.— Shieided-ioop antenna, g^q^^j^tly , complete driving Symmetry 

obtains, and only a circulating current around the outer surface 
of the circular shield can be excited; there is no codirectional up-and- 
down current, and a true loop field is set up. Beginning with the 
generator end, the transmission system consists of a length of shielded 
pair which connects to two coaxial lines. The load, consisting of the 
radiating loop, is connected in series with the two coaxial lines. It 
is interesting to note that the current on the shield is in effect a cur- 
rent on the outside surface of a coaxial line, a current that is most 
undesirable in coaxial feeders for linear radiators because it makes 
the line a part of the radiating system, but is precisely the desired 
current in the shielded loop. In the one case, the coaxial line must 
not radiate; in the present case, it must be the entire radiator. 


GENERATOR OR 
LOAD 

Fia. 47.2. — Shielded-loop antenna. 
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In a receiving antenna, a load is connected to the feeder line, 
Fig. 47.2. A potential difference is maintained across the gap, 
almost wholly as a result of currents around the outside of the 
shield. In general, codirectional up-and-down currents also are 
excited, but they contribute nothing to the potential difference 
across the gap because they charge the edges equally with charges 
of the same sign. Under these conditions, currents on the inside 
of the coaxial line, excited by the electric field across the gap, are 
due only to true circulating currents on the outside of the shield. 
Therefore, the voltage maintained across the load is due only to 
these currents, and the ideal loop characteristics obtain.^ 

48 . Radiation from Transmission Lines. — In discussing electric 
currents and the electromagnetic field in Sec. 1 transmission lines 
were used to illustrate how equal and opposite currents that are 
parallel and very close together (in comparison with the wave- 
length) set up electromagnetic fields in the far zone that practically 
cancel. Actually, complete cancellation is achieved for lines with 
equal and opposite currents only when the conductors are virtually 
coincident, or for a coaxial line when both ends are completely 
closed by metal disks.^ When this is not the case, the field at 
distant points does not vanish. In the open-mre line, the field is 
only partly canceled because the equal and opposite currents in 
the wires are never infinitely close together, and because there are no 
equal and opposite currents to cancel the fields due to the often widely 
separated currents in the load and generator. 

The small nonvanishing field when the ends of a coaxial line, 
are not closed by metal disks is due primarily to the absence of the 
radial currents in these disks. With the disks removed and the 
line left open or connected to a short straight wire, the currents 
along the interior of the line readjust themselves in magnitude and 
phase so that the field due to them again vanishes in the metal of 
the conducting walls. This distribution involves a slight unbalance 
which is compensated by a small but significant current on the 
oviside surface of the outer conductor. The line currents inside 
but near the open or bridged end together with the currents on the 

1 The operation of the shielded loop is explained popularly by first stating 
that the desired loop current is due to the magnetic field, the undesired up-and- 
down current to the electric field, and then maintaining that the metal shield 
cannot be penetrated by the electric field but can be penetrated by the mag- 
netic field. All these statements are incorrect in the light of fundamental 
electromagnetio principles. 

• Strictly, all conductors would have to be perfect. 
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outside surface and in the terminating wire (if there is one) main- 
tain a small uncanceled field at distant points. The contribution 
to the distant field due to the currents in a line driving an antenna 
may be obtained quite accurately if the line is assumed to be 
terminated in a straight wire with a concentrated load equal to the 
impedance of the antenna at the center of the wire. Since the 
amplitude and phase relations of the currents on the line depend on 
this impedance, the contributions to the distant field are not the 
same wdth different loads. If a coaxial line is used to center-drive 
a symmetrical antenna, the actual load includes not only the 
antenna proper but also the outside surface of the coaxial line, as 
discussed in Sec. 27. 

The power radiated from a closed circuit depends on the dis- 
tribution of current and charge around the entire circuit configura- 
tion. It is usually not possible to allot portions of the radiated 
power to specific parts of a circuit, because of the intricate inter- 
cancellation of the distant fields due to currents in different parts 
of a circuit. For example, the radiation resistance referred to 
maximum current for a resonant section of two- wire line of length 
X/2 with both ends open is ohms assuming a sinusoidal 

distribution of current. The radiation resistance of a resonant 
two-wire line with open ends and of length two, three, or four half 
wavelengths is not two, three, or four times 30/3^6^. It is precisely 
30/3^62 gQ long as a sinusoidal distribution of current is a reasonable 
approximation. Clearly, it is not possible to state what fraction of 
30/3^6^/Lx is radiated from each half wavelength of the line. If the 
same two-wire line is bridged at each end by straight wires and is 
adjusted in length to resonance (which occurs approximately at 
lengths that are an integral multiple of X/2 minus the spacing fc), 
the radiation resistance of line and terminating bridges referred to 
maximum current is also if the line is adjusted in length to 

be resonant near an even integral multiple of X/2. On the other 
hand, if it is resonant near a length that is an odd multiple of X/2, 
more complete cancellation of the distant field due to currents in 
line and terminating bridges occurs, so that the radiation resistance 
is proportional to the very much smaller quantity P^b*, instead of 
to The radiation resistance of a coaxial line with two open 

ends and a sinusoidally distributed current is proportional to 
^ 4(52 _ 5 inner radius of the outer conductor and a 

the radius of the inner conductor. If the coaxial line is bridged at 
each end by straight pieces of wire of length 6 — a, the rotational 
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symmetry of the system is destroyed at the ends, and the radiation 
due to the entire circuit becomes comparable with that of a two- 
wire line with spacing equal to 6 — a. 

The radiation resistance of a four- wire line with open ends or 
with symmetrically bridged ends, Fig. 48.1, is proportional to 

An exact analysis has not been carried out for a completely 
symmetrical circuit consisting of a transmission line of small but 
nonvanishing spacing, driven at one end by a generator and termi- 
nated at the other end by a center-driven antenna of arbitrary length 
and radius. However, it seems reasonable to conclude that the 
difference between the power radiated from such a complete system 
and that radiated from the antenna with generator connected to it 
directly without transmissiem line does not exceed in order of 
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Fig. 48.1. — Resonant four-wire line with symmetrically bridged ends. 


magnitude for the two-wire line and for the 

four-wire line with symmetrically connected generator and load. 
(The are numerical factors that may be assumed less than 50.) 
These differences are in almost all cases so small compared with the 
total power radiated from the antenna as to be negligible. Possible 
exceptions are loops and short straight antennas of such small 
dimensions compared with the wavelength that the radiation 
resistance is so minute as to be comparable with that of a two- wire 
line. 

The radiation from a coaxial line used to drive an antenna is 
not estimated easily, because the outside surface of the line almost 
inevitably forms part of the antenna system, unless the line is 
actually buried so that the surface of the earth takes its place as 
part of the antenna. The contribution to the resultant electric 
field and to the total radiated power by currents on the outer surface 
varies with the magnitude of the current, and this in turn depends 
on many factors, including especially the symmetry of structure 
of the system and the dimensions of the outer surface and of all 
conductors attached to it. If the current on the outer surface can 
be kept sufficiently small, its contribution to the far-zone field and 
to the radiated power can be made negligible, but not otherwise. 
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If transmission lines are used to connect a receiving antenna to 
its load, somewhat different considerations are involved. Although 
it follows directly from the reciprocal theorem that the receiving 
qualities of a line are like its transmitting qualities, so that a line 
that sets up a small field when driven will pick up or receive only 
a small signal when connected to a receiver, it may not be concluded 
therefrom that a negligible contribution to radiated power in the 
driven case automatically means a negligible pick-up in reception. 
This would be true if only the electric field due to a single distant 
transmitter were involved. But this is seldom if ever the case. 
There are always electric fields maintained at a receiving system 
due not only to the distant transmitter the signal from which is to 
be received, but to countless other moving charges in other antennas, 
in the atmosphere, or elsewhere both near and far. The receiving 
qualities of the line for such interfering fields may be sufficient to 
maintain across the load voltage differences that are undesired. 
This may be true even though all conditions of dissymmetry (as 
discussed in conjunction with the shielded loop antenna) are 
avoided. It follows that a line that has as small a radiation resist- 
ance (hence effective length) as possible and that lends itself to 
complete symmetry of installation is a prime requisite to good 
reception. The four-wire line fills these specifications better than 
either .the two-wire or the coaxial line except in those cases involving 
base-loaded antennas erected on a conducting earth in which an 
entire coaxial line may be buried. 

49 . Rhombic Antenna. — The input impedance of a section of 
transmission line terminated in its characteristic impedance is 
equal to this characteristic impedance, and the amplitude of the 
current decreases exponentially. Since the terminating impedance 
is for practical purposes a pure resistance that can be constructed 
to be approximately independent of frequency over a fairly wide 
range, the input impedance of the line is correspondingly inde- 
pendent of frequency. If a section of line about 12 wavelengths 
long is pulled apart at the center to form a rhombus, Fig. 49.1, with 
the shorter diagonal approximately equal to the leg length (six 
wavelengths in this case) the fundamental property of the trans- 
mission line, viz.j equal and opposite currents close together, ceases 
to obtain, and the widely spaced currents in the rhombus exert 
large forces on charges in distant conductors, t.s., by changing the 
parallel wires with a uniform and small spacing into a rhombus with 
a spacing at the center of the order of wavelengths, the twa*wire 
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transmission line is transformed into a rhombic antenna. The dis- 
tribution of current and the input impedance of the rhombic antenna 
are not the same as those of the two-wire line, because the configura- 
tion of conductors is different and the load due to the coupled 
distant universe has been added. However, although no longer 
independent of frequency, the input impedance varies only relatively 
little with frequency. Indeed, by readjusting the terminating 
resistance to an optimum value, it is possible to obtain an input 
impedance that fluctuates as the frequency is varied but that in a 
typical case has resistive and reactive components neither of which 
deviates by more than 20 per cent from a mean value of 800-^2,650 
ohms for a frequency range from 4 to 20 mcps. Ii is clear, there- 
fore, that, for a broad-band operation in this frequency range, the 
rhombic antenna has extremely good characteristics when compared 



with the open-circuit type of antenna. On the other hand, in 
addition to a relatively small amount of power dissipated in heating 
the wire, 60 per cent of the power supplied to the rhombic antenna 
is dissipated in the terminating resistance. (It will be recalled 
that, for cylindrical antennas made of copper, a negligible fraction 
of power is dissipated in heat.) To offset this disadvantage, the 
directivity of the rhombic antenna is high. With optimum design 
and a leg length of 6X, a gain of about 16 db referred to a X/2 dipole 
is possible. Furthermore, although the direction of maximum field 
changes and the directivity decreases as the frequency is lowered, 
the variations are not rapid. As a result, while optimum per- 
formance is achieved at one frequency only, reasonably good per- 
formance is possible with no change in the array over a wide range 
of frequencies. Typical computed field characteristics of a rhombic 
antenna placed horizontally over a perfectly conducting plane are 
shown in Fig. 49.2. A large number of minor lobes or ears occur in 
the horizontal pattern. 

Rhombic antennas are particularly useful in continuous long- 
distance point-to-point transmission because they permit the use 
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of any one of a range of frequencies as required by ionospheric con- 
ditions at different times of day. Furthermore, variation in the 
vertical angle with frequency, Fig. 49.2, is such that it agrees very 
well with the *mean vertical angle of arrival or departure of long 
transmission paths such as are encountered, for example, in trans- 
atlantic transmission. 



(b) 

Fio. 49.2. — Typical far-zone field of a horizontal rhombic antenna over a per- 
fectly conducting plane, (a) “Horizontal'" pattern with S « 80®. (6) “Vertical" 

patterns with ^ 0®. 

No accurate analyses of the distribution of current or of the 
input impedance of a driven rhombic antenna or of the open-circuit 
voltage of the load terminals of a receiving rhombic antenna are 
available. In effect, the rhombic antenna is a special case of an 
unrestricted loop. Computations of the distant electromagnetic 
field that have been made are based on the assumption that the 
current is the same around the rhombus as along a nonresonant 
line. It is to be expected that this distribution is about as good 
an approximation for the rhombic antenna as the sinusoidal dis- 
tribution is for the center-driven cylindrical antenna, t.e., it may 
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be assumed to be adequate for computing distant fields but not 
satisfactory in determining input impedance. An expression for 
the radiation resistance computed using a distribution of current 
like that in a dissipationless nonresonant line is 

Re = 240[ln {fib sin a) + 0.577] ohms (49.1) 

where b is the short diagonal, Fig. 49.1. 
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CHAPTER III 

ULTRA-HIGH-FREQUENCY CIRCUITS 

The general laws governing electric circuits of dimensions com- 
parable with or greater than a wavelength were formulated quali- 
tatively in Chap. II and applied to determine the properties of a 
variety of circuits called antennas. This chapter deals with no 
new subject. It is, rather, a se(|uel to the study oi antennas and is 
concerned with the application of the same gerieral principles to 
circuits of a different type. 

I. CLASSIFICATION OF CIRCUITS 

1. Circuits Not Confined to Near Zone. — The designation ultra- 
high-frequency circuits strictly means circuits to be used within a 
limited range of the frequency spectrum. However, the funda- 
mental characteristics of circuits used in the ultra-high-frequency 
band are associated with the fact that their dimensions are of the 
same order of magnitude as the wavelength. The term ultra-high- 
frequency circuits will be used in this broader sense to include all 
circuits not confined to the near zone, in at least one dimension, 
regardless of the frequency involved. Such circuits may be open, 
quasi-closed, or closed, as described in Chap. II, Sec. 6. 

2. Radiating and Nonradiating Circuits. — Ultra-high-frequency 
circuits may be divided into two groups: those which function as 
antennas owing to their radiating property and those which do not 
radiate or radiate to a negligible degree. Circuits of the first type 
are studied in Chap. II; those of the second type are the subject of 
this chapter. Border-line cases, such as open-wire lines, open-end 
coaxial lines, and small loop antennas were discussed in Chap. II from 
the point of view of radiation. It will be recalled that the coupling 
of a circuit to the distant universe, and hence its radiation, can 
be kept small either by arranging equal and opposite currents close 
together, as in ppen-wire lines, or by enclosing the entire circuit in 
a metal shield, as discussed in Chap. II, Sec. 1. In the latter case, 
currents distribute themselves automatically in such a way that the 
electromagnetic field reduces essentially to zero in the interior of 
the metal and everywhere in space outside the closed shield. Non- 
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radiating or only slightly radiating circuits of the closely spaced or 
metallically enclosed transmission-line types are important at the 
highest frequencies for the transmission of power, as circuit ele- 
ments in networks, and as complete tank circuits in oscillators. 

3, Nonresonant and Resonant Circuits. — Circuits that are not 
confined to the near zone in one or more dimensions are extremely 
complicated except in the special cases of nonresonant and resonant 
circuits, which can be described approximately in terms of relatively 
simple distributions of current and charge. They are of great 
practical importance. 

If the circuit is constructed so that electric charge oscillates along 
the conductors in such a way that maximum concentrations of 
charge do not occur at fixed locations as measured parallel to the 
axis of the conductor but travel continuously in one direction along 
the conductor^ the circuit is nonresonant. The configurations of 
charge move in an axial direction and constitute the axial current; 
and, to a close approximation, maximum values of charge and of 
axial current occur simultaneously at the same cross section. Travel-^ 
ing waves are said to obtain. 

If electric charge oscillates back and forth along the conductors 
forming a circuit that is adjusted so that maximum concentrations 
of charge of the largest possible amplitude occur periodically at 
definite and fixed locationsy the circuit is resonant. In this case, 
the maxima of current density occur at instants differing in time 
by a quarter period and at locations differing in position by the 
equivalent of a quarter wavelength from those of the maximum density 
of charge. Standing waves are said to obtain. 

If a circuit is neither resonant with a fixed standing-wave 
pattern of maximum possible amplitude nor nonresonant with 
traveling waves, it is strictly not resonant. However, all circuits 
that are not nonresonant sometimes are said loosely to be resonant. 
The following discussion is limited to nonresonant and resonant 
circuits in the strict sense. 

n. TRANSMISSION CIRCUITS 

4. Properties of Transmission Circuits. — Circuits that are 
designed primarily for transmitting power from a generator to a 
load may be called transmission circuits if, as in the present treat- 
ment, attention is focused primarily on electric charge and current 
while the electromagnetic field is regarded as a convenient inter- 
mediate step in a mathematical development. The circuits may 
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be called wave guides if the emphasis is on the field. They 
include conventional open-wire and coaxial lines Avith cross-sectional 
dimensions that satisfy the condition for the near zone; they also 
include more general types with cross sections not so restricted. 
Important properties of transmission circuits (wave guides) of all 
types include the following: 

1. Low power loss (a) due to heating of the conductors and 
dielectrics of the circuit itself, and (6) due to radiation. 

2. Sufficient power capacity. This implies sufficient spacing of 
conductors and adequate dielectric strength of insulating media to 
prevent spark discharges; it presupposes conductors with enough 
surface to carry large high-frequency currents. 

3. An adequate frequency range and a useful frequency response. 

4. Physical availability. 

5. Special features such as rotational symmetry for swivel 
joints, invariance in polarization, and availability of flexible 
construction. 

5. Qualitative Survey of the Analytical Problem of Transmission 
Circuits. — The fundamental problem of transmission is to provide a 
circuit that is designed so that if power is supplied to it from a 
generator at one end, a poAver as nearly equal as possible is trans- 
ferred to a load at the other end. This is always a three-dimen- 
sional problem. It involves one variable in the direction of trans- 
mission, called the axial coordinate, which in the simplest case of a 
straight circuit may be taken as the z axis of a coordinate system; 
it involves also tAVo transverse variables that are chosen according 
to the shape of the cross section of the circuit. 

The problem to be solved is to represent the propagation in the 
axial direction of configurations of charge density when each con- 
figuration is characteristic of a particular cross section. In general, 
this is done in terms of the surface density of charge rj in coulombs 
per square meter and the volume density of current i in amperes 
per square meter. ^ At sufficiently high frequencies and in good 
conductors, practically all the current is in a very thin skin along 
the surface of the conductors so that it is possible to make use of a 
quasi-surface current I in amperes per meter. This is the current 
below a unit width of surface at right angles to the direction of 
flow, as illustrated in Fig. 6.1 for a section of any conducting surface 
that is both large and thick compared Avith the skin depth 5 defined 

^ Note that the volume density of current % is the charge times its mean 
nonrandom velocity per unit volume. 
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by 

6 (meters) = ^ — - — (5.1) 

where iir is the relative permeability, cr the conductivity of the metal 
in mhos/meter, and /no = 47r • henrys/m. 

If the surface current is directed only parallel to the axis of 
transmission, it is possible to define a total current in amperes 
It = ^Iz dSy and a total charge per unit length of each conductor in 
coulombs per meter q = Jr/ds, where ds is an element of length 
around the periphery of each cross section drawn perpendicular to 



Fig, 5.1. — Surface current in a section of a large conductor. (1) Section of 
conductor. (2) Dielectric medium. (3) Surface layer of current, which includes 
all but a negligible fraction of the entire current in the conductor. (4) Surface 
current f in an element of unit width perpendicular to the direction of current. Ht 
is the component of the magnetic field tangent to the surface; n is perpendicular to 
the surface. 

the direction of current. In the important case of a circular con- 
ductor with rotational symmetry in which ij and I are each the same 
at all points around each circumference (as in a coaxial line), the 
total current and charge per unit length are obtained easily. Thus, 
if the subscript a refers to the radius o of the inner conductor and 
the subscript b refers to the inner radius 6 of the outer conductor, 
for the coaxial line of Fig. 5.2 

go (coulombs/m) = 27 raria qb — 2ntbiu> (5.2) 

la (amp) = 2iraZo Ib = 2Mb (5.3) 

Note that a total charge per unit length and a total current per unit 
cross section are adequate to describe the distributions of charge 
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and current only if the surface current is wholly axial. This 
is true of all conventional circuits and also of cylindrical antennas. 
It is not true in more general types of transmission circuit to be 
considered later. 

In order to determine the surface densities rj and I it is in general 
necessary to determine the components of the electromagnetic field 
in the dielectric bounding the conducting surfaces, and then to 



Fig. 6.2. — Cross section of a conventional coaxial line (6 < < < X). (1) Inner 

conductor (radius o). (2) Outer conductor (inner radius 6). (3) Dielectric med- 
ium. (4) Element of inner conductor with unit width at r = 0 . (5) Element of 

outer conductor with unit width at r ~ 6. (6) Surface layer of upward current (or 

positive charge) wliich includes all but a negligible fraction of the entire current (or 
charge per unit length) in the inner conductor. la = 2Trala; {qa = 27ra7ja). (7) 

Surface layer of downward current (or negative charge) which includes all but a 
negligible fraction of the entire current (or charge per unit length) in the outer 
conductor h 2irhlh\ (® *= 2Tarib). (8) Surface current la (or charge ijo) in an 
element of unit width perpendicular to the direction of current. (9) Surface current 
h (or charge rfb) in an element of unit width perpendicular to the direction of current. 

compute the densities from the field. Once the electromagnetic 
field is known, it is easy to obtain n and I from the following simple 
boundary conditions, valid for good conductors bounded by good 
dielectrics: 


i\ (coulombs/m*) = co (farads/m) S« (volts/m) (5.4) 
I (amp/m) = Kt (amp/m) (5.5) 

where fi and I are the surface density of charge and the quasi- 
surface current, 8n is the component of the electric field perpendicu- 
lar to the element of surface bearing the charge n per unit area, 
and 3C( is the component of the magnetic field tangent to the surface 
element in which I flows and peipendicular to its direction of flow. 
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This is illustrated in Fig. 5.2. The quantities Z, n, form a right- 
hand system if n is a normal pointing from the surface of the con- 
ductor (below which is the surface current 1) into the dielectric 
where is defined. 

In transmission circuits of uniform cross section, it is possible 
to separate the problem of determining 8 and 3C into two parts, one 
longitudinal in terms of the axial coordinate only, the other cross- 
sectional involving only the two transverse coordinates. This is 
possible because, in nonradiating circuits constructed of good con- 
ductors and good dielectrics, the longitudinal variation of the 
electromagnetic field depends upon a one-dimensional wave equation 
that is the same for all types of cross section; the transverse solution 
depends on a two-dimensional equation with different form for 
each shape and size of cross section. Every cross section is a plane 
characterized by a definite pattern or distribution of amplitude 
and phase for each component of the electromagnetic field and for 
the associated charge and current densities on the surfaces of the 
conductors. The distribution obtaining at a given instant travels 
axially with a characteristic phase velocity in nonresonant circuits. 

6. Longitudinal Problem for Infinitely Long Transmission Cir- 
cuit (or Its Equivalent). — If a transmission circuit of unspecified 
cross section is infinitely long or is terminated in such a way that 
the termination is equivalent to infinite length, the longitudinal 
solution has the simple form associated with traveling waves 
along conventional nonresonant transmission lines. Each com- 
ponent of the electromagnetic field and its associated surface cur- 
rent and charge have the complex form, written for 8*, to illustrate, 
as 

(8.). = (8,)..o€-<»'+^^»>* (6.1) 

where 8, is in general a function of the transverse coordinates x and 
y but not of the axial variable z; a, is an attenuation constant in 
nepers per meter that can be divided into two independent addi- 
tive parts (good conductors and good dielectrics are assumed), of 
which one depends on the high conductivity of the conductor and 
the other on the low conductivity of the dielectric; and fig is the 
phase constant in radians per meter. Both a, and ^g vary with the 
shape and size of the cross section and thus depend on the solution 
of the transverse problem, pg always can be written in the form 
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where Vpg is the axial phase velocity of propagation of each surface 
of constant (but not necessarily the same) phase for the com- 
ponents of the field in the dielectric medium or for the densities of 
charge or of surface current on the conductors, and is the wave- 
length or distance along the circuit between two consecutive sur- 
faces that have the same transverse distribution of phase at the 
same instant. The subscript g stands for guide. It is used to 
designate quantities along a transmission circuit, because, from the 
point of view of traveling surfaces of constant phase, the so-called 
‘Svaves” of the electromagnetic field, such a circuit may be called 
a wave guide. 

7. Cross-sectional Problem for Transmission Circuit. — The 

solution of the longitudinal problem is the same for all components 
of the field vectors and for the densities of current and charge in all 
transmission circuits. The solution of the transverse problem 
differs greatly with the size, shape, and nature of the cross section. 
Two major classes of cross section are conveniently treated sepa- 
rately. These are cross sections that satisfy the condition for the 
near zone and those which are unrestricted. They will be discussed 
in turn. Before proceeding to do so, it is well to recall that one 
fundamental characteristic of all transmission circuits, in both 
classes, is negligible loss of power by radiation. 

8. Transverse Solution — ^Near-zone Cross Section. — ^Transmis- 
sion circuits with cross sections that satisfy the condition for the 
near zone include primarily conventional open-wire and coaxial 
transmission lines. Because the transverse separation of the con- 
ductors is small and because not less than two conductors with 
exclusively axial surface currents are involved, it is always possible 
to define total current for each conductor, also potential difference 
between conductors and between the necessarily closely spaced input 
and output terminals. It is possible, therefore, to define both input 
impedance and load impedance for a line in terms of the complex 
ratio of potential difference across the terminals to total current 
entering (or leaving) the terminals just as in near-zone circuit 
analysis. * In fact, if the very small radiation is ignored, con- 
ventional lines can be treated in terms of near-zone theory insofar 
as the electromagnetic field outside the conductor and the longi- 
tudinal distribution of surface current and charge in the conductor 
are concerned. (The transverse distribution in the interior of the 
conductors is not a near-zone problem, as is pointed out in Sec. 8 
of Chap. II. Its solution includes the determination of the skin- 
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effect impedance per unit length of conductor.) In conventional 
lines, it is not necessary to determine the electromagnetic field as 
an intermediate step in solving for distribution of current and charge 
(or potential difference). Because of its close relationship to the 
solution of more general circuits, the electromagnetic field distri- 


-L \ 
2 



(Electric Field) 

JC (Magnetic Field) 

— I (Surface Current) 

Fio. 8.1 . — TEM mode in infinitely long (or equivalent) coaxial line with sufficiently 
small cross section {b < <XrAiif/2ir). 

bution in a conventional coaxial line that is infinitely long (or 
terminated to be equivalent) is shown in Fig. 8.1 under the assump- 
tion that the conductors and the dielectric are perfect. The electric 
field is radial, the magnetic field circular. This field distribution 
(which is the only one possible subject to the condition for near- 
zone spacing, but one of many for larger spacings) is called transverse 
eJeciromopneiic, abbreviated TEM. The corresponding wavelength 
is XrjffjT {vp)TSM/f> For highly conducting, air-filled, cod^ial 
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lines, (vp)rjFJif is practically = 3 • 10® m/sec; if filled with a good 
dielectric of relative permeability fir and relative dielectric constant 

€r, (Pp)tSM ~ ^c/ ‘S/ Mr€r* 

9. Transverse Solution for Circuit with Unrestricted Cross 
Section — Open-wire and Coaxial Line. — If the cross-sectional 
dimensions of a circuit become so large that they approach or exceed 
the wavelength, while the circuit as a whole is required to have 
negligible radiating properties, open-wire lines cannot be used. 
Although two or more paral el wires spaced an appreciable fraction 
of a wavelength, or a long single wire (either near or completely 
removed from the earth) may transmit power from one point to 
another, they do not satisfy the condition for low power loss; they 
are effective antennas and hence good radiators. This is merely 
stating the obvious, that it is not possible to have equal and 
opposite ‘currents close together if the conductors carrying them 
are far apart. Consequently, there remains only the second type 
of nonradiating circuit, viz.^ a circuit completely enclosed in metal. 
A coaxial line is a circuit of this type even if not restricted in size of 
cross section. It remains to examine what new distributions of 
surface current and charge are possible in a coaxial line when the 
cross section is increased in size. Two distinct groups of dis- 
tributions or modes may be distinguished, of which the first, called 
the transverse-magnetic or TM type, is the simpler. It is charac- 
terized by surface currents that are parallel to the axis so that the 
magnetic field is always transverse. The second type, called trans- 
verse-electric or TE, involves more complicated distributions of 
surface current and charge. 

10. The TM Type of Distribution in Coaxial and Hollow 
Cylindrical Conductors. — The cross section of a coaxial line may 
be increased in two somewhat different ways. While increasing 
the inner radius b of the outer conductor, it is possible to increase 
the radius a of the inner conductor so as to maintain the thickness 
of the dielectric 6 — a so small that 

(6-a)<<A (10.1) 

with no restriction on b. If precautions are taken to exclude the 
TE type, described in the next section, there is no change in the 
configurations of surface current and charge and hence of the elec- 
tromagnetic field as b and a are increased indefinitely while (b — a) 
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is kept very small compared with the wavelength, as required in 
(10.1). The TEM mode alone continues to prevail, Fig. 10.1a. 

If b — a is increased with X fixed, or X is decreased with 6 — a 
fixed, so that (10.1) is not satisfied, in particular if 6 — a approaches 
X/2 in magnitude, a new and entirely different distribution of 




(c) 


Electric Field S ► Positive Surface Current I 

Fig. 10.1. — Distributions of surface charge, surface current, and electric field 
for (o) TEM mode in a coaxial pipe; b unrestricted; (jb — a) < < \/2ir (&) TMo^t 
mode in coaxial pipe with b > XrJSAf/2.61; a < < 6; (c) TMo,i mode in hollow cylin- 
der with h > XrjBJu/2.61. All pipes are infinitely long or the equivalent. 


surface current and charge and hence of the electromagnetic field 
in the dielectric is possible, Fig. 10.16, in addition to the TEM mode. 
(This figure and those that follow have been estimated, not com- 
puted.) It is called the TMo.i mode. Instead of being character- 
ized, as is the TEM type, by equal and opposite total currents and 
charges per unit length at opposite points of the two conductors, 
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the ITAfo,! distribution consists of currents in the same direction 
and charges of the same sign on opposite surfaces of the conductors. 
Moreover, the total current and charge per unit length on the outer 
conductor are greater than on the inner conductor. The TMq,i 
distribution is possible because (fe — a) is so large that time delays 
comparable with the half period are involved in determining the 
forces acting on the charges in one conductor due to charges in the 
other. As a result, the positive charge at a given cross section of 
one conductor at a particular instant does not experience the effects 
of the positive charge on the opposite surface of the other conductor 
at the same instant; instead, it experiences the effect of the negative 
charge that was there at the appropriate earlier instant. In order 
that the currents and electromagnetic field may reduce to vanish- 
ingly small values in the interior of both conductors, the axial 
distances between cross sections traversed by currents in the same 
phase is increased in the mode as compared with the cor- 

responding distance in the TEM type. In other words, the TMo,i 
mode involves a smaller phase constant and hence a greater 
wavelength \g than the TEM type. This means that the phase 
velocity Vpg is greater in the TMo.i mode than in the TEM type and, 
therefore, greater than = 3 * 10* m/sec. 

The current and charge on the inner conductor in the TMoa 
mode not only are smaller than those on the outer conductor, but 
they also decrease continuously as the radius a is reduced. The 
inner conductor thus plays a less and less significant part in the 
transmission as the inner conductor is made smaller, and there is 
no reason why it should not be reduced indefinitely or completely 
removed. If this is done, a hollow conductor or pipe remains 
with a distribution of surface current and charge that is essentially 
the same as when the inner conductor is present. The phase con- 
stant pg increases and the wavelength decreases as a is reduced, 
but X ^ is always greater than \tem- The distribution of surface 
current and charge and the associated electric-field characteristic 
of the TM 0,1 mode in a pipe are shown in Fig. 10.1c. This mode 
is possible specifically only when 


b > 


^TSM 

2.61 


( 10 . 2 ) 


If the inner conductor is present, b must be still larger than is 
required by (10.2). Specific values are given in Fig. 13.1. 
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If the radius b is increased so that b > Xrj 5 Af/ 1 . 63 , another and 
quite different TM distribution in the transverse plane is possible. 
It is denoted by TM i,i, and its charge and field distributions are 
shown in Fig. 10.2. With b > yet another distribution 



(b) 

Fig, 10.2. — Surface charge and electric-field distributions for (a) TMt,i mode 
in a coaxial line with b > Xrjs:jif/1.63; a < < 6. (6) TM\,i mode in a hollow cylinder 

with 6 > All surface currents are parallel to the axis; the line and the 

pipe are assumed to be infinitely long (or equivalent) so that cross-sectional sur- 
faces of constant phase travel along the pipe with the appropriate phase velocity Vpg, 
Lines which appear to end in space actually go vertically down into or come up from 
the paper. 

may be excited. By increasing h more and more, innumerable 
distributions or modes are possible of which a few are shown in 
Fig. 10.3.1 

^ A large variety of TM modes is possible in sufficiently large pipes. In the 
axially nonresonant case, these modes can be distinguished with the aid of two 
subscripts n and w, as STn.tn. (In axially resonant systems, described later, a 
third subscript p must be used as TMn,m,p») 

The subscript n gives the order of the Bessel function Jn(kb), where kisA 
constant which occurs in the mathematical solution. It characterizes the 
symmetry of the distribution of surface charge and current or of the electro- 
magnetic field with respect to 6, Thus n =* 1, Fig. 10.2, means a single cycle 
in the distribution around the circumference; n «* 2, Fig. 10.3a, 6, means two 
cycles in the distribution around the circumference; etc. 

The subscript m is numerically equal to the number of the root of the 
equation Jn(kb) * 0, beginning with 1, f.e., the first value of kb that satisfies 
the equation is root number 1 with w » 1. It characterizes the radial periodic- 
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All the modes of the TM type of distribution of oscillating 
surface charge on both coaxial and cylindrical transmission circuits 



(c) (d) 

Fig. 10.3. — Cross'^ectional distribution of electric charge and electric field for 
(a) coaxial TM 2 ,i with 6 > (6) cylinder TMt.i with h > Xr^jif/1.2; 

(c) coaxial TMo.z with h > XriFjtf/1.14; (d) cylinder TMo ,2 with b > XrifAf/1.14. 
Note that the TM 0,2 modes are rotationally symmetrical — all TMo,m modes are. 
Electric lines which appear to end in space actually bend down into or up from 
the paper. 

of infinite length (or equivalent) are characterized by currents 
parallel to the axis. The modes of type TMo,my with m any integer, 


ity in the electromagnetic field pattern. If only a single pattern exists in the 
radial direction from the center out, w »= 1, however complicated the pattern 
may be in the ^-direction. If a complete pattern of any one of the many 
belonging to the type m « 1 is contained within a circle smaller than the 
enclosing pipe and a second complete pattern exists between this circle and the 
metal wall, m » 2. This is illustrated in Fig. 10.3c, d, where the patterns of 
Fig. 10.16, e are contained within a small circle, and essentially the same radial 
pattern is repeated outside it with directions reversed. 
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are rotationally symmetrical, with the density of surface current 
uniform and in the same axial direction at all points around a given 
circumference. The other modes are not rotationally symmetrical, 
since the direction and magnitude of the density of surface current 
and of surface charge while fixed in a definite phase sequence yet 




Fio. 11.1. — TEi,\ mode in a coaxial pipe subject to {b — a) << \TEM/2Tr\ 
h > \tbm/2v. The circles represent cross sections in the pipe directly above or 
below. > \TSMf Vpg > »c. 

have different magnitudes and directions at different points around 
a given circumference at a particular instant. But there is no 
motion of charge around the circumference. 

11. TE Distribution in Coaxial and Hollow Cylindrical Con- 
ductors.— Even if the condition 0(J> — a) < < 1 is maintained so 
that the two conductors of a coaxial line differ only slightly in 





257 


Sec. 11] TE DISTRIBUTION IN COAXIAL LINE 

radius, a TE mode is possible if 

b > I ( 11 . 1 ) 

i.e., as soon as the circumference 27r6 exceeds the wavelength. This 
is the TEi,i mode. If the inner conductor is reduced in radius, 
b must have progressively larger values if this mode is to remain 




-- Electric Field 6 — ► Positive Surface Current I 

Fig. 11.2. — TEi,i mode in a coaxial pipe subject to a << 6; b> \tem/SAI» 

> \tEM\ Vpg > l>c. 


possible. However, it is aljjoays possible for any radius of inner 
conductor indvding zero, i.e., for a hollow cylinder, if the radius 6 
satisfies 

!. > 3I1 (11.2) 

In a pipe the TEi,\ mode is possible at a lower wavelength than 
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any TM mode or any other TE mode. It is called the dominant 
mode. 

The oscillations of surface charge in the TE type in an infinitely 
long (or equivalent) circuit are more intricate than in the TM 
type because they involve a standing-wave pattern of oscillating 



“--^—Electric Field 6 ►Positive Surface Current I 

Fia. 11.3. — TEi,\ mode in a cylindrical pipe subject to 6 > \g > Xtem- 

Vpff ^ Ve, 

charge in the transverse plane and a traveling-wave pattern of oscil- 
lating charge in the axial direction. This is best described in terms 
of three closely related distributions: in Fig. 11.1 for a coaxial 
pipe with cross-sectional dimensions such that (6 — o) < < \tsm/^ 
and b > X/2t; in Fig. 11.2 for a coaxial pipe such that a <<b, 
b > Xr*jir/3.41 ; in Fig. 11.3 for a hollow cylinder with b > Xi'«j#/3.41. 
In each, a section through the axis of an infinitely long (or equivar 
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lent) pipe is shown with surface distribution of charge, surface 
current, and electric field for a half wavelength assuming perfectly 
conducting walls. The magnetic field is not represented because 
of its intricate form. Cross sections through the pipe are shown 
with centers opposite the corresponding part of the axial section. 
Thus, the circular section on the upper right gives the surface 
charge, surface current, and electric-field distribution in the par- 
ticular transverse plane where at a given instant the charge density, 
the axial component U of the surface current, and the transverse 
electric field are all maximum with negative charge at the top. 
The axial current (in this longitudinally nonresonant case) is 
simply the concentration of positive charge moving to the right 
with the phase velocity VpQ. (A concentration of negative charge 
moving to the right is equivalent to an equal concentration of 
positive charge moving to the left.) 

In an infinitely long, perfectly conducting pipe (or its equiva- 
lent) the distribution of surface current and surface charge at any 
one cross section at a particular instant is propagated without change 
along the pipe with a definite phase velocity characteristic of the 
distribution. Accordingly, the cross-sectional distributions that 
pass a fixed cross section of the pipe have exactly the same sequence 
in time as the distribution back along the pipe at a fixed instant. 

In Fig. 11.3, for example, the concurrent cross-sectional dis- 
tributions at intervals of one-eighth wavelength back along the 
pipe beginning on the right side of the half wavelength shown must 
pass this cross section on the right at intervals of one-eighth period. 
From the point of view of a fixed observer at this cross section, the 
sequence is as follows: at < = 0, maximum concentration of nega- 
tive charge is at the top; maximum concentration of positive charge 
is at the bottom; and both move to the right with the velocity Vpg, 
Accordingly, a positive surface current parallel to the axis and 
directed to the left at the top and to the right at the bottom is 
observed. 

At < = i period later than < =* 0 and at the same location in the 
pipe, the concentrations of negative charge at the top and positive 
charge at the bottom have decreased in density for two reasons. 
First, maximum concentrations of negative charge have moved to 
the right in the form of a negative axial current to the right (equiva- 
lent to a positive current to the left) along the top surface and a 
positive axial current to the right along the bottom surface. Sec- 
ond, the negative charge at the top has started downward around 
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the circumference ; the positive charge has started upward around the 
circumference, i.e,, there is a positive current upward around both 
sides of the circumference. 

At ^ = i period later than t = 0, again at the same cross section 
in the pipe, there is no concentration of charge anywhere. There 
is no charge passing in the axial direction, and hence there is no 
axially directed surface current. On the other hand, the currents 
that started upward around each side of the circumference have 
reached their maximum values in a standing-wave sequence. 

At ^ = I period later than < = 0 (at the same cross section), 
the upward currents around the sides have diminished; positive 
charge has accumulated at the top, negative charge at the bottom. 
This charge concentration is moving to the right with phase velocity 
Vpg so that there is a positive current to the right along the top 
and to the le^ft along the bottom. 

At ^ i period later than < = 0, and at the same cross section, 
the currents around the circumference are everywhere zero; 
maximum concentrations of positive charge at the top and nega- 
tive charge at the bottom obtain, so that axial currents are at a 
maximum. 

The cycle continues in a similar way. It is seen to be made up 
of a standing-wave distribution around the circumference (in a 
standing-wave sequence that has maximum charge concentration 
at top and bottom, and maximum current at the sides a quarter 
period earlier and later) superimposed on a traveling-wave dis- 
tribution axially. The successive time phases of the standing- 
wave distribution are spread out along the pipe, all traveling to the 
right with velocity Vpg. The distribution of current on the inside 
of the pipe of Fig. 11.3 is shown in Fig. 11.4 with the pipe repre- 
sented as though cut lengthwise along the ^Hop of cylinder’^ and 
rolled out flat. The locations of maximum current at the instant 
represented occur near the arrowheads. The current is instan- 
taneously zero at the points from which or toward which the lines 
of flow are directed. 

It is important to note that, if it is desired to insert a probe 
(small antenna) in the pipe or move one along it in a slit to deter- 
mine the standing-wave ratio of the axial current, this can be done 
with a minimum effect on the distribution of current if the slit is 
cut along the lines of flow, not across them. For the distribution 
of Figs. 11.1 to 11.3, the slit should be along the center of the top 
or bottom. 
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The distribution of current on the inner surface of a coaxial 
conductor is similar to that in a hollow conductor if the same mode 
obtains. The distribution along the outer surface of the inner 
conductor in the coaxial pipe resembles that on the outer conductor 
with directions reversed. If (6 — a) < < X3j«ji//27r, the currents 



Fiq. 11.4. — Surface current of the TEi,i mode on the inside of the metal cylinder of 
Fig. 11.3. The cylinder is represented as cut along the top center and laid flat. 

crossing the same transverse plane in the two conductors are equal 
and opposite. If the radius a is appreciably smaller than the radius 
b, the current on the inner conductor is smaller; it approaches zero 
as a vanishes. 

Distributions of charge density and electric field in a transverse 
plane of a nonresonant, hollow, circular cylinder are shown in Fig. 
11.6a, c, d for three of the possible higher modes. A fourth, the 
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circular electric mode, is shown in Fig. 11.56 and differs considerably 
from the other modes in that the surface density of charge is always 
zero everywhere. There is no axial current, only circulating cur- 
rents in the transverse plane which periodically reverse their direc- 



(c) (d) 


— — Electric Field 6 — ■ > Surface Current I 

Fio. 11.5. — Higher TE modes in an axially nonresonant cylinder, (a) TE 2 , 1 ; 
(6 > \tbm/2,06) at instant of maximum charge density. (6) TEo,i; (6 > Xr^jtf/1.64) 
at instant of maximum surface current density (charge density always *ero). 8 in 
the dielectric is also circular but with maximum a quarter period later, (c) TEt,i; 
(jb > \tem/1»50) at instant of maximum charge density, (d) TEix* (& > Xr-ffJtf/1.18) 
at instant of maximum charge density. 

tion, while a given amplitude travels unchanged axially along the 
pipe with a definite phase velocity. This mode is very difficult to 
excite but has the interesting property of an attenuation constant 
that decreases with frequency.^ 

^ The subscripts n, m in TEn,m have a meaning similar to those for the TM 
mode. As before, n is the order of the Bessel function; it characterizes the 
rotational periodicity of a pattern. Thus, in Fig. 11.3, n « 1; in Fig. 11.5a, 
n 2; ii\ Fig. ll«5c, n 3. m is the number of the nonvanishing root of the 
equation JnQd)) ** 0; it characterizes the radial periodicity. Thus, in 
11.3, HI 1; in Fig. 11.5d, m » 2. 
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Except for the TEM mode in the coaxial line, no mention has 
been made of the magnetic field. This does not mean that there 
is no magnetic field or that it is less important than the electric 
field that h^ls been represented. As is pointed out in Sec. 1 of 
Chap. II, the electromagnetic field in the present treatment is 
considered to be merely a mathematically useful intermediate step 
in calculating distributions of current and charge and the circuit 
properties associated with them. In general transmission circuits, 
all distributions of oscillating surface charge and current are deter- 
mined from a previously determined electromagnetic field, using 
(5.4) and (5.5). Since a representation of the electric and magnetic 
field distributions is primarily useful in determining the distribution 
of current and charge, this representation in terms of the field is 
not necessary if the problem has been carried to its conclusion and 
the current and charge are represented. It is a simple matter to 
obtain the field distributions from surface current and charge dis- 
tributions, using (5.4) and (5.5) and the fact that electric and 
magnetic lines cross at right angles, that electric lines become per- 
pendicular and magnetic lines parallel to a perfectly conducting 
boundary surface as this is approached more and more closely. 
In order to show this, the electric lines have been drawn in the 
several patterns for the current and charge distributions. It is 
left as a simple exercise in the TM type and as a more complicated 
one in the TE type to sketch sectional patterns of the magnetic 
field. 

12. Hollow Conductors of Rectangtilar Cross Section. — The use 

of pipes as transmission circuits or wave guides is not restricted to 
those of circular cross section. Both TM and TE types, each with a 
large number of different modes, are possible in pipes of any cross- 
sectional shape, including rectangular, triangular, elliptical, and 
others. The distributions of surface current and charge correspond 
in ways appropriate for the particular shape to analogous ones in 
the pipe of circular section. The longest wavelength or dominant 
mode in a rectangular pipe of sides a and b is the TEi,o (which 
corresponds to the TEi,i in a circular pipe). The TEi,o and TEo,i 
modes can be excited if 

a > ^ for the TEi.o mode; b > ^ for the TEo,i mode (12.1) 

These two modes differ only in having the transverse (x and y) axes 
interchanged. The distributions of surface, current and charge 



^ Electric Field & — ► Surface Current I 

Fig. 12.1. — TEi.q mode in a rectangular pipe; a > iXr^Af; 6 < \\tem* Arrows 
indicate the direction of positive surface current; all charge concentrations move 
to the right. 



Fig. 12,2. — Surface current of mode on the inside of a section of an axially 

nonresonant rectangular pipe. The pipe of Fig. 12.1 is represented as cut length- 
wise alon^ the center of the top and laid flat. Note that arrows indicate the direc- 
tion of positive surface current; aU charge concentrations move to the right. 
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and of the electric field for the TEi,o mode are shown in Fig. 12.1. 
As in all TE modes, there is a standing-wave pattern around the 
periphery of each cross section. The direction of flow of surface 
current on the inner surfaces is shown in Fig. 12.2 with the pipe 
represented as though cut lengthwise along the center of the top 
and folded out flat. The magnitude of the current is greatest near 



(a) (b) 


vpg 


ic) 

Fig. 12.3. — Higher modes in a rectangular pipe, (a) TEz.o mode; h > \tem- 

(b) TEi.i mode; — > \tbm. (c) TMi,i mode; — > > \tem^ 

Vo* +6* 

or at the arrows, and reduces to zero at the points toward which the 
lines of flow converge or from which they diverge. The distribution 
is similar to that of Fig. 11.4 for a pipe of circular cross section. 
Note that on the side surfaces the current is transverse only. If 
a single mode is to obtain, it is necessary that the longer side a 
satisfy the inequality 

^TEM ^ 

with the shorter side b such that 

b <C (12.3) 

It is interesting that there is no lower limit for &. It can be made 
as small as desired (at the expense of increasing attenuation). 
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Cross sections showing distributions of charge and electric field 
in several higher modes^ are given in Fig. 12.3. 

13. Parameters of Transmission Circuits. — Nonresonant trans- 
mission circuits of all the types described are characterized by two 
fundamental parameters, the phase constant fig and the attenuation 
constant ag. These appear in the solutions of the general form 
(6.1), which characterize the axial behavior of a traveling surface 
of constant phase for density of charge, for each component of 
surface current, and for individual components of the electro- 
magnetic field. The attenuation constant must be small in every 



*ya 

Fig. 13.1. — Cutoff wavelengths for two modes in a coaxial pipe. 


practically important transmission circuit, at least over a useful 
range of frequencies. The band of frequencies for which the attenu- 
ation constant is small is called the low-attenuation band or pass 
band; the band of frequencies for which the attenuation constant 
is very large is called the high-attenuation band or stop band. In 
the ideal case of perfect conductors and perfect dielectrics, the 
attenuation constant is zero in the pass band and rises abruptly 
and steeply at the beginning of the stop band. The frequency at 
which this happens is called the cutoff frequency, /cutoff. The 

1 The several modes in a rectangular pipe may be distinguished by the inte- 
gral subscripts m and n in the axially nonresonant case (a third subscript is 
required in the axially resonant case). These specify the number of half- 
wavelength distributions of surface charge or current along the x (width a) or y 
(width b) directions. The transverse distribution of charge is always sinusoidal 
with zero density at the comers. 
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corresponding wavelength as measured using the TEM mode is 
called the cutoff wavelength. It should be denoted by (XT^Af)cutoff. 
Since cutoff wavelengths will always be expressed in terms of the 
TEM wavelength, the subscript TEM will usually be omitted and 
Xoutoff written. Where convenient, the number subscripts m and n 
may be used to distinguish between cutoff values for different modes. 

All coaxial-line and hollow-conductor transmission circuits are 
high-pass filters in that the pass band lies above a certain cutoff 
freciuency (or below a certain cutoff wavelength). The cutoff 

Table 13.1. — Wave-guide Parameters and Constants 


rjlfo.i: circular circular rj&i.o: rectang. 



»i»/V 1 - JVa 
Vp Vi - 


5 resistance, E* « “ 2v y/ ttrfp • 10“*' ohn 


is conductivity in mhos/m; p l/<r is resistivity in ohm-m; for copper a = 6.8 • 10'^ rahos/m 


Characteristic resistance 


in free space: (Ho ’ 
in a dielectric: (R 


” 376.7 ohms 


in free space: ve r — 3 • 10* m/sec 

Characteristic phase velocity Vmoco 

in a dielectric: vp -» tt/y/prtr 


f free space: /9 ■» ca/«o 
Phase constant j ^ dielectric: $ - w/op 


w.oro. f free space: X ■■ Vc/f - 

Wave length ^ dielectric: X - Vp/f 
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wavelength in a coaxial line depends upon both the inner radius b 
of the outer conductor and the radius a of the inner conductor. 
Moreover, the formula is intricate. Curves showing the ratio 
(X/6)outoff as a function of b/a are given in Fig. 13.1 for the two most 
important modes, the TMo,i and the TEi,i, It follows from 
this figure that, for the Tilfo.i mode, (X/6)outoff decreases to zero as 
(6 — a) 0. On the other hand, (X/6)outoff increases to 2.61 as 
a — » 0. This is the value for the circular pipe without inner con- 
ductor. (X/6)cutoff for the TEi^i mode behaves differently. It 
approaches 2ir (circumference equal to one wavelength) as 
(6 — a)-^0; it diminishes to (X/6)cutoff = 3.41 (circumference 
only slightly more than one-half wavelength) for the pipe (a = 0). 
Cutoff wavelengths for several pipes are summarized in Table 13.1, 
where formulas are given for phase and attenuation constants for 
the wavelength X^, for the phase velocity Vpg, and the group velocity 
Vgg. As in the electromagnetic field near an antenna, Chap. II, 
Sec. 36, the phase velocity exceeds the group velocity, the relation- 
ship being 

VpgVgg = V\ (13.1) 

if air is the dielectric. If any other dielectric is used, v = vdy/iirtr 
must be written for Vc, as explained in Chap. II, Sec. 2. 

14. Comparison and Summary of the Properties of Transmission 
Circuits. — Since it is possible to select from a variety of transmission 
circuits, it is well to summarize the properties of each type in the 
light of the basic criteria listed in Sec. 4. 

1. a. Power loss in heating conductors and dielectrics that are part 
of the line. — For pipes of comparable surface area, the attenu- 
ation due to imperfect conductors does not differ greatly for any 
of the four modes for which formulas are given in Table 13.1. Since 
coaxial lines may be and usually are much smaller than correspond- 
ing pipes, the losses in heating are usually greater in the coaxial 
lines. Because insulating supports are not required in the pipe, 
the attenuation due to them is eliminated. Losses in all types of 
transmission circuits are increased if more modes than the one mode 
actually used for power transmission are excited. 

b. Power loss by radiation. — Radiation from metal pipes of all 
types including the coaxial is practically nonexistent if the ends 
are closed. If the ends are open, significant radiation occurs 
because of the uncanceled forces exerted by moving charges inside 
but near the open ends and because of currents that may be on 
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the outside surface of a coaxial or other pipe if it has an open end 
or slits or apertures of any kind anywhere along its length. An 
open end on a sufficiently large pipe is essentially equivalent to an 
electromagnetic horn, as discussed in Chap. II. 

2. Power Capacity: a. Dielectric breakdown. — Hollow conductors 
are superior to coaxial lines in their ability to handle larger con- 
centrations of charge, because these concentrations can be kept 
farther apart than in a conventional coaxial line so that the electric 
field is less intense. 

6. Current capacity. — In practice, a pipe is likely to have a much 
greater conducting surface than a coaxial line, and therefore its 
current-carrying capacity is grt^ater. 

3. Frequency Range and Frequency Response. — Efficient operation 
of any transmission circuit requires that only a single mode be 
excited, viz., the one actually used. Although it is possible and 
necessary for some purposes to eliminate undesired higher or lower 
modes by appropriate methods of driving, discussed at a later point, 
the simplest and best method wffierever possible is to make use of 
the longest wavelength and the lowest frequency mode, the so-called 
‘^dominant mode,'' and to design the size of the pipe so that the 
operating frequency is in the pass band of this mode and in the 
stop band of all higher frequency modes. In effect, this means 
that the useful operating range of a given transmission circuit lies 
between a lower frequency limit defined by the cutoff of the domi- 
nant mode and an upper frequency limit defined by the cutoff of 
the next higher mode. These ranges are given in Table 13.1. 

Because the lower cutoff of the TEM mode in a coaxial line is 
at zero frequency, the frequency range of this dominant mode in 
the coaxial line exceeds the range of any other mode. The upper- 
frequency limit of the TMq,^ mode from the point of view of single- 
mode operation is the cutoff for the TE 2 ,j mode. The wavelength 
ranges for single-mode operation are also specified in Table 
13.1. 

4. Physical Availability. — The practical and economical possi- 
bility of constructing coaxial and hollow conductors for use as 
transmission systems depends on the dimensions required to assure 
single-mode operation at a specified frequency. Since the TEM 
mode in a coaxial line has no lower cutoff frequency, coaxial lines 
(and open-wire lines) may be used at frequencies as low as desired 
and may be constructed of any convenient size permitted by con- 
siderations of power capacity. On the other hand, at higher and 
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higher frequencies, the coaxial line must be made smaller and smaller 
if single-mode operation is to be assured. Ultimately a point is 
reached at which adequate power capacity is impossible. This 
usually occurs at wavelengths in the centimeter range. Pipe 
transmission is not available at longer wavelengths because of the 
large size of pipe required. Where possible, pipes using only the 
dominant TEi,i mode in a circular pipe, or the TEi,o mode in a 
rectangular pipe, are preferred. 

6. Special Features , — For connecting to rotating directional 
antennas, a transmission circuit that permits the use of a swivel 
joint is often convenient. Requirements for this purpose include 
not only a circular pipe but also complete rotational symmetry 
of the distributions of oscillating charge and current. Both these 
conditions obtain in the TEM and 2’ikfo.i modes in a coaxial system 
and in the TMq,i mode in circular pipes. Since the TEM mode is 
dominant, it is normally used with a coaxial line. On the other 
hand, with the pipe the TE\^i mode has a lower (longer wavelength) 
cutoff frequency than the rotationally symmetrical TMq,i mode. 
If a pipe with a swivel joint is designed for the pass band of the 
TMo.i mode, it is also large enough for the pass band of the TE\,\ 
mode. The TEi^i mode must be avoided either by using a driving 
device that does not excite it, or it must be suppressed by suitably 
designed wire grids, for example. 

In any transmission system, it is essential that the cross-sectional 
distribution of current and charge at the load end be known. In 
rotationally symmetrical systems, there is no difficulty. On the 
other hand, in the TE\^i mode in a coaxial or in a circular pipe, 
the transverse standing-wave pattern may spiral down a pipe 
that is not absolutely uniform. This makes it difficult to operate 
a load efficiently, since it must be designed for a particular orienta- 
tion of the transverse standing-wave pattern or of the polarization 
of the associated electric field. The rectangular pipe using the 
rJ5i,o mode has the great advantage of a fixed transverse standing- 
wave pattern, with charge concentrations always on the wider side 
and an electric field parallel to the narrower side. 

For some purposes, flexible transmission cable is required. 
Such cable can be constructed for both coaxial and hollow trans- 
mission circuits. Attenuation is usually greater than in rigid 
circuits, and difficulties may be encountered because of small 
changes in the cross-sectional shape or size as the cable is 
bent. 
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III. TRANSMITTING AND RECEIVING SYSTEMS USING NONRESO- 
NANT CIRCUITS 

16. Methods of Driving. — A variety of possible distributions of 
oscillating charge on the interior conducting surfaces of axially 
nonresonant coaxial and hollow transmission circuits have been 
described. But nothing has been said as to the connections to the 
device driving the circuit, i.c., to a generator or a receiving antenna, 
or to the load terminating the circuit. These are described in this 
and the following sections. 

In conventional coaxial (and open-wire) lines, the two terminals 
of a symmetrical generator always can be connected or coupled 
directly to the two conductors (or groups of conductors) of the line 
because these carry equal and opposite currents and charges. Most 
ultra-high-frequency generators designed for use with coaxial or 
with single pipes have a coaxial-line output, although the dimen- 
sions of the line may be such that the TMo.i rather than the TEM 
mode is excited. In either case, the currents on the inner surface 
of the outer conductor and the outer surface of the inner conductor 
are axially directed and rotationally symmetrical so that total 
currents can be defined easily for both the TEM mode (in which 
they are opposite and equal) and the TMo,i mode (in which they 
are codirectional, with the inner current smaller). The transfer 
from one coaxial line to another is made easily if both lines use the 
TEM mode or the Til/oj mode, or if one uses the TEM and the 
other the TM o,i mode. The simplest connection for the TEM 
mode is illustrated in Fig. 15.1a. In the arrangement shown, the 
small coaxial line from the generator is terminated in its character- 
istic impedance by means of a double-stub matching section. The 
movable single-stub section of Fig. 15.16 may be used instead of 
the double-stub tuner. Instead of changing abruptly from the 
line of smaller to that of larger size, as shown in the figure, it is 
desirable to insert a tapered section between the two lines or pipes. 
If this is made a wavelength or more long, the matching stubs 
are usually not necessary. In practice, su'ch a tapered length may 
be less convenient than a matching section. 

It is a simple matter to transfer from a coaxial-pipe TEM or 
rilfo.i mode to a single-pipe mode such as the cylindrical TMo,i 
or the rectangular TMi,i. These are characterized by exclusively 
axial surface currents that obviously may be excited using the 
arrangement of Fig. 15.16, where the inner conductor of the coaxial 
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line is extended a short distance into the pipe. The arrangement 
is now similar to that of an antenna erected perpendicular to a 
conducting plane of infinite extent. In this case, the infinite plane 
is folded over into an infinitely long (or equivalent) pipe. A stand- 
ing-wave distribution of oscillating current and charge is maintained 
on the projecting inner conductor or antenna, and a rotationally 



(a) 









fc— BHean % th -m-rTi 

MOVABLE SINGLE 
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Fig. 16.1. — Methods of driving (a) the TEM mode in a coaxial pipe with b 
unrestricted and (6 — a) < < Xri5Af/2ir; (b) the TM^,\ mode in a hollow cylinder 
with b > X7fjir/2.61 using a conventional coaxial line. Arrows show the location 
of maximum currents at the appropriate instant. 

symmetrical traveling-wave distribution is maintained on the inner 
surface of the pipe. Because the electromagnetic field of an antenna 
decreases rapidly outward along the axis, Chap. II, Fig. 35.1, the 
field and hence the current and charge distributions on the pipe 
even a short distance beyond the end of the antenna are not affected 
directty by the periodicaUy varying charge in the antenna. The 
distribution of current and charge is that of the cylindrical TMt,i 
mode or rectangular TMx,i mode. 
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In order to excite the TE modes, in particular the dominant 
TE\^\ in a circular pipe or the TEi,^ in a rectangular pipe, a stand- 
ing-wave pattern must be excited in the transverse plane. This 
may be accomplished by the arrangement in Fig. 15.2. The inner 



1 COAXIAL LINE TO 
^ GENERATOR 



Fio. 15.2. — Method of driving (a) and (6) TEi,\ mode in a hollow cylinder; and 
(c) and (6) I’JSi.o mode in a rectangular pipe. Arrows denote maximum current. 


conductor of the resonant end of a coaxial line is arranged as an 
antenna to extend across the center of and perpendicular to the 
axis of the pipe. By means of the adjustable stub at the top, the 
maximum current may be fixed at the center of the antenna. A 
standing-wave distribution is excited in the transverse plane, Fig. 
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16.2a. By suitably adjusting the large movable piston in the pipe, 
the electromagnetic field due to currents up and down on the inner 
face of the piston and the field due to currents in the antenna itself 
may be adjusted to be essentially in phase at points to the right 
of the antenna much as in an antenna with parabolic refiector. 
The resulting distributions of oscillating charge and of the electro- 
magnetic field at a distance of a wavelength or more from the 
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Fio. 15.3. — Methods of exciting the TE modes, (a) Vacuum tube and part of 
two-wire line tank circuit of UHF generator built into hollow pipe. Currents in 
the line exert forces on top and bottom to set currents in motion there as required 
for TE mode. (6) Two-wire feeder and antenna placed at optimum distance from 
the closed end to excite TE mode. 

antenna are characteristic of the TEi,i mode alone if the size of the 
pipe is appropriately chosen. Near the antenna a complicated 
superposition of many modes is to be expected. The corresponding 
arrangement for a rectangular pipe is shown in Fig. 15.2c. A 
double-stub tuner (or a movable single-stub tuner) must be pro- 
vided at the end of the coaxial line if this is to be nonresonant. If 
the line is short and resonant, a telescoping section of coaxial line 
may be used instead of the tuner. If the ultra-hig^-frequency 
generator has a tank circuit consisting of a section of two-wire 
line, or if a two-wire line is to be used as a feeder, the arrangements 
of 51g. 15.8 may be used. 
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16, Matching Circuits for Pipes. — In describing the distributions 
of current and of charge in the conducting surfaces of a pipe (or 
the distribution of the electromagnetic field in its interior) it has 
been assumed that the circuit is axially nonresonant. The mathe- 
matical form for a traveling-wave distribution can always be 



obtained by allowing the circuit to become infinitely long. In 
practicOi nonresonant transmission circuits may be approximated 
closely by utilizing suitably designed terminating devices. 

In conventional line theory, in which impedance may be 
defined by the ratio of potential difference to total current, a formula 
for the input impedance of an infinitely long line is derived readily. 
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By definition it is the characteristic impedance Ze and is largely 
resistive. Obviously any termination for a line that equals Ze is the 
equivalent of an infinitely long line. In pipes (or coaxials operated 
in other than the TEM mode), it is not possible to define in the 
conventional way an input impedance for an infinitely long pipe. 
A generalized impedance concept, nevertheless, is useful in a 
similar but more restricted sense in pipes as discussed in Sec. 26 . 



Fig. 16.2. — Roughly comparable matching sections. 

For present purposes, it is sufficient to state that, for a given mode 
in a pipe, it is possible to construct circuit elements (in a generalized 
meaning) that are equivalent in their effect to shunt and series 
coils, capacitors, and stub sections in conventional lines. A few. 
roughly equivalent circuit elements for a two-wire open line and the 
dominant modes in circular and rectangular pipes are shown in 
Fig. 16.1. A combination of two suitably chosen circuit elements 
may be arranged in a matching section that can be inserted between 
the long pipe and tiie load in ways that are comparable to the 
various special cases obtained in more conventional circuits using 
a T section of reactive elements or the general section of a resonant 
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line with adjustable taps, Chap. II, Sec. 28. Several of many 
possible combinations are shown in Fig. 16.2. They include an 
arrangement of inductor and capacitor, a movable single-stub tuner 
and a fixed double-stub tuner. 

17. Load Circuits for Pipes. — In general terms, two types of 
load may be described for pipe transmission circuits. The first 
type consists of loads that are designed especially for a particular 
mode in a given pipe and therefore have no input terminals in the 
sense used in ordinary networks confined to the near zone. Loads 
of the second type are conventional. They have two closely spaced 
input terminals for which an input impedance can be defined in 
terms of potential difference and total current. 


MATCHING 

SECTION 



MATCHING 

SECTION 



Fig. 17.1. — (a) Horn for T’j&i.i mode in a circular pipe. (6) Horn for TEi.o mode 

in a rectangular pipe. 


Loads that are designed especially for a single mode in a par- 
ticular pipe may be connected directly to the output end of the pipe 
following the matching section. Important examples are antennas 
of the electromagnetic horn type. Fig. 17.1. If the shape of the 
cross section of a horn designed for the TE modes is the same as 
that of the pipe, but flared gradually, each cross-sectional plane 
continues to have essentially the same standing-wave distribution 
of current and charge as along the axially nonresonant pipe. How- 
ever, there is no traveling-wave distribution in the axial direction 
along the horn and along a part of the matching section. These 
are resonant in the axial direction as well as in the transverse plane. 
A detailed discussion of axially resonant sections of pipe is reserved 
for Secs. 19 to 27. The lines of flow of sheets of current on the inner 
surfaces of a horn of rectangular cross section •driven in the TEi^q 
mode are sketched in Fig. 17.2 at an instant when the current is a 
maximum and the charge density is everywhere zero in the stand- 
ing-wave distribution. The electromagnetic field at distant points 
is due primarily to these sheets of current, as discussed in Chap. II, 
Sec. 42. Field patterns are not the same if the pipe is excited in 
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different modes, so that a variety of directional properties is 
available. 



Fig. 17.2. — Lines of flow of surface current in an electromagnetic horn. 



Fig. 17.3. — Cross section showing the transfer from the TEi ,9 mode in a rec- 
tangular pipe to the rotationally symmetrical TMo,i mode in a circular cylinder 
and back to a rectangular pipe. Pistons for matching are also shown. Dotted 
lines show the approximate distribution of electric field for a short distance in each 
pipe at a particular instant. 

In addition to electromagnetic horns of various types, the load 
for a particular mode in a pipe may be another pipe of different 
size or of different cross-sectional shape. For example, if it is 
dedred to make use of a swivel joint in a pipe transmission system 
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using the dominant TEi^q mode in a pipe of rectangular section, 
it is necessary to transfer to a rotationally symmetrical mode, 
such as the rMo.i in a circular cylinder. A simple arrangement for 
accomplishing this is shown in Fig. 17.3. Since the TEi,o mode 
in the lower rectangular pipe has exclusively an up-and-down 
electric field, the TEi,i mode should not be excited in the vertical 
circular pipe, even though the radius is necessarily well above the 
cutoff for this mode. By appropriate adjustment of the two pairs 
of pistons, the rectangular as well as the circular pipe may be made 


LONG PIPE 
^ ANO 
MATCHING 
SECTION 
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LOAD 


DOUBLE STUB 
TUNER 

Fio, 17.4. — Transfer section for connecting a TE pipe mode to a conventional 
coaxial line with a two-terminal load. 


nonresonant. As a second example, a rectangular pipe of long side 
a may be connected to a pipe with long side 2a, 3o, or na, where 
n is any integer, preferably odd, so that a symmetrical connection 
is possible. The wider pipe is then excited in the TEn,o mode, 
although lower modes also may be excited simultaneously. 

In order to drive conventional two-terminal antennas or other 
loads from a pipe transmission circuit, it is usually necessary to make 
use of a closely spaced coaxial line or a two-wire line to connect 
directly W tiL load. The problem then is reduced to driving a 
coaxial line or a two-wire line from a pipe. This is accomplished 
readily if it is recalled that, according to the reciprocal theorem 
(Sec. 43), the relative directional properties of a transmitting array 
with one driven anteima are the same as the directional properties 
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of the same array used as a receiver. Accordingly, the effective 
and simple arrangements of Fig. 15.16 for driving a pipe from a 
coaxial line using an antenna may be inverted for use with a receiver, 
Fig. 17.4. Itds necessary to change the position of the matching 
section, since it is now the long pipe that is loaded and the coaxial 
line that is driven. This means that a section of the type shown in 
Fig. 16.2 should be inserted betw^een the long pipe and the receiving 
antenna. Since the properties of the receiving array (including 
the antenna and the piston beyond it) as a load can be modified by 



Fio. 17.5. — Plane view of an axial section of a resonant load for a pipe driven 
in a dominant TE mode. The array of four antennas is driven with progressive 
phase differences of a quarter period. The loops are at points of maximum surface 
current and maximum magnetic field perpendicular to the loops; the straight 
antennas at points of maximum surface charge and maximum vertical electric field 
in the standing-wave pattern. 


moving the piston in the pipe as well as the piston in the coaxial 
stub above the antenna, it is often possible to obtain a satisfactory 
match by adjusting these alone without using a matching section 
between the receiving antenna and the long pipe. If an antenna 
is to be driven from a two-wire line rather than from a coaxial line, 
an arrangement like Fig. 15.36 may be used at the load end and 
provided with a suitable matching section in the pipe. 

A single antenna or the several units of an entire array may be 
driven directly from a pipe in a way resembling Fig. 41.15 of Chap. 
II for a coaxial line. Since as much as a quarter wavelength of an 
antenna can be inserted, a greater variety of connections is possible. 
Two methods of coupling are shown in Fig. 17.5 for a TE mode. 
Each unit is erected vertically on the pipe with a jiaic extending 
through a hole into the pipe. If it merely projects into the pipe, 
it must be located at a point of maximum charge concentration or 
maximum transverse electric field in the axial standing-^wave 
pattern. If it is bent into a loop and connected to the inner sur- 
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face of the pipe, it must be placed at a point of maximum axial 
current or maximum transverse magnetic field. Note that dis- 
tances between maxima of current or between maxima of charge 
are spaced in terms of the wavelength in the pipe, not in terms 
of XrjTAf. 

Since \g is always greater than the wavelength \tem in space, 
arrays may not have the desired spacing in terms of \tem- It is 
possible, however, to reduce by increasing the diameter of the 
pipe, by inserting dielectric disks, or by inserting an inner con- 
ductor of such size that the TEM mode is alone possible. In 
this case, X^, == Xtem) and the problem is essentially the same as 
that discussed under end-driven arrays in Chap. II, Sec. 42. In 
the present case, however, the coaxial line may have as large an 
outside diameter as the pipe, if the inner conductor is correspond- 
ingly enlarged so that {b — a) is sufficiently small. 

In all cases in which antennas project into a pipe or into a coaxial 
conductor through holes or slits, surface currents pass around the 
edges of the hole to the outside surface of the pipe, where they are 
distributed in more or less complicated patterns. Their amplitudes 
depend on the size and number of the holes and whether all or a 
part of the outside surface of the entire pipe is resonant in one of 
many possible modes. Currents on the outside surface necessarily 
contribute directly to the distant electromagnetic field, and the 
array therefore consists of the projecting antennas and the outer 
surface of the pipe. Even if there are no projecting antennas, the 
presence of holes in a pipe involves currents on the outside surface, 
and a nonvanishing field due to them as well as partly uncanceled 
fields due to currents on the inside. The magnitudes and directions 
of such fields depend on the size, the number, and the location 
of the holes, as well as on the dimensions of the pipe and the mode 
that is excited. A section of an imperfectly enclosed pipe (some- 
times called a leaky wave guide) thus is seen to be an antenna. 

18. Receiving Systems. — A receiving system differs from a 
transmitter only in the nature of the load and the method of driving. 
The load may consist of a detector or mixer specially designed for 
a particular mode in a pipe. It may be built into a section of the 
pipe and connected to it directly after a suitable matching section. 
If the load is of a more conventional two-terminal type with coaxial 
or two- wire line connections, a suitable transfer section for passing 
from the pipe to a coaxial or a two-wire line must be used with 
appropriately designed and placed matching sections. 
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The reciprocal theorem indicates that any of the transmitting 
arrays appropriate for use with pipes may be inserted and used as 
receiving arrays with comparable directional properties. The 
electromagnetic horn is an example. For maximum transfer of 
power to a pipe transmission circuit or wave guide from a receiving 
array, a suitably designed matching section between the array 
and the long pipe is required. A second matching section between 
pipe and load permits adjustment to make the pipe nonresonant, 
as described for conventional lines in Chap. II, Sec. 28. If the 
pipe is short, it may be used as a resonant section with one of the 
matching sections omitted. 

IV. RESONANT CIRCUITS 

19. Introduction and Notation. — In the analysis of conventional 
lines, Chap. I, emphasis was placed primarily on the transmission of 
power from a generator attached to one end of the line, called the 
sending end, to a load at the other end, called the receiving end. 
The symbols Zs and Zr were introduced, with subscripts S and Ry 
to designate the sending- and receiving-end impedances. 

At ultra-high-frequencies, conventional lines as well as more 
general transmission circuits are used for many purposes besides 
the transmission of power. A transmission circuit may be used 
for making measurements such as the determination of wavelength, 
impedance, and phase; or a resonant section may form part of a 
tank circuit in an ultra-high-frequency generator. In some of 
these applications, it is convenient to couple the generator and the 
load to the circuit at other points than at the ends. In such cases, 
the names sending end and receiving end no longer apply; it becomes 
necessary to designate points along a transmission circuit in terms 
of an axis of coordinates. For example, the z coordinate may be 
measured along the axis of the circuit with origin at one end. Then 
2 = 0 locates one end, z — s the other end. The terminating 
impedance at 2 == 0 of a conventional line is then conveniently 
denoted by Zo, that at « « 5 by Z,. The subscripts 0 and 8 merely 
locate the impedance on the z axis. 

In more general types of transmission circuit for which it is 
not possible to define terminating impedances in the conventional 
sense because the circuit does not end in a pair of terminals that are 
in the. near zone with respect to each other, factors that measure 
the over-all attenuation and phase shift at a termination are intro- 
duced to characterize the properties of the termination. They are 
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defined in such general terms that they are as useful for conventional 
lines as for general transmission circuits. Factors characterizing 
the termination at z = 0 have the subscript 0 j those for the termina- 
tion at z = s have the subscript s. 

20. Resonant Sections of Transmission Circuits. — If a trans- 
mission circuit of the coaxial or the hollow type is closed at both 
ends by a metal piston, axially resonant distributions of oscillating 
current and charge may be excited. Depending upon the method 
of driving and the size of the pipe, these distributions may be of the 
TM or the TE type. If the matching section at the end of a 



Fig. 20.1. — Charge and electric-field distribution at the instant when these are 
maximum in the standing-wave TAfo.i.i mode in a closed circular cylinder of inner 
radius h and length a. Rotational symmetry about the axis obtains. A quarter 
period later, charge and electric field are everywhere zero; sheets of maximum current 
are from -)- to — along the walls; a circular magnetic field obtains with oppositely 
directed maxima at the two circular end walls and zero at the center. 


TM\o,i 


2 



nonresonant transmission circuit excited in one particular mode is 
removed and replaced by a metal piston, the circuit may be tuned 
to resonance by moving the piston until the amplitudes of the cur- 
rent and charge (as well as of the electric and magnetic fields) are 
maximized. The resulting axial standing-wave distributions differ 
from the traveling-wave case, as is discussed in general terms in 
Sec. 3. The transverse distribution characteristic of the particular 
mode is essentially the same as when the circuit is nonresonant, but 
it is now the transverse pattern of a standing-wave instead of a 
traveling-wave distribution in the axial direction. Distributions 
of maximum charge (and of maximum transverse electric field) 
are axially fixed at intervals of \g/2 instead of traveling with a 
characteristic phase velocity. Extreme amplitudes of axially 
directed current (and of maximum transverse magnetic field) occur 
a quarter period after the maxima of charge and midway between 
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them. This is illustrated in Fig. 20.1 for the TMo,i,i mode and in 
Fig. 20.2 for the mode in a circular pipe. 



(a) 



Fxa. 20.2. — (a) Distribution of charge and electric field at the instant of maxi- 
mum in the standing-wave TEi,i,i mode in a closed circular cylinder of inner radius b 
and length s. The distribution is the same for each cross section, but the density 
of the charge ^nd the intensity of the electric field are largest at the center and 
diminish cosinusoidally to zero at the end walls; (6) distribution of surface current 
a quarter period after (a). There is a standing- wave pattern in the transverse 
and in the axial planes. Current is from top center to bottom center around side 
and end walls. The distributions are not rotationally symmetrical. 


TE\\,i,i 


2 



An additional resonant mode in a circular cylinder, the Tilfo,i.o> 
has no nonresonant counterpart, Fig. 20.3. This mode is inde- 
pendent of the length of the cylinder. The TMi),hp mode is like 
Fig. 20.1, the TE^,\,v mode like Fig. 20.2 but with p half wavelengths 
contained between the end surfaces. Similar resonant modes can 




Sec. 20] RESONANT SECTIONS OF TRANSMISSION CIRCUITS 285 


be excited in hollow metal parallelepipeds of length s, longer side a, 
and shorter side h. The TjEJi.o.i mode has a resonant wavelength^ 


TJSJXi.o.i ~ 



If a transmission circuit of the hollow or the coaxial type is 
closed at both ends by metal pistons, the condition for resonance 



Fig. 20.3. — Distribution of charge and electric field at the instant of maximum 
in the standing-wave TAfo.i.o mode in a closed circular cylinder of inner radius 5. 
A quarter period later radial currents are on the inner surface of each end face and 
uniform currents parallel to the axis are on the cylindrical surface. The magnetic 
field is circular and the same in magnitude and direction in every cross section. 

TMXo.i.o « 2.616 


for any particular mode is 


= PTT p == 1, 2, • • * (20.1) 

where fig is the phase constant for the particular mode; and Sp is 
the pth resonant length of the circuit, or distance between the 
inner surfaces of the pistons for an integral value of p. The shortest 


^ General formulas for resonant wavelengths for closed cylinders of circular 
and rectangular cross section are given below. Rectangular cylinder of sides 
a, 5, s in the y, z directions, 

V (m/a)* + (n/&)* + (p/*)‘ 

Circular cylinder of inner radius h and length s, 


TM\n HI p 


2 . 

V(p/fi)* + {kn,m/7rhy 


TE\n,mtp 


2 


where kn,n is the mth root of Jn(x) « 0, and kn,m' is the with root of JnixY « 0. 
A few values are 


^0.1 

« 2.40 

ko,2 “ 5.52 

ifco.i' =3.83 

fco./ = 7.02 

fcl.l 

^S.l 

« 3.63 
- 5.14 

ki,2 « 7.02 

ki,i' = 1.84 
k2,Y = 3.05 

iki.j' =5.33 
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length for resonance is defined by p = 1. By measuring si experi- 
mentally, pg can be determined theoretically directly from (20.1) 
with p == 1. In practice, it is not possible to excite the resonant 
section and to determine resonance without inserting small driving 
and receiving antennas at appropriate points that depend upon the 
mode. Since these driving and detecting circuits, however small 
and loosely coupled they may be, inevitably affect the condition of 
resonance, this method is not satisfactory. 

21. Generalized Condition for Resonance; Phase Factors of 
Terminations; Measurement of Wavelength. — In Sec. 16, it is 
pointed out that generalized circuit elements can be devised for 
transmission circuits that are not restricted to the near zone in 
the transverse plane. Elements corresponding in their effect on 
the circuit to variable inductances, capacitances, tuned circuits, 
and stub sections of conventional lines are described specifically 
for the dominant modes in pipes of circular and rectangular section. 
By analogy with reactive terminations for conventional lines, they 
are called reactive elements, since energy losses in heating them 
are negligible. When such a reactive element terminates a trans- 
mission circuit or wave guide, its principal effect is to change the 
condition for resonance. Thus, if a part of a transmission circuit 
extending from z = 0 to z == s is terminated at z = 0 by one reactive 
element and at z = 5 by another, the condition for resonance may 
be written in the form 

P,8p + $0 + = (p + l)7r; p = 0, 1, 2, • • • (21.1) 

where is a phase factor characteristic of the termination at 
z == 0 and is a corresponding factor for the termination at z = s. 
These factors are defined by (21.1) subject to the arbitrary con- 
vention that the value of ^ for a metal piston is chosen to be 7r/2 
if Pg is in radians per meter, or 90® if Pg is in degrees per meter. 
(Zero might be chosen equally well; for some purposes, a factor 
=z ^ Tr/2 is defined with = 0 for a piston.) If both 
terminations are pistons, (21.1) reduces to (20.1). If driving and 
receiving antennas are arranged near the end z » s of a trans- 
mission circuit, a phase factor may be defined for the entire 
section containing them. By tuning the circuit to resonance 
by moving a piston (<&o — ir/2) at z — 0 to locate two successive 
resonance peaks that occur when the line has the lengths Sp and 
from (21.1) 


Sp) — 7C 


( 21 . 2 ) 
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This expression is true for all types of transmission circuits including 
open-wire lines using reactive terminations of any description. If 
Sp+i and Sp are both determined, preferably with p = 1, the phase 
constant of the line may be computed directly from (21.2). The 
wavelength \g of a particular mode in a transmission circuit is 
defined by 

(21.3) 

Hence, from (21.2), 

^\g = ^*p+l (21.4) 

This is a standard formula for determining in a resonant trans- 
mission circuit from the experimentally determined distance 
Sp+i — Sp between successive resonance peaks. 

The phase factor for any termination at 2 = 0 may be deter- 
mined experimentally by using a piston at 2 ; = &• and moving this 
until the circuit is tuned to resonance, preferably at p = 1, when 

«>0 = ^ - (21.5) 

If fig has been calculated using Table 13.1 or determined experi- 
mentally, as explained in Sec. 20, and 5i is measured directly, ^0 
may be computed from (21.5). The same formula is correct for 
open-wire lines. (The value of for a straight piece of wire of the 

same size as the line, when used to terminate a two-wire line, is 

given very nearly by ^ == 7r/2 + j3pD/2, where D is the separation 
of the wires.) 

If the termination is not purely reactive so that energy is 
dissipated in heating it or a circuit coupled to it, a phase factor 
may still be defined and measured experimentally in the same way, 
provided that the circuit is not so nearly nonresonant that standing 
waves of appreciable amplitude are impossible. In order to obtain 
comparable values of ^ for slits, stub sections, etc., as reactive 
elements, it is usually desirable to connect a closed-end section of 
pipe exactly X<r/4 in length beyond them so that the pipe is as 
completely closed as possible when measurements are made. The 
X^/4 section is the analogue of a high impedance or an insulating 
stub on conyentional lines. Experimental curves of ^ for hori- 
zontal and vertical slits in a rectangular transmission circuit as 
determined with such a X^/4 section are shown in Fig. 21.1. If it is 
desired to determine # for a particular termination, such as an open 
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end or a horn, it should be measured exactly as used. In all cases, 
^ is determined with respect to a particular cross section such as the 
cross section a,t 2 = 0 or z = s. A value of 4> so determined may 
be referred to any other cross section, e.flf., at a distance s' from 
2 = s, by writing + figS. 




(b) 

Fiq. 21.1. — Phase functions for horizontal and vertical slits in a rectangular trans- 
mission circuit using the TEi,o mode. 

22. Attenuation Factors of Terminations. — The amplitude of a 
standing-wave distribution in a transmission circuit terminated in 
a metal piston at each end and tuned exactly to resonance with the 
pistons separated a distance Sp is given by 

ft B ^ 

“ sinh (agSp) 


( 22 . 1 ) 
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This equation can be applied to any property related to the 
amplitude of the standing wave, such as charge density, current 
density, magnetic or electric field, where Rp stands for the resonant 
amplitude of the chosen quantity, ag is the attenuation constant 
of the transmission circuit operated in a given mode (as defined in 



0 0.4 0.8 12 ^ 1.6 2.0 2.4 2.8 


Fig. 22.1. — Hyperbolic functions of a real variable x. 

Table 13. 1), ^ is a constant that depends upon the excitation. The 
length 8p is defined by (20,1). The quantity sinh agSp may be 
obtained from the curve marked sinhx, Fig. 22.1, by letting 
X = cLgHp. When agSp is small, an approximation of (22.1) is 

= — (22.2) 

ag8p 

If the two tenninations are nondisaipative and are characterized 
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by phase functions and the same formulas apply with Sp 
obtained from (21.1). 

If the terminations are dissipative^ it is possible to define atten- 
uation factors Ao and A a for them to take account of their share in 
the attenuation. The attenuation factors are so defined that the 
amplitude at resonance is 

sinh (agSp + Ao + Aa) (22.3) 

When agSp + Ao + Aa is small, 

sinh {ugSp + ilo 4" -4,) == agSp + Ao 4“ -4*. 


For a circuit that is not nonresonant or nearly so,^ the values 
0,707 Rp occur at Sp + 1 ASp where ASp is the width of the resonance 
curve that has its maximum at Sp. This width satisfies the equation 

— 2 ""^ = "¥ Ao -h Aa ( 22 . 4 ) 

This relation is useful in the experimental determination of the 
attenuation constant ag for a transmission circuit and the attenu- 
ation factors Ao and Aa of the terminations. It is correct for con- 
ventional lines as well as for pipes. Since a termination at 2 = s 
that makes a transmission circuit nonresonant is equivalent to an 
infinitely long line, it follows from (22.3) that A, is infinite for such 
a termination. 

The attenuation constant ag of a transmission circuit may be 
determined experimentally by measuring the full widths Asp and 
Asp+i of two successive resonance peaks at 0.707 of maximum 
amplitude. The terminations of the line preferably should be 
metal pistons of which one is movable. A small receiving antenna 
must be inserted near the fixed piston and connected by a coaxial 
line to a sensitive and accurately calibrated detector. A small 
driven antenna may be arranged to project into the pipe at a con- 
venient point. It must be so small that the generator is so loosely 
coupled to the circuit that no significant reaction on the generator 
is observed when the line is tuned. The locations Sp and Sp^i of 

* Specifically if 

a 

^ sinh* {ag8p 4- Ao + A.X < 1 (22.8a) 

and 

( iA 8 p )*<<4 ( 22 . 36 ) 
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the movable piston for two successive resonance adjustments, and 
the locations Sp ± ^ Asp and Sp^i ± ^ ASp+i for the 0.707 amplitudes 
in each case may be determined experimentally. By subtracting 
(22.4) from the same formula with p + I written for p, 

”” ^^p) ~ o£^(Sp_i_i Sp) (22.5) 

With Sp+], Spy Asp^.], Asp, and fig known, ag may be calculated directly. 
It is to be noted that the attenuation due to the detector is sub- 
tracted out. 

The attenuation factor ^4, of a terminating device, in particular 
of the receiving antenna with the attached cii^*uit and reflecting 
piston, may be computed directly from (22.4), using the values of 
Sp and Asp measured in determining ag. i4o for a metal piston is 
negligibly small, so that 

A 8 = ifigASp — agSp ( 22 . 6 ) 

The attenuation factor of any other termination may be measured 
])y using it in place of the movable piston. (If necessary for experi- 
mental reasons, the receiving antenna with its reflecting piston and 
the driven antenna may be made movable in a slot while the termi- 
nation to be measured is fixed. If this is done, antennas and piston 
must be moved equally to maintain their relative positions.) If 
new values of Sp and ASp are determined for one resonance peak, 
the formula (22.4) may be solved directly for Ao, using previously 
determined values of fig, ag, and Ag. 

23. Standing -wave Ratio. — The standing-wave ratio p is defined 
as the ratio where R is the amplitude of the current, or 

of the charge density, or of the electric or the magnetic field, 
along a transmission circuit, p is given by the general formula 

p = = cosh {agWroMu 4" ^«) (23.1) 

R^sr, sinh {agWr^ + ^4.) 

where Wra»x is the distance from the termination at 2 = « to the first 
cross section where R = is the distance from the termina- 

tion of the circuit to the first cross section where R == RnAa] Wain 
differs from Wu^ by Xp/4, and ^4, is the attenuation factor of the 
termination. Since Ws^mx and Wn>in always may be kept less than 
\g/2, it follows that for a transmission circuit with low attenuation 
terminated in a power-absorbing load, it can usually be assumed 
that 

agWraiA ^ ^ OtgWmax ^ ^ Ag (23.2) 
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whence 

p == coth A» (23.3) 

The quantities* cosh {agWmMx + A») and sinh (agW^dn + At) in (23.1) 
and coth At in (23.3) may be read directly from the curves, Fig. 
22.1. It follows from (23.3) that it is possible to determine A, 
from an experimental determination of the standing-wave ratio 
instead of from the width of a resonance curve at 0.707 of maximum 
amplitude. If the resonance curve is blunt so that the condition 
(ASp/2)^ < < sj is not well satisfied and the ratio is 

small, a determination ol At from the standing-wave ratio is to 
be preferred. On the other hand, if Asp easily satisfies this con- 
dition, the determination from the width of the resonance curve is 
usually much more accurate. This is due to the fact that in 
determining the standing-wave ratio experimentally, it is necessary 
to move a receiving antenna, a coupling loop, or a probe along the 
line. Since the detuning effect of the receiving antenna and the 
power absorption in its load vary with the position of the antenna 
along the standing-wave pattern, it is difficult to determine accu- 
rately the standing-wave ratio due to the effect of the termination 
alone. It is no less difficult to obtain an accurate measure of the 
distorting effect on the standing-wave ratio due to the detector, as 
its antenna or coupling loop is moved relative to the standing-wave 
pattern from a point of maximum effect to one of minimum effect, 
or vice versa. In the resonance-curve method, on the other hand, 
it is possible to take accurate account of the attenuation due to the 
detector. 

It is clear from (23.3) that a standing-wave ratio of unity corre- 
sponds to A, = 00 , the value for a termination that makes a line 
nonresonant. 

24. Q of a Resonant Transmission Circuit. — The condition 
for resonance in a transmission circuit expressed by (21.1) may 
be disturbed by varying either the length s or the frequency in 
fig = 2jrffvpg. If the change in frequency required to reduce the 
resonant amplitude Rp to 0.707 of its maximum value is sufficiently 
small so that #o, ocg (which are, in general, functions of fre- 
quency) change by a negligible amount, the ratio of the resonant 
frequency to the band width Af is the same as the ratio of resonant 
length to the width of the resonance curve. Hence, using (22.4), 

fr ^ ^ 

Af ASp 2{ag8p + Ao + A.) 


Q 


(24.1) 
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If the attenuation functions of the terminations are zero, (24.1), 
reduces to the simple form 

<3 - i (24.2) 

for the Q of a resonant section of transmission circuit with dissi- 
pationless terminations. These formulas apply to conventional 
open-wire lines as well as to pipes. 

26. Efficiency of Transmission. — The ratio of the power P, 
transferred to a terminating load characterized by an attenuation 
function A» to the power Po supplied to a transmission circuit of 
length s and attenuation constant ag is 


P, _ sinh 2 A * 

Po sinh 2{agS + As) 


(26.1) 


This ratio is maximized when .1, is infinite and the load matched, 
when 



(25.2) 


The decibel loss is given by 

Loss (db) = 10 log.o^ = 10 log.o 

The formulas apply to conventional lines and to pipes. 

26. Definition of Generalized Impedance. — Impedance is defined 
for conventional transmission lines by the ratio of potential differ- 
ence between two closely spaced terminals to the current entering 
and leaving these terminals. When impedance is determined be 
measurements on a transmission line, calculations are based on 
experimental determinations of the locations and widths of reso- 
nance curves or on the standing-wave ratio. Thus the phase factor 
and the attenuation factor A, for an impedance Z, must be deter- 
mined explicitly or implicitly. The input impedance 

Zin = Pin + jXbn 

of a section of conventional transmission line of characteristic resist- 
ance Rc and length s, terminated in an impedance Z, characterized 
by the phase and attenuation factors and is given in con- 
venient ratio form as zuu = ZinlRe “ where 
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sinh 2(ag + A,) 

~ cosh 2(as + A,) — cos 2(/8s + 

— — sin 2(|8s + $, ) 

~ cosh 2(as + Ao) — cos 2(/3s + 4>,) 


(26.1) 

(26.2) 


The terminal impedance Z, = R, jX, is obtained in ratio form 
by writing s = 0 in (26.1) and (26.2). 


sinh 2A, 

rs: 

cosh 2At — cos 2^, 
cosh 2Ae — cos 2^, 


(26.3) 

(26.4) 


The relations (26.3) and (26.4) may be looked upon as generalized 
definitions of the resistance and reactance ratios, ru = Rt/Rc, 
Xi, = Xa/Re, of a termination for a transmission circuit of any 
type on which A a and 4>, can be measured. 

The formulas (26.1) to (26.4) are true if gy = RcG replaces 
ri, — 6i = —RrB replaces Xi, and = <J>, — t/2 replaces 4>,. G 
and B are defined by 

F = (7 - = i (26.5) 

ri and Xi (or gi and — 6i) may be determined directly from the 
circle diagram of Fig. 26.1 on which are drawn circles of constant 
(as + il) in nepers, and circles (scaled in degrees from 0 to 180°) of 
constant {0s + 4>) for use with ri and Xi, or of constant {0s + ^') for 
use with gi and — 6i. 

The characteristic resistance Rc in the ratios is defined in the 
conventional way for two-wire and coaxial lines with near-zone 
cross sections. In the general analysis for unrestricted cross 
sections, generalized potential functions and stream functions with 
no direct physical significance appear instead of voltage difference 
and total current. The formula for Rc for these functions is 
simple. For all TM modes in pipes of any shape, 

Rctu = (R Jl - ^ (26.6) 

For all TE modes, 

= - r (26.7) 

/l — 

V xLvrfi 

where ffl = 376.7 y/urltr ohms. These formulas may be used for 
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Re if resistances and reactances are desired rather than ratio factors 
so long as exclusively a single transmission mode is involved in a 
transmission circuit of given cross section. If two sections of trans- 
mission circuits with different cross sections or excited in different 



Fig. 26.1. Circle dragram showing circles of constant attennation (circles 

marked in nepers from 0.02 to 1) and constant phase (circle marked indegrees). 
With r, X, as coordinate, the circles of constant phase give +«i>) with gi and — 6i 
as oooi^enates, the circles of constant phase give (fis -f 

modes are involved, the different values of Rctm or Rote may not 
be treated like different values of Ro for conventional lines, t.e., 
if a nonresonant transmission circuit with a given Rctu or Rote is 
connected to a transmission circuit with the same numerical value 
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of ReTM or Rcte but for a dififerent mode or shape of cross section, 
the second circuit is not therefore also nonresonant. 



t=*0 t=x 

(a) (6) 


Electric Field — ► Surface Current 

o Magnetic Field Up 
• .Magnetic Field Down 

Fia. 27.1. — Dominant TM mode in a sphere; (a) and (6) show the same meridian 

plane. Xr = 2.28o. 



Electric Field — Surface Current 


o Magnetic Field Up 
• Magnetic Field Down 

Fig. 27,2. — ^Longest wavelength TE mode in a sphere, Xr « 1.40a. 

Although it is possible to generalize the impedance concept 
formally to define input impedances and terminal impedances for 
pipes, the functions so obtained are not so generally useful as ordi* 
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nary impedances in conventional lines. Actually a knowledge of 
the attenuation and phase functions A and for a section of a circuit 
or a termination is often all that is required for solving problems in 
transmission circuits of all types. These functions can be deter- 



(a) (6) 


•••►—Electric field — ► Surface Current 

o Magnetic Field Up 
• Magnetic Field Down 

Fia. 27.3. — Dominant TM mode in a toroidal resonator. The resonator is generated 
by rotating ea(;h of the above figures about the axis shown. 



• Magnetic Field Down 

Fia. 27 . 4 .— Dominant TM mode in a quasi-coaxial resonator. The resonator is 
generated by rotating each of the above figures about the axis shown. 

mir^oA from simple formulas expressed in terms of experimentally 
measurable magnitudes. 

27. Cavity Resonators.— The essential property of resonant 
sections of ordinary or of coaxial pipes is that they are enclosed in 
metal walls and excited by a source within. Every closed, highly 
conducting shell can be excited in an infinite sequence of resonant 
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modes, each characterized by a particular standing-wave distri- 
bution of surface current. The frequencies at which resonance 
occurs depend upon the shape and size of the enclosed cavity. The 
resonant mode excited by the lowest possible frequency is called 
the fundamental mode or the dominant mode. Depending upon 
the method of excitation, a mode of the TM or TE type exists. 
As indicated by the name, the TM type is characterized by surface 
currents that are so distributed as to set up a magnetic field that has 
components in only one plane, called the transverse plane. The sur- 
face currents have directions that are everywhere perpendicular to 
this plane. The magnitude of the surface current (Z amp/m) at any 
point is equal to the magnitude of the magnetic field {H amp/m) tan- 
gent to the metal surface at that point. The TE type is character- 
ized by standing-wave distributions of oscillating charge which set up 
an electric field that has components in only one plane, called the 
transverse plane. The surface charge is so distributed that the 
resulting electric field is perpendicular to the metal walls, with 
the lines of the electric field ending on negative charge. The mag- 
nitude of the electric field {E volts/m) at the surface multiplied 
by the universkl electric constant (co farads/m) is equal to the 
magnitude of the surface density of charge (t; coulombs/m^). 
Distributions of surface current and of charge and of the magnetic 
and electric fields in the TM and TE modes of longest wavelength 
in the sphere are shown in Figs. 27.1 and 27.2. The ratio of wave- 
length to radius is given in each case. Corresponding diagrams 
for the TM modes of longest wavelength in resonators of other 
shapes which are used, for example, in the Klystron oscillator are 
given in Figs. 27.3 and 27.4. 

Cavity resonators are characterized by extremely large values 
of Q, where Q is defined for each resonant mode by Q = /r/A/. is 
the band width between the frequencies Jr ± ^//2, for which the 
amplitude of the surface current, the surface charge, the electric 
field, and the magnetic field is reduced to 0.707 of its value at the 
resonant frequency /r. In general, Q becomes greater as the con: 
ductivity of the metal is increased, as the ratio of volume to enclos- 
ing metal surface is increased, and as the wavelength is increased. 
Largest possible values are in silvered spheres. For nonmagnetic 
metals filled with air, the Q of a sphere for the dominant TM mode 
is given by 


Q = 0.726 % = 0.318 \ 
0 0 


(27.1) 
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where a is the radius in meters, 8 is the skin depth defined by 

^ ~ V^2p/ copo w'ith 8 in meters and p in ohms/meter. For a copper 
sphere 

Q = 8.4 • 10" Vx; (27.2) 

A copper sphere of radius a = 7 cm is resonant in the dominant 
mode with Xr == 16 cm. Q is 33,600. If the sphere is silvered 
inside, Q is 34,600. 

A spherical shell of metal has resonant modes when excited 
from a source within, as just described. If the s^'ell has no holes, 
the distribution of currents and charges on the inner surface is 
always such as to provide complete cancellation of all forces at 
outside points. No energy is radiated. The same spherical shell 
can be excited from a source outside the shell, as, for example, when 
it is immersed in the far-zone field of a driven antenna. In this 
case, the sphere also has an infinite sequence of resonant modes, but 
the surface currents are on the outside, and the sphere when 
excited in TM modes is like a thick radiating antenna. It is not 
a cavity resonator. The first resonant wavelength of the outside 
surface of the sphere is \ = 7.3a (as compared with Xr = 2.28a for 
the inside). Owing to large radiation, Q is very low. 
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CHAPTER IV 

WAVE PROPAGATION 

1. Introduction. — In ordinary experience, and especially in the 
science of mechanics, we have become accustomed to the idea of 
“action at a distance.’^ Theoretically, the gravitational force 
acting upon a stone or upon a planet depends on the position of 
every other particle of matter in the universe. According to 
elementary ideas about gravitation, it is the present position of the 
earth that determines the force now pulling a baseball downward, 
not the position of the earth a fraction of a microsecond ago. At 
least no one has yet measured any actual time lag between gravi- 
tational cause and effect. 

When dealing with electrical charges, one finds that disturbance 
of an electric charge of either sign produces a force upon distant 
electrons and protons. Again we are dealing with “action at a 
distance, but this time there is a definite measurable delay. In 
empty space, the time lag is directly proportional to the intervening 
distance and is the same for all types of disturbances. Many of 
these “disturbances'' arise spontaneously within a single molecule 
or atom. Extra energy due to a collision or other cause is retained 
for a brief period and then suddenly released, producing a vibratory 
force at the distant electron or proton, the frequency of vibration 
depending directly upon the energy released. Radiant heat, visible 
light, ultraviolet light, X rays, gamma radiation, — ^all these repre- 
sent the cumulative effect of the spontaneous release of energy 
stored in many different molecules or atoms, each release apparently 
being an individual event related only statistically to all the rest. 
These natural “radiations" differ only with respect to the location 
of the disturbance within the molecule or atom, and the consequent 
magnitude of the energy change involved. 

In contrast to these spontaneous, random, and disassociated 
electronic disturbances, a radio wave originates in a systematic 
mass movement of many millions of electrons, all guided in the 
same general path and executing relate motions. By the cumu- 
lative effect of such related disturbances one may hope to produce 
a planned force, of practical engineering magnitude, at a great 
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distance. The simplest periodic mass movement that can be 
guided and controlled is the surge of electrons, to and fro, on a wire 
or other conductor. Best results are obtained by allowing the 
‘^in-phase motion” to extend over as much of the wire as possible, 
and to include as many electrons as possible (taking care that the 
planned disturbance is not offset unintentionally by any contrary 
mass movement of electrons in adjacent portions of the apparatus). 

Accordingly, the high-frequency limit of the so-callpd radio- 
frequency spectrum” is determined by our present ability to 
originate and control such systematic mass movements of hordes 
of electrons, all performing related movements simultaneously. 
This limit depends upon the practical engineering tools at hand. It 
has increased notably within the last decade and is likely to rise to 
still higher frequencies with further improvement in vacuum-tube 
technique. 

The low-frequency limit is set by the enormous cost of building 
metal structures large enough and high enough to make effective 
use of energy liberated by rather sluggish oscillations. This limit 
occurs at about 10,000 cps, has not changed appreciably during the 
last 30 years, and shows no prospect of changing in the predictable 
future. 

Within these two present limits, all intervening frequencies 
have been neatly classified into decades — each decade labeled with 
descriptive name and symbol, so that such loose terms as micro- 
waves'' and '^quasi-optical frequencies” may be discarded event- 
ually. The recent recommendations of the Federal Communica- 
tions Commission in this regard are presented in Table 1.1. 


Table 1.1. — Fkequency Chart 
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in water and by compressional waves of sound in material media. 
Early speculations were directed toward the formulation of an 
elaborate set of specifications for an invisible, imponderable medium 
called the '^luminiferous aether^' in which a transverse quasi- 
mechanical wave could be transmitted. This concept or model 
was never particularly useful, because the requisite mechanical 
properties of the medium were very difficult to accept. Later, the 
" aether became a medium in which electric and magnetic fields 
were propagated. Gradually the emphasis was shifted from the 
medium to the fields themselves, until the " ether has become 
synonymous with vacuum — an empty space through which electric 
and magnetic fields are propagated at the velocity of light — flight 
being merely a special case of electromagnetic radiation. The 
resulting force upon the distant electron is computed correctly 
by means of MaxwelFs equations, which involve the electric and 
magnetic fields. Such fields are essentially a mathematical concept, 
very useful in bridging the gap from transmitter to receiver, their 
presence always inferred from the observed behavior of currents in 
the two antennas. If one prefers, these traveling fields may be 
regarded as a mathematical artifice, particularly successful in 
predicting correctly the result of experiments and the service to 
be obtained from a given engineering construction. 

Each band of frequencies, classified decimally in Table 1.1, 
is accompanied by a statement of corresponding " wavelength, 
the wavelength being the distance traveled during the period of 
one oscillation by a wave propagated in empty space at the speed 
of light, 300 m/microsecond. Thus a 1,000,000-cycle alternating 
current radiates a free-space wave 300 m long; a 3,000-megacycle 
current corresponds to a wavelength of 10 cm; etc. 

2. General Discussion — ^Wave Propagation vs. Frequency. — In 
addition to the decimal classification referred to, it is also useful to 
classify radio frequencies according to their behavior in the neigh- 
borhood of the earth. In fact, the earth is almost always the main 
obstacle interfering with the desired transmission of intelligence. 
Radio waves surmount this obstacle in a variety of ways, depending 
upon the orientation and placement of the antenna, and especially 
upon the frequency or related wavelength. Figure 2.1 ^offers a 
convenient starting point for this type of classification. The main 
curve ABEF (omitting the side loop BCDE) and its ocean ground- 
wave variant represent roughly what was known about radio 

^ From Bur, Standards Letter Circ, 616. 
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transmission prior to about 1920. On this plot, the very low 
frequencies look particularly attractive. Note, however, that the 
comparison is made on the basis of 1 kilowatt actually radiated, not 
1 kilowatt developed at the transmitter. To build a quarter-wave 
vertical antenna for a frequency of 10,000 cps, a metal structure 
miles high would be required. Such construction being out of 
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Fig. 2.1. — Distance ranges of radio waves— summer day. 


the question, the antenna is built as high as economic considerations 
will permit, with the result that the effective height is still a minute 
fraction of a wavelength. The antenna is therefore very inefficient, 
most of the 'power input going into copper losses and groimd losses. 
This is a “brute-force” method for starting the wave on its way. 
Furthermore, the very low frequency severely limits the total 
number of frequency assignments and limits each station to a 
narrow modulation band (say low-speed telegraphic transmission). 



304 


WAVE PROPAGATION 


(Chap. IV 


The very low frequencies are used by a small number of high-power 
shore stations, using enormous antennas, most of them built many 
years ago. However, these are not mere relics of a bygone age. 
Instead, they are valued as stand-by apparatus capable of pushing 
through a signal during magnetic storms when transoceanic cables 
and all high-frequency radio channels may be out of service. To 
explain this, it is necessary to consider the nature of the old- 
fashioned ground wave, represented by the curve ABEF of Fig. 2.1. 

Figure 2.2 represents a comparable problem in optics. A 
parallel beam of visible light, projected from a searchlight, illumi- 
nates a 6-in. opaque sphere. Geometric optics, based on ray 
construction, would suggest the presence of a perfectly black 
cylindrical shadow behind the sphere, the edges of the shadow 
being sharply defined, with full light intensity just beyond the 

A 


INCibENT 

LIGHT 



Fig. 2.2. — Experiment on diffraction of light. 


boundary of the shadow. However, careful measurements made 
within the shadow, and especially in the boundary zone, reveal 
that geometric optics is merely an approximation. For a more 
accurate solution, one must undertake a wave study, considering 
each point on a wave front, such as A B, to be a source of wavelets 
spreading from these point sources. Behind the sphere, these 
wavelets almost pancel, but the cancellation is not complete. Some 
light has penetrated the shadow’' by bending or ‘‘diffraction” in 
much the same way that a sound wave travels around a bam. 
Just outside the shadow, alternate reinforcement and partial 
cancellation are experienced. Within the shadow, the light falls 
off' rapidly but does not drop discontinuously. By going to lower 
frequencies (infrared rays or radiant heat rays), the amount of 
useful bending increases. On going all the way to the very low 
radio frequencies, bending around a sphere of the radius of the 
earth has become a practicable engineering expedient, not depend- 
ent upon any assistance from the upper or lower atmosphere. 
However, on account of the very nature of this diffraction process, 
the wave that reaches the receiver has been in the immediate 
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neighborhood of the semiconducting earth over its entire path and 
is attenuated considerably below the level theoretically attainable 
by means of free-space transmission. 

From the ‘Very low’^ frequencies to the “low'’ frequencies, this 
attenuation increases, and the bending also becomes less effective. 
The ground-wave curve of Fig. 2.1 falls off steeply. In partial 
compensation, however, it becomes possible to build a somewhat 
more efficient antenna structure and even to produce some very 
inefficient radiation from the small antennas that can be mounted 
on a ship. The low frequencies have been used for reliable medium- 
distance communication, but their most valual-le functions are 
aircraft guidance and ground-wave beacon service in general. 
Reasonable certainty that no significant sky wave is present greatly 
facilitates direction finding. Sky waves produce violent instru- 
mental errors in the single-loop direction finder, necessitating its 
replacement by a more elaborate spaced-antenna array. Even 
when instrumental errors have been properly eliminated, sky 
waves often show an actual departure from the great-circle path 
of 90° or more. Over land, the somewhat limited range of a low- 
frequency beacon is not necessarily a disadvantage, since additional 
transmitters may be installed where necessary. 

In the “medium" frequency range, used by local broadcasting 
stations in the United States, the dependable service area is deter- 
mined by ground-wave transmission. Depending upon the power 
of the transmitter, the directivity of the antenna, and the local 
terrain, the ground-wave range is of the order of 100 or 200 miles; 
Toward the upper limit of this broad frequency band, the depend- 
able coverage decreases until it barely extends over a large metro- 
politan district. Considering all waves below 200 m as obviously 
of little value, the government at one time assigned to the American 
amateurs all radio frequencies above 1,500 kcps. In the first few 
years following 1920, surprising reports were received with increas- 
ing regularity, reports of amateur low-power contacts established 
at ranges far removed from the ground-wave curve of Fig. 2.1. 
Rather vague ideas regarding sky-wave transmission had existed 
for many years. In 1901, both Kennelly and Heaviside had applied 
to the reflection of Marconi's transoceanic waves certain pre- 
existing theories regarding conduction in the outer atmosphere. 
Nighttime ‘^fading" of medium-frequency waves was later properly 
ascribed to sky-wave interference. However, the true explanation 
of the sky-wave area, Fig. 2.1, was not possible until high-frequency 
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transmitters and sensitive short-wave receivers became commonly 
available in the hands of thousands of amateurs. The location and 
detailed shape of this area change with hour and season and with 
the sunspot cycle. By night, the area shifts to the left and includes 
the “broadcast’’ waves, making long-distance medium-frequency 
transmission possible after sunset. By choosing an operating 
frequency appropriate to the occasion and the route, long-distance 
transmission can be made extraordinarily efficient. At sufficient 
distances, the choice becomes rather critical, too low a frequency 
resulting in absorption of the wave, while too high a frequency 
causes the wave to penetrate the atmosphere and to be transmitted 
uselessly into interstellar space. These limitations determine, 
respectively, the left and right boundaries of the sky-wave area. 
On unfavorable occasions, these boundaries are much nearer 
together than is indicated for the average case in Fig. 2.1. In 
general, sky-wave transmission by day and by night are about 
equally good, but the choice of appropriate frequency is very 
different. 

Before continuing with the description of sky waves from the 
outer atmosphere, the discussion of ground waves will be continued 
and extended. Even under favorable circumstances, dependable 
sky-wave transmission seldom extends beyond 30 mcps. Figure 
2.1 indicates that the diffracted ground wave, bent around the 
curved earth, is also of very little value at 30 mcps and beyond; 
yet, in Table 1.1, a vast range of higher frequencies is listed as a 
useful part of the radio-frequency spectrum, and vigorous attempts 
are being made to push this range still higher. This apparent 
contradiction may be explained as follows. 

The sky wave derives its value entirely from the fact that it 
provides an efficient detour around a great obstacle, viz., the earth. 
Attenuation in ordinary air is slight. In its zigzag course, the 
wave loses some energy at each reflection from the outer atmosphere 
and from the ground, but accumulated losses are small in comparison 
with the attenuation suffered by a ground wave of similar frequency. 
Hence the energy obtainable at the receiver may rise toward the 
value theoretically available in free space at a comparable distance. 
The resulting compromise represents a vast improvement over the 
ground-wave level. 

There is another way, however, in which the earth may be 
avoided. Between two points several hundred miles apart, a line 
of sight may sometimes be established, while at shorter distances 
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this naturally becomes somewhat easier. Elevation of any sort, 
due to hilltops, towers, tall* buildings, or aircraft, makes possible' 
the type of transmission indicated by ray of Fig. 2.3. At first 
glance, this would seem to represent an ideal solution, capable of 
giving a signal approximating the free-space value, regardless of 
frequency and regardless of elevation above the horizon. This 
first impression is deceptive. Aside from avoidance of poor 
dielectrics, such as trees and houses in immediate proximity to 
the antenna, one secures little actual improvement by locating a 
medium-frequency broadcasting station on a hilltop. At medium 
frequencies and even at high frequencies, the ground-reflected 
ray’' B interferes destructively with the ^ direct ray” A, This 


TRANSMITTER 



does not cancel completely the ground-wave signal, but it does cancel 
the major gain that otherwise might be expected when direct ray A 
becomes geometrically possible. The signal is little better than 
that obtainable over a smooth curved earth. The trouble arises 
from the fact that ray B suffers a change of phase, of nearly 180°, 
on reflection from the ground. The extra distance covered by 
ray B contributes a further shift of phase. Measured as a fraction 
of a relatively long wavelengthy however, this path difference soon 
becomes insignificant as the distance from the transmitter increases. 

Not until the ^Wery high frequencies” are reached do attainable 
elevations produce much practical improvement at distances where 
the signal would be otherwise unserviceable. Even here the inter- 
ference remains bad at low angles near the horizon. The use of 
^‘ultra-high frequencies” begins to provide a solution for this trans- 
mission problem. Because of the shorter wavelength, one can 
work closer and closer to the horizon before the path difference 
becomes negligible. Also because of the shorter wavelength, one 
can build reflectors of reasonable size, so sharply directive that the 
ground-reflected wave is not experienced appreciably until the 
horizon is approached. This eliminates the succession of maxima 
and minima otherwise to be expected in the region well above the 
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horizon, where alternate reinforcement and cancellation would 
take place. Both these advantages will be greatly extended by the 
use of ‘‘super--high frequencies.” Somewhere in this super-high- 
frequency range one must begin to expect excess attenuation from 
the air itself, from water vapor sometimes present, and from water 
droplets in the air. The frequencies concerned begin to approach 
some of the natural frequencies emitted by molecular disturbances. 
A corresponding absorption may be inferred. Whether such effects 
will terminate the practical radio spectrum or whether useful 
ranges of transparency exist are questions to be determined. 

Very high frequencies and to a lesser extent ultra-high fre- 
quencies are sometimes bent a few degrees, or a fraction of a degree, 
below a distant horizon. This is particularly likely to occur under 
the circumstances indicated in Fig. 2.4. The lowest direct ray A 



Fia. 2.4. — Diffraction of radio wave over an obstacle. 


from transmitter T is somewhat too high for reception at R. How- 
ever, the intermediate point D is strongly illuminated, and a part 
of the energy arriving at D is bent into the nominal shadow zone. 
The broken path TDR thus becomes available, though poor. Trans- 
mission from T to D and from Z> to 72 is efficient, but a considerable 
loss occurs at point D, Raising the frequency is likely to be harm- 
ful in the case of Fig. 2.4, for it makes the bending more difficult. 
Ground reflections occur on both sections of the broken route, 
further complicating the pattern. A broad flat hilltop at D would 
be undesirable, because the wave would be kept in close proximity 
to the earth over too great a distance, suffering a very rapid attenu- 
ation at such frequencies. Additional break points are admissible 
provided that the total change of direction does not exceed very 
few degrees. 

A question of terminology arises. Are the direct ray and the 
ground-reflected ray to be included in the general designation 
ground wave,” or are they to be given a separate category, neither 
ground wave nor ‘‘sky wave”? The first alternative is oflicially 
recommended by the Institute of Radio Engineers and has achieved 
general acceptance. In effect, this defines a “ground wave” as 
“everything except a sky wave.” In addition to the direct wave 
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and ground-reflected wave, it includes diffracted waves of all sorts, 
whether bent over the gradual curvature of the earth (long waves) or 
bent over local obstacles. In practice, it also includes a vast 
amount of scattered radiation, reradiated and reflected from trees, 
buildings, overhead wires, underground pipes, and all similar 
obstacles near the ground-level path from sender to receiver. 

3. Modification of Wave Propagation by the Lower Atmosphere. 
The lower atmosphere (troposphere) exerts two main influences 
on radio transmission, both of them important at wavelengths below 
10 m. The first effect has to do with the sheer weight and com- 
pressibility of the atmosphere. Because of the average density 
gradient of the air, even the so-called ‘^direct wave^^ A of Fig. 2.3 
has a slight curvature, concave downward. One may visualize 
this in elementary terms by considering that the bottom of the 



Fig. 3.1. — Reflection of radio wave from air-mass boundary. 


corresponding wave front necessarily travels in a denser medium 
and at a slightly lower speed than the top. This curvature is 
beneficial. It extends the practical horizon slightly beyond that 
determined by a purely geometrical construction made with straight 
lines. The improvement of signal strength is relatively constant 
and at all times small. The wave is still counted as a part of the 
‘‘ground wave.^' 

The second effect varies from day to day and even from hour 
to hour. Occasionally a layer of warm, moist, tropical air flows 
over a layer of cold, dry, polar air. The resultant air-mass bound- 
ary is approximately level and may be sharply defined. Even at 
vertical incidence, it reflects a detectable radio echo, though the 
reflection coefficient may be as low as 0.001 per cent. Such direct- 
echo experiments provide the meteorologist with a new tool for 
following continuously the growth and alteration of air-mass 
boundaries of all sorts. Reflections from clouds, especially storm 
clouds, are not unusual. Air-mass boundaries commonly occur at 
heights between 0.5 and 3.0 km. Though the vertical-incidence 
reflection is so extremely small, the grazing-incidence reflection 
may occasionally be surprisingly good. Hence, if one modifies 
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Fig. 2.4 by introducing an air-mass boundary, the condition repre- 
sented in Fig. 3.1 is obtained. Several times in the course of a 
winter season, for example, the signal at i?, received by route TSRy 
may approach the free-space value, an enormous improvement over 
the usual signal represented in Fig. 2.4. Less spectacular improve- 
ments occur with greater regularity. Being undependable, the 
effect is rather undesirable, though it explains many of the freak 
ranges sometimes obtained in communication and all other appli- 
cations of microwaves.’’ 

4 . Sky Waves from the Ionosphere — ^Basic Theory. — The wave 
occasionally reflected from an air-mass boundary or a cloud is 
properly describable as a ^'sky wave.” However, the main sky- 
wave coverage” indicated in Fig. 2.1 and employed for almost all 
long-distance radio transmission, is obtained in an essentially 
different manner. In 1902, Kennelly^ and Heaviside^ had assumed 
the outer atmosphere to be a conductor, merely because of its low 
pressure; but low pressure alone is not sufficient. The air must be 
ionized. Electrons in enormous numbers must be torn from their 
parent atoms and molecules, in order that they may serve as highly 
mobile carriers of electric charge. The term ionosphere is applied 
to that region of the outer atmosphere, lying above the strato- 
sphere, in which it is possible to produce such great ionization. In 
general the energy, obtainable from the radio wave itself, is alto- 
gether insuflicient to produce this ionization. Instead, the diurnal 
predictable changes of ionization are caused by ultraviolet light, 
which forms a considerable part of the sun’s radiation. Fortu- 
nately, most of this ultraviolet light is absorbed by the upper 
levels of our atmosphere, thus preventing destruction of all plant 
and animal life upon the surface of the earth. The absorption is 
selective, certain frequencies of ultraviolet being strongly absorbed 
by the materials first encountered in the outermost levels. The 
electrons thus released form the F layer, Fig. 4.1. Above a certain 
height, say 300 km, the electron density decreases because the air 
is becoming too thin and there is insufficient material to serve as 
a source of electrons. Below this height, the electron density 
decreases because ultraviolet light of appropriate frequency is 
lacking, having already been absorbed at the higher levels. 

At a lower level, approximately 100 km, incoming solar rays 
encounter molecular oxygen in large quantities for the first time. 

» A. E. Kennellt, Elec, World, Vol. 39, p. 473, 1902. 

• O. Heaviside, Encyclopaedia Britannica, 10th ed., Vol. 33. 
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Above this level, collisions of oxygen atoms are infrequent. Once 
separated, they tend to remain apart, thus providing insufficient 
opportunities for the formation of O 2 . Hence, the ultraviolet light, 
of frequency appropriate to the ionization of molecular oxygen, 
finds no serious obstacle in its path while passing through the F 



REUTIVE ELECTRON DENSITY 
Fig. 4.1. — Layers of ionization in the atmosphere. 


region. However, on arriving at the 100-km level, it is suddenly 
absorbed, leaving a dense concentration of electrons strewn about 
in the sharply defined E layer. 

Similar selective absorption accounts for a very weak trace of 
ionization, called the D layer, at a still lower altitude where ozone 
(Oj) is first encountered. Sometimes a minor maximum of ioniza- 
tion may be observed on the lower fringe of the main F layer, 
Fig. 4.1. At other times, this is concealed within the mmn layer. 
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Other submaxima below the E region may be of importance for 
special transmission problems. In general, however, communica- 
tion depends mainly upon the E and layers. These are about 
equally important, the lesser density of the E region being offset 
by its lesser height. In both layers, the distribution of electrons 
changes constantly. The main factors effecting radio transmission 
are 

1. The levels at which density maxima occur. 

2. The magnitudes of these density maxima (electrons per 
cubic centimeter). 

3. The average collision rate of electrons with atoms and mole- 
cules (causing absorption of radio waves). 



Fig. 4.2. — Actual path and path of equivalent reflected ray. 


The effect upon radio transmission of a layer of free electrons 
may be described in several different ways. To begin with, one 
may consider a directed beam, or bundle of rays, entering such a 
layer from beneath. Fig. 4.2. As the wave progresses, a systematic 
mass vibration of electrons is caused, many billions of electrons 
swaying back and forth under the influence of the field of the inci- 
dent wave. This removes energy from that wave, causing a 
decrease in the original components of the electric and magnetic 
fields. However, each moving electron reradiates, and the cumu- 
lative effect of all reradiation contributes new components of electric 
and magnetic field, not agreeing in direction with the incident 
field. As a result, the direction of each ray progressively alters 
until that ray may finally become horizontal and then return toward 
the earth. 

This gradual refraction, or bending, may be considered also 
in terms of wave fronts. Under the conditions of Fig. 4.2, the 
upper part of each wave travels a little faster than the lower piurt, 
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thus causing the wave front to turn over gradually as if the lower 
edge were dragging. Actually, at all points where free electrons 
are present, the *‘wave velocity^' or phase velocity exceeds the 
velocity obtainable in empty space. This speeding-up process is 
greatest at points where the average density of free electrons is 
greatest. This does not mean that a pulse or telegraphic dot can 
be sent through the medium at a measurable velocity exceeding 
that of light. On the contrary, the signal velocity (group velocity) 
may be very much less than the free-space velocity. In fact, the 
time required to travel the actual path ABODE is the same as the 
time that would have been required to traverse the longer path 
ABC'DE, Fig. 4.2, in space not containing free electrons. Accord- 
ingly, the terms ^'reflection’' and "refraction” are used almost 
interchangeably in dealing with the return of sky waves from the 
ionosphere. When speaking of refraction, one has in mind the 
actual curved path ABODE. When speaking of reflection one 
introduces the concept of an equivalent reflection which would pro- 
duce a similar down-coming wave. The equivalent height is 
readily measurable by means of a determination of the angle of 
arrival or by determining the time lag of the down-coming radiation. 
Computation of the actual path BOD requires detailed knowledge 
of the electron distribution. Equivalent heights are sufficient for 
most engineering purposes. 

The explanation may also be phrased mathematically. Setting 
up simple equations for the motion of the free electrons, one obtains 
for the refractive index^ n, 

L 4^2 

” - - ISiT 

where N = electrons per cubic centimeter. 

€ = electronic charge, esu. 
m = electronic mass, grams, 
w = 2ir/. 

/ = operating frequency, cps. 

Hence the refractive index of a space containing free electrons 
is less than unity. A radio wave, entering such a medium from the 
un-ionized air beneath, will be turned back by total internal reflec- 
tion, provided that the angle of incidence exceeds a definite critical 

^ In this elementary summary, the effect of the earth's magnetic field upon 
the motion of the free electrons and also the damping effect of collisions are 
neglected. For an extensive summary, see The Physics of the Ionosphere, 
Rev. Modem Phya., Vol. 9, pp. 1-43, 1937. 
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angle, just as with ordinary light traveling in water or glass and 
reflected against an air surface. For rays steeper than the critical 
ray, the wave penetrates the layer. Fig. 4.3. The critical angle is 
determined by the frequency of the transmitter and by the electron 
density at the most dense level of the layer. In effect, each ray 
acts as if it had intelligence and purpose. It bores into the layer, 
seeking an electron density sufficiently great to turn it back (by 
total internal reflection). If a sufficient density (say 200,000 
electrons per cubic centimeter) exists at any height, the ray reaches 
its apex at that height and begins its downward travel. If such 
a density does not exist in the E layer at the time, the ray passes 



through to the F layer, where it repeats its search. If again unsuc- 
cessful, the ray passes out into interstellar space. At the critical 
angle, the required density is just barely attainable. All steeper 
rays (nearer the zenith) will be lost. Less steep rays (nearer 
grazing incidence) will be reflected, with a margin of electron 
density to spare. This results in a ^^skip distance.” If the ground 
wave does not extend far enough to bridge the gap, there is also a 
‘‘silent zone,” Fig. 4.3. Increasing steepness requires a greater 
electron density. Increasing frequency has a similar effect and will 
eventually cause penetration even at angles approaching grazing 
incidence. 

5. Sky Waves from the Ionosphere — ^Practical Applications. — 

In order to escape from the earth without excessive groxmd attenu- 
ation, a sky wave must leave the earth at an angle at least 3*^ above 
the horizontal. (Lower-angle radiation contributes to the ground 
wave only.) Rays slightly above this angle are often best for long- 
distance communication, since this “low-angle radiation” zigzags 
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to the distant receiver with the smallest possible number of ‘'hops/' 
thus avoiding repeated losses due to an excessive number of reflec- 
tions from sky and ground. At 3° elevation, the distance per hop 
is about 3,500 km (2,100 miles). Longer distances are auto- 
matically broken up into units not exceeding 3,500 km. Sometimes, 
plural-path transmission exists, with waves arriving by several 
modes. Fig. 5.1. Interference between such paths is partly respon- 
sible for “fading" of signals and for side-band distortion. Fading 
can be minimized by selection of the best mode at the receiver, but 
this requires elaborate antenna arrays and receivers, justified only 
at a few fixed receiving points. 

In spanning distances less than 3,500 km, the beam must be 
elevated above 3°. More commonly, the transmitter radiates a 



wave having a broad vertical pattern, or it radiates at all vertical 
angles. In either case, the useful ray becomes steeper and steeper 
as the receiver is brought in closer to the transmitter, Fig. 4.3, thus 
requiring a greater and greater electron density. Finally, at the 
critical distance (skip distance) and critical angle, penetration of 
the layer prevents any closer approach. At this particular dis- 
tance, the frequency now in use is the “maximum usable frequency," 
abbreviated MUF, determined by the distance and the prevailing 
electron density at a point halfway from transmitter to receiver. 
Still shorter distances may be bridged by a sky wave, but the fre- 
quency must be reduced to a lower value. Thus there exists a 
series of values of MUF corresponding to selected distances. These 
distances may be reduced all the way to zero by a sufficient lowering 
of frequency. The lowest value of the MUF, required at zero dis- 
tance, is the “critical frequency" or “penetration frequency" of the 
Fi layer. Fig. 4.1. At lower frequencies, echoes are observable even 
in the immediate vicinity of the transmitter. At higher frequencies, 
rays directed toward the zenith penetrate the F 2 layer and are lost. 
Similar “penetration frequencies" for the E layer and the Fi 
layer may be measured with precision by noting sharp breaks in a 
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curve of echo-time lag vs. frequency, taken with a receiver adjacent 
to a pulsed transmitter. Curves such as the virtual-height curve 
of Fig. 5.2 are recorded automatically, often at 10-minute intervals, 
by ionospheric observatories at various points on the earth. Com- 
putations based on these observations make it possible for the 
Bureau of Standards to issue predictions of MUF as a function of 



REUTIVE FREQUENCY 

Fig. 5.2. — Virtual height of ionized layers. 

geographic route, time of day, season, and solar period (the 11-year 
sunspot cycle). 

In general, the MUF is the frequency at which strongest signals 
will be obtained. However, in selecting an appropriate operating 
frequency, it is desirable to leave some margin for variability of the 
ionosphere. For example, on an occasion when the MUF is pre- 
dicted as 10 meps, it would be preferable to select a frequency 
assignment not exceeding 8.5 meps, thus leaving a 15 per cent 
margin for error. In general, excessive absorption prevents 
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reliable long-distance communication on frequencies less than 50 
per cent of MUF. However, this lower boundary also varies 
widely with the route and period. Hence, predictions of the 
'lowest useful high frequency,” abbreviated LUHF, are now 
available. Unfortunately, on routes such as the North Atlantic 
route, the frequency interval between MUF and LUHF is some- 


SUNSPOr MINIMUM 



SUNSPOT MAXIMUM 




UOCAL TIME AT PLACE OF REFLECTION 
Fia. 5.3, — Typical values of maximum usable frequency. 


times very limited, and it may not be possible to leave an adequate 
margin above and below the assigned frequency. 

From the facts stated it follows that eflScient operational use 
of all ** high-frequency” radio channels can be greatly improved by 
a careful study of the detailed and accurate MUF and LUHF 
predictions now available through official channels. For security 
reasons, the latest methods for presenting and using these data 
cannot be quoted here. However, the general nature of the diurnal 
changes, the seasonal cycle, and the 11-year cycle are fully shown 
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in Fig. 6.3, which is a reproduction of a chart^ published by the 
Bureau of Standards in 1940, applicable to the continental United 
States. The sharp cusps, appearing on the June curves in the late 
afternoon hours at medium distances are due to transition from 
i?-layer transmission to F-layer transmission. 



Figure 5.4 is reproduced from a similar source^ in order to show 
a typical example of the remarkably close agreement between 
predicted behavior of the ionosphere and the practical operational 
results that ordinarily follow. The following explanatory para- 
graphs accompany Fig. 6.4: 

The upper part of the figure is a continuous record by the National 
Bureau of Standards of the field intensity of W6XKG, Los Angeles, Calif., 
on 25,950 kc/s, at a distance of 3,700 km. In the lower part are shown 

^ From Bur, Standards Letter Circular LC-614, Oct. 23, 1940. 

^Newbebn Smith, Samuel S. Kikbt, and Theodobe Gilliland, Bur, 
Standards Research Payer ^ HP 1167, January, 1939 (part of Bur, Standards J, 
Hea., Vol. 22, pp. 81-^, January, 1939). 
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graphs of the calculated maximuiu usable frequency over this distance, 
for both one- and two-hop transmission. This distance is slightly beyond 
the maximum distance for good one-hop transmission during the winter 
day, on the basis of the SJ® angle of departure. The changes between 
one- and two-hop transmission are well marked, and the ratio of signal 
strength is well over 100:1. This difference is due partly to the increased 
absorption over the flatter trajectory and partly to the unfavorable angle 
of departure. It should be noted how the times of beginning and ending 
of two-hop transmission agree with the times the calculated maximum 
usable frequency passed through about 26 Mc/s at the western and eastern 
hops, respectively. The two-hop transmission began as soon as the western 
hop permitted and ended when the eastern hop failed. 

After the failure of two-hop transmission, the station still came in by 
one-hop. As the evening progressed the intensity increased, owing to the 
departure of the daytime absorption and the rise in the height of the 
layer, with a consequent more favorable angle of departure. The failure 
of single-hop transmission also is seen to agree with the fall of the calculated 
maximum usable frequency through 26 Mc/s. 

Accurate correlations of this nature are also obtained ordinarily 
on signal-strength records taken at the Cruft Laboratory field 
station at Weston, Massachusetts. 

6. Abnormalities and Interruptions of Wave Propagation. — Pre- 
dicted communication conditions are occasionally interrupted by 
two types of disturbances: A solar flare,” an excessive emission 
of ultraviolet light from a small point upon the sun, can cause the 
sudden production of abnormal ionization at levels below the 
normal E layer. At these lower levels, electrons collide so fre- 
quently with atoms and molecules that reradiation is very ineffi- 
cient. In extreme cases, all sky waves are absorbed wherever the 
reflection would take place on the illuminated side of the earth, 
Fortunately this ‘^Dellinger fade-out” is of short duration, lasting 
from a few seconds to about 30 minutes in extreme cases. As the 
extra electrons recombine or become attached to neutral molecules, 
the high frequencies come back first, the lower frequencies a little 
later. Ten-minute fade-outs may occur several times per month 
in the active years of the sunspot cycle, but less frequently in 
quiescent years. 

Magnetic storms” interrupt communication for much longer 
periods. Corpuscular radiations from the sun appear to be respon- 
sible. Streams of matter shot out volcanically from the sun occa- 
sionally bombard the earth. Ions and electrons from these streams 
are guided toward the magnetic poles, causing visible aurora borealis 
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and aurora australis displays. Clouds of electrons, in violent 
motion throughout the upper atmosphere, cause abnormal compass 
deviations and also cause secondary currents on the surface of the 
earth and in a\l power lines, telephone lines, and submarine cables. 
In extreme cases, the compact ionospheric layers are completely 
blown to pieces, thoroughly disrupting sky-wave communication. 
Such a storm may last for several days. Even after the bombard- 
ment has ceased, the layers require a considerable time to re-form. 
During these poststorm days, electron densities are abnormally low, 
requiring a downward shift in sky-wave frequencies for best results. 
In the past, only statistical predictions of magnetic storminess have 
been possible. Improved predictions now are being attempted. 

The ionospheric layers are not perfectly smooth and continuous. 
They contain ripples and clouds. Very large clouds occasionally 
cover entire states, causing thousands of reports of amateur 5-m 
transmission over great distances by a true sky wave. Small 
clouds cause an erratic scattering of radio signals. Scattered 
radiation occasionally causes signals to be received within the 
normal silent zone. Time lags, detectable by the ear, give such 
signals an abnormal reverberent quality. Scattered radiation also 
causes signals to arrive from unexpected directions, greatly con- 
fusing sky-wave bearings. Until further research is concluded, 
such bearings should be regarded with much suspicion and should 
be used only where more reliable information is not obtainable. 
Sky-wave direction finding is necessary in locating illegal or hostile 
transmitters at distances beyond ground-wave range and in general 
radio-propagation research. It is sometimes useful in locating 
distress signals. For straightforward long-distance navigation, 
other radio aids are now available. In any event, some form of 
spaced antenna array is necessary when observing the direction of 
arrival of sky waves. Even when the sky wave accurately follows 
a great-circle path, a single loop antenna is subject to violent 
instrumental errors that make it completely unreliable. These 
instrumental errors are fully explainable in terms of a change of 
polarization of the sky wave caused by rotation of the ionospheric 
electrons in the magnetic field of the earth. 
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1. Calculate the resistance r, inductance Z, and capacitance c, per loop 
meter for a transmission line of copper wire of radius a — 0.040 cm, separated 
a distance » 2 cm between centers, at w = 10®. Ans.: r « 2.65 ohms/m; 
I « 1.567Ath/in; c «= 7.1 /u.af/m. 

2. Calculate the attenuation constant a and the phase constant /3 per loop 
meter, and the characteristic impedance Zc, of the line of Prob. 1. What is 
the Q factor of this line? Ans.: a = 2.82*10~® nepers/m; ^ « 3.33 radians/m; 
Zt ^ Rc — 470 ohms; Q = 591. 

8. The line of Probs. 1 and 2 is 5 m long and is terminated in a load equal to 
Ec. What is the attenuation of this line in decibels? A generator whose open- 
circuit voltage is 50 volts and whose internal impedance is 31 *+• jO ohms is con- 
nected to the sending end. What are the magnitude and angle of the current in 
and the voltage across the load? Ans,: 0.12 dh; I r = 100(1 — 0.014) /— 954^ 
ma.j Er « 47.0(1 — 0.014) / — 954^ volts. Use the approximation e~* « 1 — x. 

4 . The line of Prob. 3 is short-circuited by a bar. Considering the line to 
be dissipationless, and the generator impedance to be 31 ohms as before, calcu- 
late the input current and the current in the bar. Plot the current distribution 
along the line, showing numerical values of the input current, and the location 
and values of the maximum current. Ans.: Zs ^671 ohms; |/s| = 74.5 ma; 
1/«1 - |/nu«| « 130 ma. 

6. Plot the voltage distribution under the same conditions as in Prob. 4, 
showing values of the input voltage, and the location and values of the maxi- 
jnum voltage. Ans,: \Es\ — 50 volts; \Etumx\ = 619 volts; Er » 0. 

6. What is the length in inches of a quarter-wave section of transmission 
line operated at a frequency of 300 meps? Ans.: 9.84 in. 

7. A dissipationless transmission line whose characteristic impedance is 
200 ohms is connected to a load of 100 -4- jO ohms. The frequency is 300 meps. 
What is the input impedance of the line if the length is (a) 15 cm, (5) 25 cm, 
(c) 50 cm, (d) 65 cm? What conclusion is to be drawn from the similarity of 
some of the answers? Solve by using the formula and also by using the circle 
diagram. Ans.: (a) 196 +j140; (5) 400 +j0; (c) 100 -f jO; (d) 196 +jl40; 
impedance repeats every half wavelength. 

6. If the line of Prob. 7 is one wavelength long, and the voltage across the 
load is 1,000 volts, sketch the current and voltage distribution along the 
line, showing location and magnitude of Em»x, and /min. Ans,: 

Em»x 2,000 volts; » 1,000 volts; Im»x 10 amp; Ivda » 5 amp. 

9. What is the required length of a short-circuited coaxial line to provide 
an inductive reactance of 250 ohms, if X >■ 80 cm and Re 70 ohms. Ans.; 
16.5 cm. 
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10 . What must be the characteristic impedance of a quarter-wave section 
of line to match a generator of 50 -f jO ohms impedance to a load of 6,000 -f jQ 
ohms. If the frequency is 300 mcps and the wire is No. 10, whose diameter is 
0.1 in., what should be the length and spacing of the wires for a two-wire 
matching section?^ Am,: 500 ohms; length, 25 cm « 9.84 in.; spacing, 3.23 
in., center to center. 

>✓11. A line of characteristic resistance JKc = 60 ohms is to be matched to a 
resistive load of 300 ohms by means of a closed stub. The wavelength is 
60 cm. Determine the distance between the stub and the load and the length 
of the stub in centimeters. Solve by means of the formulas and with the aid 
of a circle diagram. Since Rc is 60 ohms, what type of construction does the 
line probably have? Am,: Distance from load 9.2 cm; stub length 4.1 cm; 
coaxial construction. 

12. In Prob. 11, (a) what are the impedance and admittance at the junction 
between the stub and the line, looking into the short section of line to which 
the load is attached? What is the Q of this impedance? (6) the admit- 
tance and impedance of the closed stub? Am.: (a) Z — 14.3 — j25.8, 
Y * 0.0167 +i0.0298, Q = 1.78; (6) Y = >0.0298, Z « -i->33.6. 

A line whose characteristic impedance is 300 ohms is terminated by an 
antenna whose impedance is 70 +>0 ohms. What are the location, length, 
and termination of a stub to match this antenna to the line? Express the 
lengths in terms of the wavelength. Am.: Open stub, 0.161X long, located 
0.072X from antenna. 

14. Determine the inside diameter of the outer conductor of a concentric 
cable that will have no standing waves on it when used as a feeder connected to 
a load of 60 +>0 ohms. The inner conductor is to be No. 14 copper wire 
whose diameter is 64 mils, or 0.064 in. Am.: 174 mils, or 0.174 in. 

15. A coaxial cable is operated at a frequency of 100 mcps and is loaded by 
an impedance equal to its characteristic impedance, 90 ohms. The power 
loss per meter is 0.1 per cent. Find the radii a and b. Am.: (Jb/a) = 4.49; 
b « 2.56 cm = 1 in.; a “ 0.57 cm = 0.225 in. 

16. A line of characteristic resistance 469 ohms is 30 cm long and is operated 

at w « 10®, (a) What inductance in microhenrys should be connected to the 

end of the line to make the input impedance infinite (assuming no losses)? 
(5) What capacitance in micromicrofarads should be connected to the end of 
the line to make the input impedance equal to zero? Am.: (a) Zb « >300 ohms, 
L » 0.3 /ih; (b) Zr » ->734, C « 1.36 tud- 

17. Power supplied at T, Fig. 17, is to be transmitted alternately to A 
and A* by alternately closing and opening the line terminations at C and C*, 
The terminations at A and A' are arranged to be equal to 440 ohms. The 
lengths BC and B'C* are adjusted to antiresonance when bridged and are 
resonant when open as viewed from B and B\ For the arrangement in Fig. 17 
and with DB and DB' each X/4 determine approximately the impedance 
of the line (a) looking to the left, and (6) looking to the right at D, and (c) 
looking in at T. Consider the lines to be dissipationless and to have a charac* 
teristic resistance of 440 ohms. Discuss the operation of the circuit. Am,: 
(a) 440 ohms ; (6) ideally infinite, practically very high. 

18. A line having losses is terminated in an impedance equal to Ze, The 
attenuation is 0.1 db/m, and the wavelength on the line is 1 m. The voltage 
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applied to the line is 1,000 volts, and the line is 10 m long, (a) What is the 
voltage at the load? (6) What is the phase shift in degrees per centimeter 
length of line? 


(Closed) C 



Fia. 17. 


19. A dissipationless two-wire line of exposed construction (air dielectric), 
has a characteristic impedance of 500 ohms, is terminated in a resistance of 
500 ohms, and is two wavelengths long. 

(а) At the instant when the input cur- .h-l-H 
rent at A m the top wu*e is at its posi- A 
tive maximum of 5 amp to the right, b 

what is the instantaneous current, in |-< 2X 

magnitude and direction, at the point 
C? (6) What is the rms* value of the 
currents at A and C, and what is the phase difference between them? 

20. A certain Army-Navy standardized solid dielectric, coaxial transffiission 
line has the following specifications: outside diameter of dielectric 0.910 in., 
characteristic resistance 69 ohms, capacitance per foot 22 fifA. (1 m « 3.28 ft) 
Assuming the cable to have no losses, calculate (o) the inductance per meter, 

(б) the diameter of the inside conductor in inches, and (c) the relative dielectric 
constant of the solid dielectric. 

21. A coaxial cable whose Rc is 72 ohms is available. It is desired to use 
a short-circuited length of this cable as an inductance. At a wavelength of 1 m, 
what length of short-circuited cable is required, if the input impedance is to 
be 150 ohms of inductive reactance? 

22. A short-circuited section of transmission line is used as an inductance 
in a resonant tank circuit. The capacitor C has a reactance of 500 ohms when 
the wavelength is 1 m. What is the required length s, in centimeters, of the 
short-circuited section? The Q of this tank circuit may be considered suffi- 
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ciently high to make «L = l/wC. The length of the shorting bar may bo 
neglected. 

23. A dissipationless transmission line having a characteristic impedance of 
600 ohms is feeding a load resistance of 300 ohms. The voltage across the 

load is 1,200 volts. At a point on 
the line one-quarter wavelength from the 
load, what is (a) the voltage across 
the line? (6) the current in the line? 

24. A certain coaxial transmission 
line may be assumed to have neither 
series resistance nor shunt conductance, 
(a) State the nature of Zc (i.c., a pure 
resistance, a pure reactance, or a complex impedance). (6) Determine 
the phase shift per meter along the line when it is terminated in Zc, the fre- 
quency of the impressed signal is 300 mcps (X = 1 m), and the dielectric is 
air. (c) What is the characteristic impedance of a coaxial cable with air 
dielectric, so proportioned that the attenuation is a minimum? (d) How will 
the use of a solid dielectric (assumed to have no losses) affect the phase shift 
per unit length of line? {e) How will the use of a solid dielectric affect the 
phase velocity on the line? (/) How will the use of a solid dielectric affect 
the wavelength on the line? 

26. A dissipationless line having a characteristic impedance of 200 ohms 
is one-eighth wavelength long and is terminated in a resistance of 500 ohms. 
Determine the complex and polar expressions for the input impedance. 

(a) What is the input impedance of a quarter wavelength of transmis- 
sion line whose Ze = 200 H- jO ohms and whose losses are negligible, when the 
distant end is (1) open, (2) connected to a load of 65 -f-jO ohms, and (3) short- 
circuited? (6) Answer the same questions when the line is one-half wavelength 
long. 

27. An open-wire transmission line is steadily feeding power from a trans- 
mitter to a load. It is desired to know whether or not the load impedance is 
equal to the Ze of the line. A vacuum-tube voltmeter is the only equipment at 
hand. Explain briefly how one would determine whether or not the load 
impedance equals Ze. 

'28. A dissipationless line is terminated in a resistance. The characteristic 
impedance of the line is 70 ohms. What is the value of the load resistance when 
(a) the magnitude of the voltage is the same everywhere along the line? (b) 
the standing-wave ratio is 4 and \EnMx\ occurs at the load? (c) the 

standing-wave ratio is 4 and \Emmx\ occurs one-quarter wavelength from the 
load? 

29. (a) A transmission line with a characteristic resistance of 500 ohms is 
delivering 10 kw to a load. The standing-wave ratio is 3. Make a sketch of 
the standing-wave pattern, marking the reUUive location of Emaxy JmMJtf EtolBf 
/mto. (5) What are the magnitudes of these four quantities? 

80. A dissipationless transmission line having a characteristic impedance 
of 100 ohms is one wavelength long and feeds a resistive load of 50 ohms. The 
power in the load is 5 kw. Make a sketch showing the magnitudes of the 
voltage and current along this line (t.6., draw the standing-wave patterns), 
^ow actual location and numerical values of EnMt IntMf Inin* 


Rc=600 


■ 4 ^ 






1200 VOLTS 


Rr*300 


Fig. 23. 
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81. A dissipation less transmission line whose Re is 100 ohms is terminated 
in a load whose impedance is 130 +^85 ohms. The wavelength is 360 cm. 
(a) Determine the impedance looking toward the load at a point 25 cm from 
the load, (b) What is the standing-wave ratio on this line? (c) If Emmx is 
1,000 volts, what is the power delivered to the load? 

32. Figure 32 represents a dissipationless transmission line terminated 
in an impedance Zr 5^ Rc. The graph shows the relative magnitude of the 



Fig. 32. 

voltage at different points on the line. In the following table, put a check mark 
in that box opposite each of the impedances in the first column, which properly 
designates the nature of that impedance. The definitions of ZaB) etc., are 
given below. 



Resistive 

Resistive 

capacitive 

Resistive 

inductive 

Zab 



ZcD 



Zef 



Zqh 



Zr 




By Zab is meant the impedance looking toward the load at the points AB, the 
remainder of the line being neglected. Zcdj Zef, and Zan are similarly defined. 
Zr designates the load impedance itself. 



Fiq. 38. 
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83. Figure 33 shows the observed standing-wave distribution of voltage 
on a line whose Rc is 500 ohms and whose dissipation is negligible, (a) How 
long is the line in wavelengths? (6) What is the impedance looking toward the 
load at AJ5? (c) What is the magnitude of the current in the line at the points 
AB*t {d) What is the power delivered to the load? (e) What are the resist- 
ance and reactance of the load? 

84. For the dissipationless line indicated in Fig. 34, Rc ~ 500 ohms. 
\EaMx\ - 1,200 volts rms, and |Fmi„| = 400 volts rms. (a) What is the power 
delivered to the load Zr? (b) What are |/max| and |/minl in rms magnitude? 
(c) What is the impedance looking toward the load at AB, the portion to the 



left of AB being disconnected? (d) Is the load capacitive or inductive? 
(e) What is the distance in wavelengths between successive maxima of 
current or voltage? 

86. (a) If the maximum instantaneous voltage across the wires of a two- 
wire transmission line is not to exceed 5,000 volts, what is the maximum average 
power that this line can transmit? The Re of the line is 500 ohms. What must 
be the impedance of the load to secure delivery of maximum power to the load 
under the above limitations? (b) A transmission line is terminated in a load 
which is a pure resistance. This load is matched to the Rc of the line by a 
closed stub, less than X/4 long, placed on the line at a distance less than X/4 
from the load. Is the load resistance greater or less than the Re of the line? 
Explain your reasoning concisely, 

86. A quarter-wave section matches a 66.7-ohm resistive load to a 600-ohm 
feeder. The power delivered to the load is 1 kw. Neglecting losses in the 


A. teziiiE 

^ 66.7+jO-Zp 
R,-600 »^c-200 > 

Fiq. 36. 


feeder and in the matching stub, determine the magnitude of (a) current and 
voltage at the terminals AB, (b) current and voltage at the terminals CD, and 
(c) current and voltage at the terminals EF, Fig. 36. 

In Fig. 37, the distance between the stubs is d »■ X/4. Determine 
the lengths di and dt that will make the portion of the feeder to the left of CD 
nonresonant. The wavelength is 80 cm. 
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Rc»500 OHMS p 


|3d«90 


^ /2r*1000 ohms 


0 /‘•R 

f\ 


V 


‘ 1 / 
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88. (a) A line having an Re of 250 ohms is terminated by a load impedance 
Zr of 300 + j300 ohms.^ Determine the distance d between load and stub and 
the length di of a stub that will match the load to the Re of the line. The 
distance d is to be as small as possible. Should the stub be open or closed 
(X 1 m)? (6) If the power delivered to the load is 5,000 watts, what is the 

rms voltage between the wires at the point where the stub is shunted across 
the line? 

^88^ A double-stub tuner employing closed stubs with 3X/8 distance between 
them is to be used to match a load whose admittance is (3 — j3)10“® mhos 
to a line whose Re is 500 ohms. The wavelength is 1 m. Determine (a) the 
length of the stub at the load, (b) the length of the stub 3X/8 from the load. 

40. In Fig. 40, a resonant antenna is connected at AB and an open stub at 
CD. The Re of the transmission line and stub is 300 ohms. The stub is located 



Fig. 40. 


24® from the antenna and is 60° long. The stub is adjusted to eliminate stand- 
ing waves on the line to the left of CD. (a) What is the impedance Zab of 
the antenna? (6) If the power fed into the antenna is 10 kw, what is the rms 
voltage across the line at the points CD? (c) What is the rms voltage across 
the open end of the stub? 

If the line develops a short circuit at a distance X/4 from the input end EF^ 
what is the effect on (d) the plate dissipation in the tube? (e) the plate-circuit 
efficiency of the tube? (/) the r-f power output of the tube? The tube is a 
conventional Class C power amplifier tube. The input circuit to the tube and 
the power supplies are not shown in the diagram. Cg and La are tuned for parallel 
resonance and Cg and Lg are tuned for series resonance. The Q of the tank 
circuit under normal load conditions may be taken as 15. 

41 . A transmission line whose Re is 70 ohms is terminated by a load whose 
impedance is 70 -j-jTO, A stub is to be placed in parallel with the line, as 
close to the load as possible, in order to eliminate standing waves on the line 
between the generator and the stub. Determine the length, termination, and 
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position of the shortest stub that will accomplish this purpose. The wave- 
length is 40 cm. 

42 . The impedance of the antenna connected at is 65 + ^20 ohms. The 
stub at CD eliminates standing waves on the line. The stub at EF is the same 



Fig. 42. 


as that at CD, and the distance GE is the same as the distance AC, The losses 
in the line and stubs may be neglected. What is the input impedance at G//? 

Hint , — Apply the principle of conjugates to the junctions CD and AD, 
considering AB and CD to be the terminals of a four-terminal network. Then 
do the same for terminals EF and GII, 


Chapter n 


1, Sketch the distribution of current along an antenna of half length 
h = 3X/8, (a) if it is center-driven so that (approximately) 

__ sin ^(h - \z\) 

~ sin ph 


and (6) if it is a receiving antenna immersed in an electric field of uniform 
amplitude parallel to the antenna so that (approximately) 


1 , 


j cos fiz — cos 
“ 1 - COSM 


2. Two symmetrical center-driven antennas are oriented in the same plane 
at right angles to a line joining their centers, as shown in Fig. 2. Antenna 

1 has a half length hi « 3.75 m. Antenna 

2 has a half length = 1.25 m. The fre- 

quency of the driving potential is 60 meps 
for each antenna, (a) Calculate the mini- 
mum separating distance r required to ensure 
that the antennas be in the far zone with 
respect to each other if the condition for the 
far zone is interpreted to mean /3r ^ 25. (5) 

Sketch the current and charge distribution 
on each antenna at the time t = T/8 (take ■= 45°). For this purpose, 
assume that the radius of the antenna wires is extremely small. 

8. An antenna is constructed of brass rod of J in. diameter to be operated 
at 56.6 meps. What is the input self-impedance of this antenna if it is center- 
driven and has a half length of exactly one-half wavelength? 

Ansr. 3130 — j2180 ohms. 

4 . (a) What must be the length of an antenna made of i-in. brass rod if it 
is to be antiresonant at 56.6 meps? (6) What is the input self-impedance in 
this case? Am,: (a) h *■ 2.54 m, (6) 4375 -hjO ohms. 

Jkf A generator having an open-circuit voltage of 300 rms volts at 10* cps, 
and having an internal impedance of 200 -}-j300 ohms, is connected to one 
end of a transmission line of characteristic resistance Rc = 500 ohms. The 
length of the line is 7X/8. A symmetrical center-driven antenna with its 
loading reactance presents an impedance of 147 + j88 ohms across the other 
end of the line. Assuming no line losses, find: (a) the current in the antenna 
at its input terminals; (6) the power radiated by the antenna; and (c) the rms 
current at a point X/4 up on the antenna from the input terminals, assuming 
that h « 3X/8, and that a sinusoidal distribution of current is a satisfactory 
approximation. Am,: (a) 876 ma, (b) 113 watts, (c) 876 ma. 

6 . A vertical tower radiator is used at a broadcasting station operating on a 
frequency of 1,110 keps. The tower height is 0.21X. By experimental means, 

320 
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it has been determined that the equivalent circular radius a of this tower 
antenna is 2.7 cm. Assuming no ground losses, and that none of the power 
supplied to the antenna is dissipated in heating it or the tuning reactance, 
determine: (a) the input impedance of the antenna; (6) the magnitvde and sign 
of the lumped reactance to be connected in series to tune the circuit to 
resonance; (c) the power radiated by the antenna, assuming that the circuit has 
been tuned to resonance^ for a driving potential difference of 312 volts rms 
applied to the circuit terminals; and (d) the voltage across the base insulator. 
Ans.: (a) 20 —^100 ohms, (h) X = -flOO ohms, (c) 4,870 watts, (d) 1,590 
volts rms. 

7. What is the input impedance (a) at the first resonance; (6) at the first 
antiresonance, of a center-driven antenna for which a/\ ~ 2 • lO”®? Which 
of the two cases is current-fed? Which is voltage-fed? Ans,: (a) 65 +^0 
(h) 7,900 + jO ohms. 

8 . The power radiated by a relatively thin antenna of half length h =* 3X/8 is 
5 kw for an input current of 3.78 amp rms. Assuming a sinusoidally dis- 
tributed current, calculate the radiation resistance of this antenna referred to 
the maximum current. No power is dissipated in heating the antenna, and it 
may be assumed that the circuit has been tuned to resonance by the use of an 
appropriate reactance in series with the antenna. Ans.: Rm = 175 ohms. 

9. In Fig. 9(a), a wire of half length h is center-driven and isolated. In 
Fig. 9(6), a wire of length h is erected vertically over a perfectly conducting 



(a) (6) 

Fig. 9. 

infinite plane. It is driven by a coaxial line connecting to a generator below 
the plane. In Fig. 9(c), a wire of length h is erected vertically over a perfectly 
conducting circular disk of radius r. It is driven by a coaxial line through the 
disk connecting to a generator very far below it. Assume that there is no current 
on the underside of the disk or on the outside of the coaxial line. 

In all three cases, the wires of length h are identical and of such radius that 
o/X “ 10~^ The lengths h [and in Fig. 9(c) the radius r] are so adjusted, near 
X/2, that the impedance loading the transmission line is a pure resistance at 
antiresonance, (a) Where do currents that contribute significantly to the 
distant field exist in each of the three cases? (6) With the aid of diagrams, 
describe the approxiTnaie distribution of all these currents when they have a 
maximum value in the cycle. Assume the wires infinitely thin for this purpose, 
(c) Determine the load across the end of the transmission line in the cases of 
Fig. 9(a) and (6). (d) Estimate the load across the end of the line in the case 
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of Fig. 9(c). Do this by stating whether it will be larger or smaller than the 
loads in Fig. 9(a) and (6), 

10. Two vertical radiators are used in an array for transmitting. The 
height of each antenna is h ^ X/4, the spacing is 6/X « 0.30, and ft « 30 for 
each antenna. The input current to antenna 1 is 10 amp rms and the input 
current to antenna 2 is 5 amp rms. Find the power radiated by this antenna 
array. (Assume impedanceless generators and a perfectly conducting earth.) 
Aria.: Pi =* 3,650, Pz = 1,890 watts. 

11. (a) Describe the principal effect of each coaxial sleeve in each of the 

four antenna arrangements shown in Fig. 11. (b) In each case, state what 

parts of the arrangement, if any, carry large antenna currents and indicate 



(a) (b) (c) id) 

Fio. 11. 


their approximate distribution, (c) In each case, is the outer surface of the 
line below the lower sleeve detuned? Explain. 

12. With the aid of diagrams, describe briefly the construction and one 
application of each of the following: (o) insulating stub (or sleeve); (5) phase- 
reversing stub (or sleeve) ; (c) detuning stub (or sleeve) ; (d) matching stub. 

13. (a) Determine the direction and magnitude of the electric fleld and of 
the magnetic field at the point P in Fig. 

13 if the current at the input terminals p 

of the antenna is 2 amp. Assume the 
antenna infinitely thin in calculating the fleld. 

(6) The antenna in (a) is lengthened so that h-. 

h « X/2 and the maximum current in the 
antenna is kept the same as in (a). (1) Does 

the electric fleld at P increase or decrease, and 
by how much? (2) Is the direction of the Fio. 13, 

electric fleld at P changed? 

14. A center-driven antenna of half length h near X/4 has an input resistance 
at resonance of 60 ohms. The voltage applied at the terminals is 100 volts 
rms at 300 meps. (a) Calculate the rms electric field 8^ at a distance of 2 km 
from the antenna at the angle 6 « 60°, as shown in Fig. 14. Assume the 
actual half length h «» X/4 for this purpose. (5) Determine the power trans- 
ferred to the matched load of a receiving antenna placed parallel to the field 
calculated in (a), t.e., at 2 km from the transmitting antenna with 9 - 60° as 
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before. The receiving antenna is exactly like the transniitting antenna as 
described. Assume its effective half length = X/2ir. Ana.; (a) 0.0408 
volt/m, (6) 0.706 Mwatt. 


Vo*100 VOLTS 
Zo®Ro““j 0 
*60 OHMS 



TRANS. ANT- 
Fia. 14. 


16. A symmetrical center-driven antenna has an input impedance at 
resonance of 65 ohms resistance if «= 20. The corresponding h is 0.367 m 
if / ~ 200 mcps. Check the above values of Rq and k. It is desired to find 
the voltage developed across a conjugate matched load used in conjunction with 
this antenna for receiving. The electric field is 600 /xvolts/m rms in the vicinity 
of the receiving antenna and has a direction ^ = 60® and $i = 36.9®. Ans,: 
41.26 Mvolts rms. 

16. (a) Using the relation F{B) = ^sin calculate sufficient 

points to plot the ‘‘verticaP’ field pattern for an isolated, extremely thin 
antenna. (6) What is the value of h, the antenna half length? (c) What is 
the shape of the horizontal ^ pattern, i.c., the pattern in the plane at right 
angles to the antenna? 

17. Using the formula 

I I 60/o cos {H cos -- cos H 
sin JT sin 0 

calculate the rms magnitude of the electric field in volts /m in the mid- or 
horizontal plane, 0 90®, at a point r 5 km away from the axis of the antenna 

wire under the following conditions: (a) h = X/4, Immx * 10.0 amp rms; (b) 
h «« 3X/8, IxMx * 10.0 amp rms; and (c) h » X/2, /max * 10.0 amp rms. 

Ana,: (a) 0.12, (6) 0.204, (c) 0,24 volt/m. 

18. (a) Calculate the magnitude of the distant electric field te in volts /meter 
at the point P, which is located in the horizontal plane, for two parallel, vertical 

ANTENNA 2 LEADS / 

ANTENNA 1 by Y-90® / 

/ 

/ 

A*- 

ant. 2 

2 AMPERES RMS A 


»P' 


P 
£/ 

^ ANT. 1 

3 AMPERES RMS 


Fio. 18. 
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antennas of half length h »* X/4 [F(fl) * 1.0]. Assume that antenna 1 has an 
input current of 3,0 amp rms and that antenna 2 has an input current of 
2.0 amp rms. The phase angle Detween the currents is 5 *= 90°, with antenna 2 
leading antenna 1. The distance between the antennas is 6 *= X/4 for/ *» 12 
mcps. The angle 4> is 60°, as shown in Fig. 18. Take R = 5,000 m, (6) Deter- 
mine the magnitude of the magnetic field in amperes /meter at the same 
point. Am.: (a) 0.0555 volt/m, (b) 1.472 X 10“^ amp/m. 

19 . (a) Design an array (consisting of four identical antennas, each of 
height X/2, erected vertically on a perfectly conducting half-space) which will 
maintain a vertical electric field of 50 /uvolts/m at points near the conducting 
plane, 1,200 km north and south of the array. The field is to have as sharp 
maxima as possible in north and south directions with zero field in the east 
and west directions. Describe the geometrical arrangement of the antennas 
with distances in fractions of a wavelength, 
phases of the maximum amplitudes of the 
currents to be maintained in the four units. 

The frequency is 100 mcps. (6) Sketch 
the horizontal pattern of the array, and the 
vertical pattern in the quadrant containing 
north, (c) Show a circuit arrangement 
using transmission lines for driving the four 
units from a single generator. 

20 . For the accompanying Fig. 20, 
calculate the field in volts /meter at the 
point P when 0 « 45°. The two dipoles 
are fed in phase, and the input currents 
are 10 amp rms. Am.: 480 /P volts/m. 

The following is suggested as a suitable 
approach to the solution of this problem: 

(o) Find the amplitude and direction of 
the electric field of antenna 1 at P. (b) 

Follow the same procedure for antenna 2. 

(c) Combine these fields noting that they 
must be computed from the currents in the 
antennas at appropriately earlier times. 

21 . Repeat Prob. 20, but assume that the input current to antenna 2 leads 
the input current to antenna 1 by an electrical phase angle of 127.3°. Am,: 
976/R volts/m. 

22 . A symmetrical center-driven antenna of half length h = X/4 is oriented 
parallel to the surface of the earth, which is to be assumed perfectly conducting. 
The antenna is supported at a height of 15 m by two poles. The current la 
is 6 amp rms and the frequency is 4 mcps. (o) Find the rms magnitude of the 
electric field at a point in the vertical plane in a direction making an angle 
a »* 30° with the earth^s surface. The distance from the point to the driven 
antenna is 5 km. (5) Find the rms magnitude of the magnetic field at the 
same point. 

Note: The vertical plane includes the point of field calculation, the 
center of the antenna, and the center of the earth. The antenna wires are 
perpendicular to this plane. Assume that for this purpose a sinusoidal dis- 


Calculate magnitudes and relative 


P 
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tribution of current in the antenna is a good approximation, ^rw.: (a) 0.0846 
volt/m, (h) 2.25 • 10”^ amp/m. 

28 . (a) Determine the equation for the vertical pattern of the isolated 
collinear array shown in Fig. 23. All elements carry currents of equal magni- 
tude and in the same phase. (6) Using the equation deter- 
mined in (a), calculate the distant field for $ =» 0°, 30°, 60°, 
90°. Plot the result, (c) What is the shape of the ^‘hori- 
zontal ” field pattern? What is the direction of the electric 
field? 

24 . A center-driven antenna has an input resistance at 
resonance of 55 ohms. The voltage applied at the termi- 
nals is 11 volts at 3,000 mcps. (a) Calculate the electric 
field at a distance of 10 km from the antenna in a direction 
in which it is a maximum. Specify this direction. 
Assume the antenna equivalent to an indefinitely thin 
antenna of half length h = X/4 for this purpose, (b) Determine the power 
transferred to the matched load of a receiving antenna placed parallel to the field 
calculated in (o), i.e., at 10 km from the transmitter. The receiving antenna is 
exactly like the transmitting antenna as described. Assume its effective half 
length he = X/2tr. 

25 . A parasitic array consists of a vertical center-driven antenna and a 
parallel parasitic antenna, each of half length h — X/4, and radius such that 

Q — 2 In ~ ~ 20. They are separated a horizontal distance of 5 cm. A 

potential difference of 100 volts at / = 300 mcps is maintained at the terminals 
of the driven antenna. The parasitic antenna has a pure reactance of —40 
ohms at its center. Determine the ratio of forward to backward electric field 
in the horizontal mid-plane of the array. 

26 . The following information applies to the portion of Fig. 26 including 
the generator and transmitting antenna: 

Generator: emf is Fi = 55 volts; impedance is 50 ohms pure resistance; 
frequency is 200 mcps. 


RECEIVER 



MATCHING 

SECTION 


Fia. 26. 
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1 

6 


Fig. 23. 


Line: Characteristic resistance is 500 ohms; length is 10 wavelengths to 
matching section; power loss is 10 per cent. 

Matching section: Terminates line in Rc\ power loss negligible. 
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Antenna: Radius is a — 0.045 cm; length is adjusted so that h\ ■* X/2; 
power loss in heating the antenna is negligible. 

Determine the following: (a) input impedance of the antenna; (6) magnitude 
of the input current to the antenna; and (c) total power radiated. 

27. The following information applies to the receiving antenna and load in 
Fig. 26. 

Electric field {due to transmiiter) ai the receiving antenna: It is perpendicular 
to the line joining the centers of the two antennas; it is in the plane containing 
the antennas; its magnitude is 4 mv/m; the frequency is 200 mcps. 

2h 

Receiving antenna: 12 = 2 In — = 20; its full length is adjusted near X/2 

so that the input impedance is a pure resistance; its center is 1.5 km from the 
center of the transmitting antenna and is 300 m higher. 

Transmission line connecting the receiving antenna to the load Zl- Input 
impedance is equal to the impedance of the antenna; power losses in the line 
are negligible because its length is less than a wavelength. 

Load impedance: Z l is SO j25 ohms. 

Determine the following: (a) impedance, actual length 2X, and effective 
length 2he of the receiving antenna; (6) voltage across the input terminals of 
the line; and (c) power received by the load. 

28. The following information applies to the portion of Fig. 28 including 
the generator and transmitting antenna: 

Generator: Supplying 100 watts at 300 mcps to the transmission line. 


RECEIVING CIRCUIT 



Conducting Plane) 

Fzo. 28. 

Line: Characteristic resistance is 400 ohms; length to matching section M 
is 8 wavelengths; power loss is 8 per cent. 

Matching section (M): Terminates line in Re] power loss is negligible. 

Antenna: Radius a » 0.1 cm, length adjusted so that the antenna is resonant 
near hi » X/4; power loss in heating the antenna is 2 per cent of that supplied 
to the antenna. 

Determine the following: (a) input impedance of the antenna; (b) magnitude 
of input current to antenna; (c) half length hi; and (d) total power radiated, 
(e) Determine the current at the center of a resonant, perfectly conducting, 
and infinitely thin antenna of half length X/4 which radiates the power calcu* 
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lated in (d). (/) Calculate the rms electric field (due to the transmitting 

antenna) at the center of the receiving antenna, assuming the actual antenna 
replaced by the infinitely thin one described in (c). ((7) Specify the direction 

of the electric field (due to the transmitter) at the center of the receiving 
antenna. 

The following data apply to the receiving circuit in Fig. 28: Zl ** 10* 
ohms pure resistance, is adjusted near X/2 for maximum effective half 
length K (this half length would make the antenna antircsonant if it were 

2^2 

center-driven). ^2/0 for the antenna is such that 2 In = 10 (a is the radius 


of the antenna), (h) Determine the voltage across the load. 

29. The two parallel, center-driven antennas in Fig. 29 have a half 

2h 

length h * X/2 and a radius such that 12 = 2 In — = 20. They are driven at 





a frequency of 50 mops. The section of two- wire line connecting their terminals 

has a length X/2 and a characteristic resistance 
of 400 ohms, and the driving terminals AB are at 
the center. The maximum amplitude of the cur- 
rent is the same in each antenna and is 2 amp. 
(a) Assuming a sinusoidal distribution of current, 
determine the direction and the numerical magni- 
tude of the distant electric field due to the array 
in the direction or directions in which this is a 
maximum at a distance of 300 km. (h) Make a 
sketch of the horizontal field pattern and a sketch 
of the vertical field pattern. la each sketch, 
show the antennas properly located; also indicate the magnitude of the electric 
field calculated in (a). 

30. (a) Does the long (horizontal) feeding line carry line currents, antenna 
currents, or both, if arranged perpendicular to the plane containing the antennas, 
as in Fig. 29? Justify your answer. (6) Repeat (a) if the long vertical line 
feeds the array from below, with each wire of the line in a position equidistant 
from the parallel arms of the antennas, (c) Would it be preferable, from the 
point of view of minimum antenna currents on the feeder, to use a coaxial feed- 
ing line from the generator to the driving point AB instead of the long two- wire 
line in (a) or in (6)? Justify your answer. 

81. Determine the numerical value of the impedance of the array (at AB) 
in Fig. 29. 
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1. It is desired to use a cylindrical wave guide to transmit power at 2,000 
mcps from a generator with coaxial output to an antenna fed by a coaxial line, 
(a) Sketch the complete system, including matching devices, needed to make 
the system efficient for use with the TE\,\ mode. (6) What should be the 
inside diameter of the cylindrical wave guide in order to pass the mode 
but not the TM o,i mode at 2,000 mcps? (r) Under what conditions should the 
antenna (used to extract energy from the wave guide) not be placed parallel 
to the antenna used to excite the wave guide? 

2. An u-h-f oscillator generati;ng 4,000 mcps is to be used to drive an electro- 
magnetic horn using a short coaxial line and a long rectangular hollow wave 
guide, (o) Show diagrammatically the complete circuit including necessary 
accessories to ensure optimum performance. Explain why these accessories 
arc necessary. (6) What numerical values would you recommend for the 
cross-sectional dimensions of the rectangular pipe? Why? 

3 . A rectangular hollow wave guide is to be used as a transmission circuit 
at 3,000 mcps. It is desired to make use of the TE\,o mode, (a) What are 
practical cross-sectional dimensions a and b for the wave guide? (5) Show a 
sketch of a cross section where at a given instant the electric field distribution 
and the charge distribution are maximum. What are the currents and where? 
Label the sides a and b, (c) With the aid of a sketch of the same cross section 
describe the charge, current, and field distributions a quarter period later. 
(d) State under what conditions a rectangular pipe may be nonresonant in the 
axial direction, yet resonant in each transverse plane. 

4 . A cylindrical hollow wave guide is to be used to transmit a pure 1,000- 
meps signal from the generator to the transmitting antenna. The wave-guide 
diameter is 22 cm. (a) Show, by calculation, what mode or modes can be 
excited at this fiequcncy. (b) The locations of two adjacent resonance peaks 
are determined by means of a standing-wave detector, in tuning up’^ this 
system. How far apart in centimeters are the peaks? (c) It is desired to 
obtain the most efficient transfer of power by the wave guide. Would you 
adjust for a high or a low standing-wave ratio? Why? (d) Where should a 
slot be cut in the guide in measuring the standing-wave ratio? Why? 

6. Compute the following quantities for a hollow conductor of rectangular 
cross section with sides a « 6.35 cm, 6 » 3.15 cm, when filled with air. The 
wavelength of the driving generator as measured in a coaxial wavemeter is 
9.725 cm. TEi,o mode is excited, (a) The cutoff frequency /cutoff and wave- 
length Xoutoff; (b) the wavelength in the pipe; (c) phase and group velocities 
Vfp and Vff^; (d) the characteristic resistance EcTM* 

6, Outline, with the aid of a labeled diagram, a procedure for measuring 
experimentally the phase function of a termination for a metal pipe. 

7. Describe or show sketches of reactive elements (for use with the TEi.g 
mode in a rectangular pipe) which behave insofar as their phase functions 
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are concerned, like the following essentially reactive elements shunted across a 
parallel line: capacitor, inductor, series-resonant LC circuit, parallel-resonant 
LC circuit, stub section of line, a piece of straight wire. 

8 . Summarize the similarities and differences between the following quan- 
tity or quantities^ as defined for conventional parallel and coaxial lines and for 
circular pipes in the TM and TEi,i modes: (o) characteristic impedance, 
(6) open end, (c) current and charge distributions, (d) wavelength measured 
along the line or guide and XfEMi (e) cutoff wavelength, and (/) attenuation 
constant. 

9. A rectangular wave guide of sides o ■* 7 cm, 6 » 3 cm, and of great 
length is terminated at the far end in a highly absorbing load. It is driven 
at 3,000 mcps by an antenna inserted a short distance from a metal piston 
constituting the termination at the near end of the pipe. State briefly where 
and in what directions large currents may be expected under the following 
circumstances: (a) the antenna is inserted at the center of side 6 parallel to 
side a; and (b) the antenna is inserted at the center of side a parallel to side b. 

10. A circular pipe of inner radius b is driven at 3,000 mcps from a short 
movable antenna which is kept at a fixed distance Xp/4 from a movable piston 
at one end. A movable detector is kept at a distance 2\g from the antenna. 
The other end of the pipe is terminated in a slit. The dominant mode is 
excited. Maximum deflection is observed in the detector when the length of 
the pipe between slit and piston is 2.015 m, and 2.090 m when the dominant 
mode is excited. The widths of the two resonance curves at these resonant 
lengths as measured between locations of the piston giving 0.707 of maximum 
deflection on each side of the maximum are found to be the same within the 
available precision and equal to 0.7 cm. When the slit is closed, maximum 
deflection occurs with a distance between closed slit and movable piston of 
2.040 m. The width of the resonance curve is 0.2 cm. (a) Determine the 
wavelength and the phase constant in the pipe, (b) Show that the over-all 
attenuation of the pipe is negligible, (c) Wliat is the inner radius of the pipe? 
(d) Is the TM 0,1 mode possible? (c) Determine the attenuation factor Ao 
for the generator end of the pipe including the detector. (/) Determine the 
attenuation factor A, for the slit, (g) Determine the phase factor for the 
slit, (h) Determine the theoretical standing-wave ratio with the slit open. 
If the detector were moved, would the same value be observed? Explain. 
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A 

Absorption, atmospheric, 306 
selective, 311 

Actual height of radio reflection, 312 
Admittance, input, 44, 45, 56-58 
Aether {see Ether) 

Air-mass boundary, 309 
Ampere’s law, 72, 78 
Analogue, circuit, of antenna, 136 
of collinear array, 136 
Antennas, broad-band, 107 
center-driven, 87^. 
center-driven from coaxial line, 148 
collinear, 189J^. 
coupled, 

compared with delay network 
and line, 116 
dipole, 175 j 9^. 
end-driven, 137, 
folded dipole, 22bff, 
linear, 186 
loop, 228 
properties of, 86 
receiving, 
rhombic, 238 
steerable, 315 
top-loaded, 110 
tower, 110 
unsymmetrical, 

vertical, over conducting plane, 
108 

(See also Array; Horn; Reflector) 
Antiresonance in antenna, lengths for, 
106 

reactance near, 100 
resistance at, 105 
Array, of arrays, 202, 203 
broadside, 194, 200, 204, 205 
Bruce, 205 
collinear, 189#. 
double-end-fire, 194, 204, 205 


Array, end-filre, 195, 200, 201 
parallel, 192#. 
parasitic, 206#. 

Atmosphere, ionization of, 310 
Atmospheric absorption, 306 
Atmospheric composition, 310 
Atmospheric penetration, 306, 314 
Atmospheric reflection, 309 
Atmospheric refraction, 309 
Attenuation, effect of dielectric in 
coaxial lines, 17 

minimum, in coaxial lines, 16-17 
Attenuation constant, lines, 6, 11-17, 
290 

pipes, 267, 290 

Attenuation factor, for terminations 
for pipes and lines, 288#. 

Aurora australis, 320 
Aurora borealis, 319 

B 

Beam transmission, 307 
Bearings, sky-wave, 320 
Bending of radio rays, 309, 312 
Bessel function, roots of Jn(x)f 

285 

Boundary, air-mass, 309 
Boundary conditions, for electric 
field, 247 

for magnetic field, 247 
Broadside array, 194, 200 
Bureau of Standards, 316, 318 

C 

Capacitance, line section as, 27, 28, 31 
per unit length, 4, 11-16 
Cavity resonators, 297 

(See also Resonant circuits) 
Characteristic impedance, of lines, 
6, 11-17 

of pipes, 267, 294 
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Charge, distribution, in driven an- 
tenna, 84, 87^. 
diagrams, 84, 89, 90 
formulas, 88, 89 
in pipes (seerTE; TM) 
in receiving antenna, 159^. 
diagrams, 161 
formulas, 160, 161 
in wave guides (see TE; TM) 
per unit length, 246 
per unit surface, 245 
Circle diagram, 52-64, 68, 69, 295 
with attenuation, 295 
Circuit elements, transmission lines 
as, 38 

Circuit theory (see Electric-circuit 
theory) 

Clouds, reflection from, 309 
Collinear array, coaxial, 142 
as coupled circuit, 133 
over earth, 191 
field of, 189#. 

vertical array factor, 191, 192 
Collision rate, 312 
Compass deviations, 320 
Complex number and vector, 173#. 

reciprocal of, 58, 59 
Concentric lines (see Lines, coaxial) 
Conductance, per unit length, 4, 12 
Conjugates, principle of, in impedance 
matching, 43, 44 
Constants, universal electric, 73 
universal magnetic, 73 
Corpuscular radiation, 319 
Cosh X, 289 
Coth X, 289 
Coulomb^s law, 72, 78 
Coupling, of antenna to universe, 
113, 115 

antennas and lines, 121#. 
coefficient of, for antennas, 128#. 
lines to pipes, 272, 279 
Coverage, sky-wave, 310 
Critical angle, 312, 313, 315 
Critical frequency, 316 
Current, antenna, on lines, 3, 132 
dezisity of, 245 
displacement, 83 


Current, distribution of, in driven 
antenna, 84, 87# 
diagrams, 84, 89, 90-93 
formulas, 88-90, 93 
on linos, 8, 24, 27, 31, 35, 65 
in pipes (see TE; TM) 
in receiving antenna, 159#. 
in wave guides (see TE; TM) 
diagrams, 161 

formulas, 160, 161, 163, 164 
quasi-surface, 245 
total, 245 

Cutoff, formulas for modes in pipes, 
267 

for modes in coaxial pipe, 266 
Cycle, sunspot, 316, 317 

D 

D layer, 311 
Delay, time, 9-11 
Dellinger fade-out, 319 
Density of charge, surface, 245 
Density of current, quasi-surface, 245 
volume, 245 

Detuning stubs and sleeves, 141, 
151#. 

Deviations, compass, 320 
Dielectric constant, in coaxial line, 
14, 17 

of space, 73 
Diffraction, 304, 308 
Dipole, 175#. 

folded, 225#. 

Direct ray, 307-309 
Direction finding, sky-wave, 320 
Directivity, absolute, 185 
relative, 186 

of X/2 dipole, 187 
vertical, receiving antenna, 315 
Director, 209 
Distance per hop, 315 
Distortion, 65, 321 

Disturbance, ionospheric, sudden, 319 
Diurnal ionospheric cycle, 317 
Driving, methods of, antenna at 
base, 109 

antenna at center, from coaxial 
line, 148 
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Driving, methods of, antenna at cen- 
ter, from two-wire line, 95 
antenna at end, 137, 144j(f. 
parallel arrays, 203^. 
for transmission circuits, 271^. 

E 

E layer, 311, 312, 318 
Echo, tropospheric, 309 
Efifective cross section, 223 
Effective length, 33, 34 
Efficiency, of transmission in pipe or 
line, 293 

of transmission line, 69 
Eighth- wave transformer, 42, 43 
Electric charges, interaction of, I2ff. 
Electric-circuit theory, conventional, 
71, 77 

and electromagnetic theory, 71^. 
used in lines, 80 
Electric circuits, closed, 82 
with condenser, 82 
with gap, 82 

nonresonant and resonant, 244 
not near zone, 243 
quasi-closed, 82 
radiating, 243 

(^ee also Antennas) 
transmission, properties of, 244 

{See also Transmission circuits) 
Electric field, boundary conditions, 
247 

of center-driven antenna, 175^. 
in nonresonant transmission circuit, 
248 

Electrical length, 1, 33-34 
Electromagnetic field, 73 
of antennas, 173^. 
of base-driven antenna over con- 
ducting plane, 181 
of center-driven antenna, 176^. 
far zone of dipole, 182/. 
formula for complex, 185 
formulas for instantaneous, 183 
vertical field factor, 183, 184 
far zone of linear radiators, 186/. 
formulas for instantaneous, 186, 
187 


Electromagnetic field, far zone of 
linear radiators, near zone of 
dipole, 175/ 

step in calculation of forces, 73, 
74 

Electromagnetic theory, introduction 
to, 72 

Electron density, 313, 314, 320 
Electrostatic field, 179 
Electrostatics, 73 
End-fire array, 194 
Energy, radiated, 113 
Equiphase surface, 176 
Equivalent height, 312, 313 
reflector, 313 
Ether, 302 
electromagnetic, 76 

F 

F layer, 310-312, 318 
Fi layer, 311 
Fi layer, 311 

Factor, horizontal field, of parallel 
arrays, 194/ 
of parasitic arrays, 209/ 
vertical field, of antenna over 
earth, 184, 188 
of dipole, 184 
of linear radiator, 186, 187 
of short antenna, 187, 188 
Fade-out, Dellinger, 319 
Fading, 305, 315 
Far zone, condition for, 80 
definition of, 80, 81 
velocity in, 81 
wavelength in, 81 

Field (see Electric field; Electro- 
magnetic field; Magnetic field) 
Field strength records, 318 
Flare, solar, 319 
Folded dipole, 225/ 

Force, electromagnetic, due to cur- 
rents in two-wire line, 80 
between elements of current, 77 
general law of, 72/, 75/ 

Frame antenna (see Loop antenna) 
Frequency, high, 301, 317 
low, 301, 305 
lowest useful high, 317 
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Frequency, maximum usable, 315, 318 
medium, 301, 305, 306 
penetration, 315 
super high, 301, 308 
ultra-high, 301, 307 
very high, 301, 307 
very low, 301, 303, 305 
Frequency classification chart, 301 
Frequency range, of transmission 
circuit, 269 

Front-to-back ratio, in field of para- 
sitic antennas, 211 

G 

Gain, of antenna, 185 
of X/2 dipole, 187 

Grazing incidence of reflection, 309, 
314 

Ground reflected ray, 307, 308 
Ground reflections, 307, 308 
Ground wave, 303, 305, 306, 308, 309, 
314 

Group velocity, 313 
in near-zone field of antenna, 181 
in transmission circuit, 267, 268 

H 

Half-wave section, 44 
Harmonics, suppression of, 29, 32 
Height, equivdent, 312, 313 
virtual, 316 
Hop, distance per, 315 
Horn, biconical, 215 
electromagnetic, 215 
as load for pipe, 277 
lines of flow in, 278 
H 3 q>erbolic functions, 289 
in line equations, 65 

I 

Impedance, of antenna, isolated, 94 
in presence of another antenna, 
122, 123 

curves for self-impedance, 127~ 
130 

curves for mutual impedance, 
127-130 

charfu^teristic, of lines, 6 
of pipes, 267, 204 


Impedance, characteristic, of space, 
73, 117 

of coupled antennas, 122^. 
generalized, 293jf. 
input of transmission line, 55, 58 
for terminated section of pipe 
or line, 294 
inversion, 35 

matching, 38, 41-50, 156^. 
measurement of, 40, 41 
mutual, 123, 

curves for antennas of finite 
radius, 127-130 

curves for infinitely thin an- 
tennas, 126 

of symmetrical antenna, 93jf. 

curves for, 91-107 
terminating for pipe or line, 293, 294 
at voltage or current loop, 37, 38 
Incident and reflected waves, 20-29 
Index, refractive, 313 
Inductance, line section as, 27, 28, 31 
per unit length, 4, 11-15 
Induction field, 81 
Insulating stubs, 30 
Insulators, spacing of, 44 
Interference of radio waves, 307 
Intermediate zone, 82 
Ionization, atmospheric, 310 
layers of, 311 
Ionosphere, 310 
Ionospheric cycle, diurnal, 317 
seasonal, 317 
Ionospheric data, 317 
Ionospheric layers, 311 
Ionospheric observations, 316 
Ionospheric predictions, 317 
Ionospheric reflection, 313 
Ionospheric stratification, 310 

K 

Kennelly-Heaviside theories, 306, 310' 

Kirchhoff's lawfl, 78 

Klystron oscillator, resonators for, 297 

L 

Layer, D, 311 
E, 311, 312, 318 
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Layer, F, Fi, Fj, 310-312, 318 
ozone, 311 

Layers, ionospheric, 311 
Lecher wires, 51, 62 
Length, electrical, 1, 33, 34 
Lines, antenna currents on, 3, 132 
characteristic impedance, 6, 13-16 
as circuit elements, 38 
coaxial, 15-17 
field due to, 75 
constants, 11-17 

distributed vs. lumped, 3 
construction, types of, 2 
differential equations of, 4-6, 8, 
19, 65 

dissipationless, 17-64 
distortion in, 65 

effective length, effect of termina- 
tions, 33, 34 
efficiency, 69 
equations, general, 64, 65 
four-wire, 15 

incident and reflected waves, 65, 66 
infinite, 7 
long, 1 

low-loss, approximations for, 13, 14, 
29, 32 

matching with (see Stubs) 
nonresonant, 6-11 

current distribution, 8 
input impedance, 7 
voltage distribution, 8 
open-circuited, 30-32, 67 
power capacity, 40, 269 
propagation constant of, 6 
radiation from, 2S5ff, 
for receiving antenna, 238 
resistance load, 34-36 
resonant, 36 

resonant impedance, 29, 32, 66, 67 
short-circuited, 24-30, 68, 66, 67 
skin effect on, 3 

terminated, in any impedance, 
17-20, 64-66, 68, 69 
in Rc, 8, 9, 20 

theory of, restrictions on, 2, 8 
two-wire, 14 
field due to, 75 
uniform, 3 


Lines, uses, 38, 30, 203-205 
wavelength, 9 
light, ultra-violet, 310 
Load circuits, for pipes, 277ff. 
Loading, at input terminals of an- 
tenna, 112 
top, 110 

Longitudinal problem in transmission 
circuit, 248 

Loop antenna, driven, 224ff. 
field of, 228-230 
radiation resistance of, 227 
receiving, 230^. 

effective length, 231 
shielded, 233ff. 
unbalanced, 231^. 

Loss, transmission, in line, 7-9, 13, 
17, 39, 69 
in pipe or line, 293 
Losses, in antenna, 113, 114 
Low-angle radiation, 314 
Lowest useful high frequency, 317 
LUHF, 317 

M 

Magnetic field, boundary conditions, 
247 

units of, 73 

Magnetic storms, 319, 320 
Magnetostatics, 73 
Marconi’s transatlantic tests, 305 
Matching circuits, for pipes, 276ff, 
Matching sections, 41-50, 
delta, 158 

double stub, 48-50, 63, 64, 272 
quarter-wave transformer, 41 
resonant line types, 156 
series transformer, 38 
single stub, 45-48, 60-63, 272 
T section, 156 

Maximum usable frequency, 315, 318 
Measurement, of terminating im- 
pedance, 40-41^ 286-291 
of wavelength, 51, 52, 28^^. 

Meteor zone, 311 
MUF, 315, 318 

Multihop transmission, 306, 314, 318 
Musa, 315 
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N 

Near zone, condition for, 78 
definition of, 78 
field of dipole, 175^^. 
infinite velocity in, 78 
table of numerical values, 79 
Neper, 6 

Night effect, 305, 306, 320 
North Atlantic route, 317 

O 

Observatories, ionospheric, 316 
Omega, definition, 96 
curve for, 96 
Ozone layer, 311 

P 

Parallel arrays, driven, 192jf. 
array factor, 198 

Parameters, of transmission circuits, 
266jf. 

table of, 267 

of transmission lines, 3, 4, 6, 13, 
14-17 

Parasitic arrays, 20bff. 
backward field, 209, 210 
field for constant current, 209, 210 
field for constant power, 209, 210 
forward field, 209, 210 
front-to-back ratio, 211 
Penetration, atmospheric, 306, 314 
Penetration frequency, 315 
Permeability, of space, 73 
Phase constant, in TM type, 253 
in transmission circuit, 248, 266^., 
286, 287 

in transmission lines, 3, 4, 6, 13, 
14-17 

Phase factor, for slits, 288 
of termination for pipe or line, 287 
Phase-reversing sleeves, 134, 142^. 
Phase-reversing stubs, 133jf. 

Phase velocity, 9, 313 
in field of antenna, 180 
in TM type, 253 
in transmission circuit, 267, 268 
in transmission lines, 13, 65 


Plural path transmission, 315 
Polarization of vector, 174 
circular, 174 
elliptical, 174, 178 
Hnear, 174, 175 
Power, capability of line, 40 
measurement of, 39, 40 
Poynting vector, 219^. 

Predictions, ionospheric, 317 
Propagation, tropospheric, 309 
Propagation constant, 6, 248, 266^., 
286, 290 

{See also Lines, constants) 
Proximity effect, 12-13 

Q 

Q, of resonant section of pipe or line, 
293 

of resonator, 298 
of sphere, 298, 299 
of transmission line, 67 
Quarter-wave transformer, 41, 42 
line as resonant circuit, 32-33 

R 

Radiation, 112jf., 300 
corpuscular, solar, 319 
from lines, 235^. 
low-angle, 314 
scattered, 309, 320 
Radiation field, 82 
Radiation resistance, 118^. 
Radio-frequency spectrum, 301 
Radio wave, 300 
Range of radio waves, 303 
Ray, ground reflected, 307, 308 
Rays, radio, bending of, 309, 312 
Reactance, of symmetrical antenna, 
98, 100, 103 

line section as, 28, 31, 33, 34 
Receiving antenna, 159^. 
effective length, 166jf. 

curves for, 166, 168-170 
equivalent circuit, 164jf. 
maximum current in load, 173 
in pipe, 279 

maximum power in load, 170jf. 
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Beceiving antenna, maximum voltage 
across load, 173 

Receiving systems for pipes, 281^. 
Reciprocal, of complex number, 58-60 
Reciprocal theorem, 216^. 
Rectangular pipes, 263^. 

Reflected waves, 20-29 
Reflection, atmospheric, 309 
from clouds, 309 
coefficient, 23, 65 
grazing incidence, 309, 314 
ground, 307, 308 
internal, total, 313, 314 
ionospheric, 313 
radio, actual height of, 312 
of radio wave, 313 
Reflector, 209, 211 
cylindrical, 211 
equivalent, 312, 313 
paraboloidal, 214 
Refraction, atmospheric, 309 
of radio wave, 309, 312, 313 
Refractive index, 313 
Reradiation, 309, 312 
Resistance, characteristic, of space, 
73, 117 

in transmission circuit, 267 
for TE modes, 294 
for TEM type in coaxial line, 
267 

for TEq,\ mode in rectangular 
pipe, 267 

for TE\,i mode in circular pipe, 
267 

for TM modes, 294 
for TM 0,1 mode in circular 
pipe, 267 
radiation, 118^. 

of symmetrical antenna, 97, 99-102, 
104, 105 

of transmission lines, 14-17 
per unit length, 6, 14-17 
Resonance, condition for, generalized 
for all transmission circuits, 286/. 
Resonant circuit, quarter-wave line 
aa, 32-33 

Resonant circuits, 281^. 

Resonant impedances, 29, 32, 66, 67 
Resonant length of antenna, 106 


Resonant lines, 36 

Resonant wavelength, circular pipe, 
283-285 

rectangular pipe, 285 
Resonator, cylindrical, 283-285 
quasi-coaxial, 297 
spherical, 296 
toroidal, 297 
Resonators, cavity, 297 

(See also Resonant circuits) 
Retardation, electromagnetic, 75 
Retarded action at a distance, far 
zone, 80, 81 
general law, 75, 81 
near zone, 78 
Rhombic antenna, 238 

S 

Scattered radiation, 309, 320 
Scattering, 309, 320 
Seasonal ionospheric cycle, 317 
Selective absorption, 311 
Shielding, 74 
loop antenna, 231/. 

Signal velocity, 313 
Silent zone, 314, 320 
Sinh ic, 289 

Skin depth, 12, 13, 246 
Skin effect, 12, 13, 246 
Skip distance, 314, 315, 320 
Sky wave, 305, 306, 308, 310 
Sky-wave bearings, 320 
Sky-wave coverage, 310 
Sky-wave direction finding, 320 
Solar corpuscular radiation, 319 
Solar flare, 319 

Spectrum, radio-frequency, 301 
Sphere, resonant modes, 296 
Standing-wave ratio, 36, 37 
general formula for, dissipationless 
lines, 37 

pipes and lines, 291, 292 
Standing waves, 36 
Steerable antennas, 315 
Storms, magnetic, 319, 320 
Stratification, ionospheric, 310 
Stubs, detuning, 141, 151/. 
double impedance-matching, 48-50 
63, 64 
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Stubs, harmonic suppressing, 29, 32 
insulating or supporting, 29, 30 
for pipes, 275/. 

single impedance-matching, 45-48, 
60-63 

Subscripts in wave-guide notation, for 
circular pipes, 254, 262 
for rectangular pipes, 266 
Sudden ionospheric disturbance, 319 
Sunspot cycle, 316, 317 
Super high frequency, 301, 308 
Suppression of harmonics, 29, 32 
Surge impedance {see Characteristic 
impedance) 

T 

Tanh a:, 289 

TE mode in sphere, 296 

TE type in circular pipe, 256/ 

TEui mode, 257/ 
condition for, 257 
current distribution, 261 
TEq,ij TE 1,2, TEtti, TEi,i modes, 
262 

TE 1,1,1 mode, 284 
TE type in coaxial pipe, 256/ 

TEi,i mode, 256, 257 
TE type in rectangular pipe, 263/ 
TEi,o mode, 264 
condition for, 263 
current distribution, 264 
TEi,i Ti^s.o modes, 263 
TEM type in nonresonant coaxial 
line, 250 

distribution of charge, current, and 
field in, 252 
Time delay, 9-11 
TM mode in sphere, 296 
TM type in circular pipe, 251/ 

Tikfo»i mode, 252 
condition for, 253 
TMi,i mode, 254 
TMo, 2 , TM 2 , 1 , modes, 255 
TMf,,\ 2 , mode, 285 
TM type in coaxial pipe, 251/ 

TM 2 ,i mode, 252 
cutoff for, 266 
TMi,i mode, 254 
cutoff for, 266 


TM type in coaxial pipe, TM^,%, TMi^i 
modes, 255 

TM type in cyhndrical pipe, 251/ 
TM type in rectangular pipe, 263, 265 
TMi.i mode, 265 
Top-loading, 110 
Toroidal resonator, 297 
Total internal reflection, 313, 314 
Tower antenna, 110 
Transatlantic tests, Marconi's, 305 
Transfer section, TEi,q (rect.) to 
TATo.! (circ.), 278, 279 
quarter-wave line, 41 
series line, 38 

Transformers, two-wire to coaxial 
line, \b4tff. 

cavity resonator, 156 
shielded pair, 154 
slotted shielded pair, 154 
T-section, 156 
Transmission, beam, 307 
multihop, ^6, 314, 318 
path, plural, 315 
zigzag, 306, 314 

Transmission circuits, analytical prob- 
lem of, 245 

comparison of properties, 268 
availability, 269 
current capacity, 269 
frequency range and response, 269 
power loss in, by heating, 268 
by radiation, 268 
rotatiug joints, 270 
flexible, 270 

general properties of, 244, 245 
as high pass-filter, 267 
lines (see Lines) 

Transverse problem in transmission 
circuit, near-zone cross section, 
249 

unrestricted cross section, 251 
open wire line, 251 
TJ^-type in circular pipe, 256/ 
in coaxial pipe, 256/ 
in rectangular pipe, 263/ 
T^M-type in coaxial pipe, 250 
TM-type in circular pipCi 251 
in coaxial pipe, 251 
in rectangular pipe), 263, 265 
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Tropospheric echo, 309 
Tropospheric propagation, 309 
Tuning stubs {see Stubs) 

U 

Ultra-high frequency, 301, 307 
Ultra-violet light, 310 

V 

Vector, 173 

Velocity, characteristic of space, 73, 
117 

electromagnetic, in conductors, 76 
in dielectric, 76 
in space, 73, 76 
group, 181, 266-268, 313 
phase, 10, 13, 14, 73, 117, 179-182, 
249, 266-268 
signal, 313 
wave, 313 

Vertical directivity, receiving an- 
tennas, 315 

Very high frequency, 301, 307 
Very low frequency, 301, 303, 305 
Virtual height, 316 
Voltage maxima and minima, 23 

W 

Wave, direct, on lines {see Wave, 
incident) 

electromagnetic, of antenna, 180 


Wave, electromagnetic, definition of, 
81 

ellipsoidal, 179, 180 
plane, 81, 180 
spherical, 81, 180 

ground, 303, 305, 306, 308, 309, 314 
incident and reflected, 20-29, 65, 66 
radio, 300 
interference of, 307 
range of, 303 
reflection of, 313 
refraction of, 309, 312, 313 
standing, in condenser, 83 
in electric circuit, 244 
in lines, 37, 66 

traveling, in electric circuit, 244 
on lines, 9-11 

of surface current about base- 
driven antenna, 182 
velocity, 10, 313 

Wave equation, one dimensional, 248 
Wave guide {see Transmission circuits) 
Wavelength, 9, 10, 14, 266-268, 302 
measurement of, 51, 52, 287 

Z 

Zigzag transmission, 306-314 
Zone, far, 80, 81 
induction, 78 
near, 78 

radiation, 80, 81 
silent, 314, 320 
wave, 80, 81 





